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Abstract

The area of machine learning for recommender systems has faced unprecedented growth in

recent years. Research is fuelled by practical business demand for these models. The pace

of progress is measured by dynamically growing benchmarking effort, often in terms of com-

petitions held at esteemed scientific conferences, such as the annual KDD Cup at SIGKDD

Conference on Knowledge Discovery and Data Mining, RecSys Challenge held at ACM Con-

ference Series on Recommender Systems (RecSys), or Stanfordôs OGB Large-Scale Challenge.

Recommender systems research relies heavily on topics such as big data processing, scalable

machine learning, large graph processing, information retrieval, and multimodal aspects of data.

The practical application of recommender systems in production also calls for development of

interpretability and robustness algorithms.

The purpose of this PhD thesis is to research the abilities and limitations of current rec-

ommender algorithms, and introduce new methods in the broad area of recommenders. These

new methods should improve upon the performance results achieved by previous research and

contribute to the growth of this science branch.

The thesis introduces a number of research objectives, which have all been achieved. The

final result is a full recommender system, which reaches new state-of-the-art results on multiple

datasets and performance metrics. The recommender system is applied in a business setting

in two commercial platforms, which are currently available on the market and have reached a

business success.
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Streszczenie

Metody uczenia maszynowego dla system·w rekomendacyjnych rozwijajŃ siň obecnie niezwy-

kle szybko. Rozw·j metod naukowych podsycany jest przez rosnŃcŃ praktycznŃ potrzebň wy-

korzystywania system·w rekomendacyjnych w biznesie. Postňp w dziedzinie mierzony przez

dynamicznie rozwijane benchmarki, czňsto tworzone w ramach konkurs·w na prestiŨowych

miňdzynarodowych konferencjach, takich jak na przykğad konkurs KDD Cup na konferencji

SIGKDD Conference on Knowledge Discovery and Data Mining, RecSys Challenge organizo-

wany przezACM Conference Series on Recommender Systems (RecSys), czy OGB Large-Scale

Challenge uniwersytetu Stanford. Badania nad systemami rekomendacyjnymi wiŃŨŃ siň ŜciŜle z

dziedzinami takimi przetwarzanie duŨych danych (big data), skalowalne uczenie maszynowe,

przetwarzanie danych grafowych, wyszukiwanie informacji (information retrieval), oraz prze-

twarzanie danych multimodalnych. Zastosowanie system·w rekomendacji w praktycznych sce-

nariuszach biznesowych powoduje, Ũe waŨnym wyzwaniem jest tu r·wnieŨ interpretowalnoŜĺ

modeli oraz badanie ich stabilnoŜci wobec przykğad·w wrogich (adversarial examples).

Celem niniejszej pracy doktorskiej jest zbadanie zdolnoŜci i ograniczeŒ istniejŃcych sys-

tem·w rekomendacji, oraz stworzenie nowych metod rekomendacyjnych. Zaproponowane roz-

wiŃzania powinny poprawiĺ jakoŜĺ znanych metod, co moŨe przyczyniĺ siň do rozwoju tej dzie-

dziny naukowej.

Wszystkie postawione cele pracy zostağy zrealizowane, czego efektem koŒcowym byğo

stworzenie multimodalnego i odpornego systemu rekomendacyjnego, kt·ry osiŃga sumarycznie

lepsze wyniki na wielu benchmarkach. Badania opisane w pracy zostağy wdroŨone w ramach

dw·ch platform komercyjnych, kt·re sŃ obecnie dostňpne na rynku i osiŃgajŃ sukces biznesowy.
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�J�U�H�D�W�H�U �V�H�Y�H�U�L�W�\ �X�V�X�D�O�O�\ �O�H�D�G�V �W�R �J�U�H�D�W�H�U �S�U�R�W�H�F�W�L�R�Q �I�U�R�P �D�G�Y�H�U�V�D�U�L�H�V�� �6�R�X�U�F�H��

�5�\�F�K�D�O�V�N�D �H�W �D�O�� �>���������@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

���� �$�U�F�K�L�W�H�F�W�X�U�H �R�I �W�K�H �6�\�Q�H�U�L�V�H �3�O�D�W�I�R�U�P�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

���� �$�U�F�K�L�W�H�F�W�X�U�H �R�I �W�K�H �0�R�Q�D�G �3�O�D�W�I�R�U�P�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

��



�/�L�V�W �R�I �7�D�E�O�H�V

�� �/�L�V�W �R�I �S�X�E�O�L�F�D�W�L�R�Q�V �Z�K�L�F�K �V�X�S�S�R�U�W �W�K�L�V �W�K�H�V�L�V�� �1�X�P�E�H�U �R�I �F�L�W�D�W�L�R�Q�V �F�R�P�S�X�W�H�G

�E�D�V�H�G �R�Q �*�R�R�J�O�H �6�F�K�R�O�D�U�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� �/�L�V�W �R�I �S�X�E�O�L�F�D�W�L�R�Q�V �Q�R�W �W�D�N�H�Q �L�Q�W�R �D�F�F�R�X�Q�W �Z�L�W�K�L�Q �W�K�L�V �W�K�H�V�L�V�� �7�K�H �O�L�V�W �F�R�Q�W�D�L�Q�V

�R�Q�O�\ �W�K�H �P�R�V�W �L�P�S�R�U�W�D�Q�W �D�U�W�L�F�O�H�V�� �1�X�P�E�H�U �R�I �F�L�W�D�W�L�R�Q�V �Z�D�V �F�R�P�S�X�W�H�G �E�D�V�H�G �R�Q

�*�R�R�J�O�H �6�F�K�R�O�D�U�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� �/�D�U�J�H �G�D�W�D�V�H�W�V �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� �6�P�D�O�O �G�D�W�D�V�H�W�V �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� �&�D�O�F�X�O�D�W�L�R�Q �W�L�P�H�V �E�D�V�H�O�L�Q�H �P�H�W�K�R�G�V���h�Q�i���H �2�K�#�2�/�/�B�M�; �i�B�K�2�H�Q�F�R�P�S�D�V�V�H�V �W�K�H

�Z�K�R�O�H �W�U�D�L�Q�L�Q�J �S�U�R�F�H�G�X�U�H�� �L�Q�F�O�X�G�L�Q�J �G�D�W�D �O�R�D�G�L�Q�J �D�Q�G �S�U�H�S�U�R�F�H�V�V�L�Q�J���h�`���B�M�B�M�;

�i�B�K�2�H�Q�F�R�P�S�D�V�V�H�V �M�X�V�W �W�K�H �W�U�D�L�Q�L�Q�J �S�U�R�F�H�G�X�U�H �L�W�V�H�O�I�� �
 �� �W�U�D�L�Q�L�Q�J �F�U�D�V�K�H�G �G�X�H �W�R

�H�[�F�H�V�V�L�Y�H �U�H�V�R�X�U�F�H �F�R�Q�V�X�P�S�W�L�R�Q�� �6�R�X�U�F�H�� �5�\�F�K�D�O�V�N�D �H�W �D�O�� �>���������D�@�� �� �� �� �� �� �� ������

�� �/�L�Q�N �S�U�H�G�L�F�W�L�R�Q �S�H�U�I�R�U�P�D�Q�F�H �U�H�V�X�O�W�V�� �
 �� �U�H�V�X�O�W�V �Z�L�W�K �V�W�D�W�L�V�W�L�F�D�O�O�\ �V�L�J�Q�L�I�L�F�D�Q�W �G�L�I��

�I�H�U�H�Q�F�H�V �W�R �&�O�H�R�U�D �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �:�L�O�F�R�[�R�Q �W�Z�R���V�L�G�H�G �S�D�L�U�H�G �W�H�V�W ���S���Y�D�O�X�H

�O�R�Z�H�U �W�K�D�Q ������������ �
�
 �� �W�U�D�L�Q�L�Q�J �F�U�D�V�K�H�G �G�X�H �W�R �H�[�F�H�V�V�L�Y�H �U�H�V�R�X�U�F�H �F�R�Q�V�X�P�S��

�W�L�R�Q���X�Q�V�F�D�O�D�E�O�H �D�U�F�K�L�W�H�F�W�X�U�H�� �6�R�X�U�F�H�� �5�\�F�K�D�O�V�N�D �H�W �D�O�� �>���������D�@�� �� �� �� �� �� �� �� �� ������

�� �&�O�D�V�V�L�I�L�F�D�W�L�R�Q �D�F�F�X�U�D�F�\ �� �F�R�P�S�D�U�L�V�R�Q �Z�L�W�K �*�U�D�S�K �&�R�Q�Y�R�O�X�W�L�R�Q�D�O �1�H�W�Z�R�U�N�V��

�6�R�X�U�F�H�� �5�\�F�K�D�O�V�N�D �H�W �D�O�� �>���������D�@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� �7�R�S���N �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q �U�H�V�X�O�W�V�� �6�R�X�U�F�H�� �'���E�U�R�Z�V�N�L �H�W �D�O�� �>���������@�� �� �� �� �� �� �� �� ������

�� �5�H�V�X�O�W�V �R�I �D�G�G�L�Q�J �P�X�O�W�L�P�R�G�D�O �G�D�W�D �W�R �R�X�U �W�R�S���N �(�0�'�( �U�H�F�R�P�P�H�Q�G�H�U�V���(�0�'�(��

�0�0 �G�H�Q�R�W�H�V �(�0�'�( �Z�L�W�K �X�V�D�J�H �R�I �P�X�O�W�L�P�R�G�D�O �G�D�W�D�� �D�Q�G�(�0�'�( �G�H�Q�R�W�H�V �W�K�H

�Q�R�Q���P�X�O�W�L�P�R�G�D�O �Y�H�U�V�L�R�Q�� �6�R�X�U�F�H�� �'���E�U�R�Z�V�N�L �H�W �D�O�� �>���������@�� �� �� �� �� �� �� �� �� �� �� ������

���� �6�H�V�V�L�R�Q���E�D�V�H�G �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q �U�H�V�X�O�W�V�� �7�R�S �� �F�R�P�S�H�W�L�W�R�U�V �D�U�H �G�L�V�S�O�D�\�H�G �I�R�U

�H�D�F�K �G�D�W�D�V�H�W���1�J�.�1 �J�J�G�H�Q�R�W�H�V �P�X�O�W�L�P�R�G�D�O �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V�� �Z�K�L�O�H�1�J�.�1�G�H�Q�R�W�H�V

�Q�R�Q���P�X�O�W�L�P�R�G�D�O �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V�� �6�R�X�U�F�H�� �'���E�U�R�Z�V�N�L �H�W �D�O�� �>���������@�� �� �� �� �� �� �� �� ������

���� �)�D�V�K�L�R�Q �5�H�W�U�L�H�Y�D�O �5�H�V�X�O�W�V�� �6 �R�U �/ �L�Q �W�K�H �P�R�G�H�O �Q�D�P�H �L�Q�G�L�F�D�W�H�V �W�K�H �L�Q�S�X�W �L�P�D�J�H

�V�L�]�H�� �H�L�W�K�H�U �6�P�D�O�O ���������[�������� �R�U �/�D�U�J�H ���������[���������� �5���� �R�U �5�����,�%�1 �V�X�I�I�L�[ �L�Q��

�G�L�F�D�W�H�V �Z�K�L�F�K �E�D�F�N�E�R�Q�H �&�1�1 �Z�D�V �X�V�H�G�� �5�H�V�Q�H�W���� �R�U �5�H�V�Q�H�W�������,�%�1���$ �U�H�V�S�H�F��

�W�L�Y�H�O�\���&�( �D�W �W�K�H �H�Q�G �R�I �W�K�H �P�R�G�H�O �Q�D�P�H �G�H�Q�R�W�H�V �F�H�Q�W�U�R�L�G���E�D�V�H�G �H�Y�D�O�X�D�W�L�R�Q ���U�H��

�W�U�L�H�Y�D�O���� �6�R�X�U�F�H�� �:�L�H�F�]�R�U�H�N �H�W �D�O�� �>���������@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

���� �&�R�P�S�D�U�L�V�R�Q �R�I �V�W�R�U�D�J�H �D�Q�G �W�L�P�H �U�H�T�X�L�U�H�P�H�Q�W�V �E�H�W�Z�H�H�Q �L�Q�V�W�D�Q�F�H �D�Q�G �F�H�Q�W�U�R�L�G��

�E�D�V�H�G �P�R�G�H�O�V �D�F�U�R�V�V �W�H�V�W�H�G �G�D�W�D�V�H�W�V�� �6�R�X�U�F�H�� �:�L�H�F�]�R�U�H�N �H�W �D�O�� �>���������@�� �� �� �� �� ������

����



���� �3�H�U�I�R�U�P�D�Q�F�H �U�H�V�X�O�W�V �R�Q �)�O�L�F�N�U�����. ���D�Y�H�U�D�J�H�G �R�Y�H�U �� �U�X�Q�V���� �6�R�X�U�F�H�� �5�\�F�K�D�O�V�N�D

�H�W �D�O�� �>���������E�@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

���� �3�H�U�I�R�U�P�D�Q�F�H �U�H�V�X�O�W�V �R�Q �0�6�&�2�&�2�����N ���D�Y�H�U�D�J�H�G �R�Y�H�U �� �U�X�Q�V���� �6�R�X�U�F�H�� �5�\�F�K�D�O��

�V�N�D �H�W �D�O�� �>���������E�@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

���� �7���(�0�'�( �3�H�U�I�R�U�P�D�Q�F�H �U�H�V�X�O�W�V �R�Q �W�K�H �0�6�&�2�&�2 ���. �G�D�W�D�V�H�W ���D�Y�H�U�D�J�H�G �R�Y�H�U ��

�U�X�Q�V���� �6�R�X�U�F�H�� �5�\�F�K�D�O�V�N�D �H�W �D�O�� �>���������E�@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

���� �7�U�D�L�Q�L�Q�J �D�Q�G �L�Q�I�H�U�H�Q�F�H �W�L�P�H�V �R�I �Y�D�U�L�R�X�V �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V ���D�Y�H�U�D�J�H�G �R�Y�H�U �� �U�X�Q�V����

�6�R�X�U�F�H�� �5�\�F�K�D�O�V�N�D �H�W �D�O�� �>���������E�@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

���� �(�[�D�P�S�O�H�V �R�I �W�H�[�W �F�R�U�U�X�S�W�L�R�Q�V �L�Q�W�U�R�G�X�F�H�G �E�\ �:�L�O�G�1�/�3 �D�V�S�H�F�W�V�� �6�R�X�U�F�H�� �5�\�F�K�D�O��

�V�N�D �H�W �D�O�� �>���������@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

����



�� �,�Q�W�U�R�G�X�F�W�L�R�Q

�7�K�L�V �Z�R�U�N �I�R�F�X�V�H�V �R�Q �P�D�F�K�L�Q�H �O�H�D�U�Q�L�Q�J �U�H�F�R�P�P�H�Q�G�H�U �V�\�V�W�H�P�V �E�D�V�H�G �R�Q �X�V�H�U �L�Q�W�H�U�D�F�W�L�R�Q �K�L�V�W�R�U�L�H�V

�D�Q�G �D�G�G�L�W�L�R�Q�D�O �P�X�O�W�L�P�R�G�D�O �G�D�W�D�� �$ �S�D�U�W�L�F�X�O�D�U �I�R�F�X�V �L�V �S�O�D�F�H�G �R�Q �W�K�H �D�V�S�H�F�W�V �R�I �S�H�U�I�R�U�P�D�Q�F�H��

�V�F�D�O�D�E�L�O�L�W�\�� �L�Q�W�H�U�S�U�H�W�D�E�L�O�L�W�\�� �D�Q�G �U�R�E�X�V�W�Q�H�V�V �R�I �U�H�F�R�P�P�H�Q�G�H�U �P�R�G�H�O�V��

�5�H�F�R�P�P�H�Q�G�H�U �V�\�V�W�H�P�V �E�X�L�O�G �W�K�H �F�R�U�H �R�I �P�D�Q�\ �G�L�J�L�W�D�O �R�U�J�D�Q�L�]�D�W�L�R�Q�V �Z�K�L�F�K �D�L�P �W�R �R�I�I�H�U �W�K�H�L�U

�S�U�R�G�X�F�W�V �W�R �D �O�D�U�J�H �S�R�R�O �R�I �F�X�V�W�R�P�H�U�V�� �7�K�H �F�R�U�H �W�D�V�N �R�I �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q �F�R�Q�V�L�V�W�V �L�Q �F�K�R�R�V�L�Q�J

�U�H�O�H�Y�D�Q�W �S�U�R�G�X�F�W�V �I�R�U �D �F�X�V�W�R�P�H�U�� �E�D�V�H�G �R�Q �P�X�O�W�L�S�O�H �F�U�L�W�H�U�L�D �V�X�F�K �D�V �W�K�H �F�X�V�W�R�P�H�U�¶�V �L�Q�G�L�Y�L�G�X�D�O

�V�K�R�S�S�L�Q�J �K�L�V�W�R�U�\ �D�Q�G �V�L�P�L�O�D�U�L�W�\ �R�I �S�U�R�G�X�F�W�V �>�-�D�Q�Q�D�F�K �H�W �D�O���� ���������@�� �7�K�H �S�U�R�E�O�H�P �R�I �U�H�F�R�P�P�H�Q��

�G�D�W�L�R�Q �D�U�L�V�H�V �L�Q �F�R�P�S�D�Q�L�H�V �Z�K�L�F�K �V�H�O�O �D�Q�\ �W�\�S�H �R�I �J�R�R�G�V �R�U �V�H�U�Y�L�F�H�V �� �E�H �L�W �H���F�R�P�P�H�U�F�H�� �E�D�Q�N�L�Q�J��

�J�D�P�L�Q�J�� �W�H�O�H�F�R�P�P�X�Q�L�F�D�W�L�R�Q �R�U �Y�D�U�L�R�X�V �R�W�K�H�U �F�R�P�S�D�Q�L�H�V �>�-�L�Q�� ���������� �6�P�L�W�K �D�Q�G �/�L�Q�G�H�Q�� ���������� �/�X

�H�W �D�O���� ���������� �3�D�Z�O�L�F�N�D �H�W �D�O���� ���������@�� �:�K�L�O�H �K�L�V�W�R�U�L�F�D�O�O�\ �G�R�Q�H �V�H�P�L���P�D�Q�X�D�O�O�\ �Z�L�W�K �K�D�Q�G���F�U�D�I�W�H�G
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�F�D�V�H��ŷ �G�H�Q�R�W�L�Q�J �S�U�H�G�L�F�W�H�G �S�U�R�E�D�E�L�O�L�W�\ �R�I �F�O�D�V�V ���� �D�Q�GN �E�H�L�Q�J �W�K�H �Q�X�P�E�H�U �R�I �H�[�D�P�S�O�H�V�� �F�U�R�V�V

�H�Q�W�U�R�S�\ �O�R�V�V �L�V �F�R�P�S�X�W�H�G �D�V �I�R�O�O�R�Z�V��

L =
1
N

NX

i =1

�í(yi � log(ŷi ) + (1 �íyi ) � log(1�íŷi )) : ������

������ �5�H�F�X�U�U�H�Q�W �1�H�X�U�D�O �1�H�W�Z�R�U�N�V

�5�H�F�X�U�U�H�Q�W �1�H�X�U�D�O �1�H�W�Z�R�U�N�V ���5�1�1�V�� �D�U�H �P�R�G�H�O�V �G�H�Y�R�W�H�G �W�R �U�H�S�U�H�V�H�Q�W�L�Q�J �V�H�T�X�H�Q�W�L�D�O �G�D�W�D�� �L�Q �Z�K�L�F�K

�W�K�H �R�U�G�H�U�L�Q�J �R�I �L�W�H�P�V �L�V �R�I �S�U�L�P�D�U�\ �L�P�S�R�U�W�D�Q�F�H�� �5�1�1�V �K�D�Y�H �J�D�L�Q�H�G �S�U�R�P�L�Q�H�Q�F�H �L�Q �1�D�W�X�U�D�O �/�D�Q��

�J�X�D�J�H �3�U�R�F�H�V�V�L�Q�J ���G�X�H �W�R �W�K�H�L�U �D�E�L�O�L�W�\ �W�R �D�F�F�X�U�D�W�H�O�\ �P�R�G�H�O �V�H�T�X�H�Q�F�H�V �R�I �Z�R�U�G�V�� �>�*�R�O�G�E�H�U�J�� ���������@

�D�Q�G �L�Q �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q �L�Q �P�R�G�H�O�L�Q�J �W�K�H �R�U�G�H�U �R�I �S�X�U�F�K�D�V�H�G �L�W�H�P�V �L�Q �D �V�K�R�S�S�L�Q�J �V�H�V�V�L�R�Q �>�'�R�Q�N�H�U�V

�H�W �D�O���� ���������@�� �D�P�R�Q�J �R�W�K�H�U �I�L�H�O�G�V��

�,�Q �5�1�1�V �W�K�H �F�R�Q�Q�H�F�W�L�R�Q�V �E�H�W�Z�H�H�Q �Q�R�G�H�V �I�R�U�P �D �V�H�T�X�H�Q�F�H �D�O�R�Q�J �W�K�H �W�H�P�S�R�U�D�O �G�L�P�H�Q�V�L�R�Q��

�Z�K�L�F�K �F�D�Q �D�O�V�R �E�H �Y�L�H�Z�H�G �D�V �D �W�H�P�S�R�U�D�O �O�R�R�S�� �5�1�1�V �H�[�S�O�R�L�W �D�Q �L�Q�W�H�U�Q�D�O �V�W�D�W�H ���P�H�P�R�U�\�� �W�R

�S�U�R�F�H�V�V �Y�D�U�L�D�E�O�H �O�H�Q�J�W�K �V�H�T�X�H�Q�F�H�V �R�I �L�Q�S�X�W�V�� �7�K�H �L�Q�W�H�U�Q�D�O �V�W�D�W�H �J�H�W�V �X�S�G�D�W�H�G �Z�L�W�K �L�Q�I�R�U�P�D�W�L�R�Q �D�W

�H�D�F�K �S�D�V�V�L�Q�J �W�L�P�H �V�W�H�S��

����



�)�L�J�X�U�H ���� �5�H�F�X�U�U�H�Q�W �1�H�X�U�D�O �1�H�W�Z�R�U�N �Z�L�W�K �X�Q�I�R�O�G�L�Q�J �W�K�U�R�X�J�K �W�L�P�H��

�$ �V�L�P�S�O�H �U�H�F�X�U�U�H�Q�W �P�R�G�H�O �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �D�V �I�R�O�O�R�Z�V ���V�H�H �D�O�V�R �)�L�J�X�U�H ������

ht = � (Whx t + Uhht � 1 + bh) ; ������

ot = � (Vhht + by) ; ��������

�Z�K�H�U�Hx t �L�V �W�K�H �L�Q�S�X�W �Y�H�F�W�R�U��ht �L�V �W�K�H �K�L�G�G�H�Q �V�W�D�W�H �D�W �W�L�P�H �V�W�H�St��ht � 1 �L�V �W�K�H �K�L�G�G�H�Q �V�W�D�W�H �D�W

�S�U�H�Y�L�R�X�V �W�L�P�H �V�W�H�St � 1��ot �L�V �W�K�H �R�X�W�S�X�W �D�W �W�L�P�H �V�W�H�St��Wh ��Uh ��Vh �D�U�H �W�U�D�L�Q�D�E�O�H �Z�H�L�J�K�W �P�D�W�U�L�F�H�V��

bh ��by �D�U�H �Q�H�W�Z�R�U�N �E�L�D�V �W�H�U�P�V�� �D�Q�G� �� �Q�R�Q���O�L�Q�H�D�U �D�F�W�L�Y�D�W�L�R�Q �I�X�Q�F�W�L�R�Q �R�I �W�K�H �Q�H�W�Z�R�U�N��

�2�Q�H �R�I �W�K�H �P�R�V�W �S�U�R�P�L�Q�H�Q�W �H�[�D�P�S�O�H�V �R�I �5�1�1�V �L�V �W�K�H �/�R�Q�J���6�K�R�U�W �7�H�U�P �0�H�P�R�U�\ ���/�6�7�0��

�P�R�G�H�O �D�Q�G �*�D�W�H�G �5�H�F�X�U�U�H�Q�W �8�Q�L�W ���*�5�8���� �7�K�H�\ �H�P�S�O�R�\ �H�O�D�E�R�U�D�W�H �J�D�W�L�Q�J �P�H�F�K�D�Q�L�V�P�V �L�Q �W�K�H �U�H��

�F�X�U�U�H�Q�W �P�H�P�R�U�\ �P�R�G�X�O�H �W�R �I�L�[ �J�U�D�G�L�H�Q�W �I�O�R�Z �S�U�R�E�O�H�P�V �L�Q �W�K�H �E�D�F�N�S�U�R�S�D�J�D�W�L�R�Q �V�W�D�J�H��

������ �$�X�W�R�H�Q�F�R�G�H�U�V

�$�Q �D�X�W�R�H�Q�F�R�G�H�U �L�V �D�Q �D�U�W�L�I�L�F�L�D�O �Q�H�X�U�D�O �Q�H�W�Z�R�U�N �Z�K�L�F�K �O�H�D�U�Q�V �W�R �H�[�S�U�H�V�V �L�Q�S�X�W �G�D�W�D �L�Q �W�H�U�P�V �R�I �D�Q

�D�U�E�L�W�U�D�U�\ �H�Q�F�R�G�L�Q�J�� �7�K�L�V �H�Q�F�R�G�L�Q�J �L�V �P�R�V�W �R�I�W�H�Q �V�P�D�O�O �L�Q �W�H�U�P�V �R�I �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\ �D�Q�G �F�D�Q �E�H

�W�K�R�X�J�K�W �R�I �D�V �D �I�R�U�P �R�I �F�R�P�S�U�H�V�V�L�R�Q�� �$�X�W�R�H�Q�F�R�G�H�U �D�U�F�K�L�W�H�F�W�X�U�H �D�O�O�R�Z�V �I�R�U �O�H�D�U�Q�L�Q�J �L�Q �D �I�X�O�O�\

�X�Q�V�X�S�H�U�Y�L�V�H�G �V�H�W�W�L�Q�J�� �L���H�� �R�Q �G�D�W�D �Z�K�L�F�K �G�R �Q�R�W �K�D�Y�H �D�Q�\ �O�D�E�H�O�V �R�U �W�D�U�J�H�W �Y�D�O�X�H�V �D�V�V�L�J�Q�H�G�� �'�X�H

�W�R �W�K�H�L�U �D�E�L�O�L�W�\ �W�R �S�H�U�I�R�U�P �G�D�W�D �F�R�P�S�U�H�V�V�L�R�Q�� �W�K�H�\ �P�D�\ �E�H �X�V�H�G �I�R�U �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\ �U�H�G�X�F�W�L�R�Q �R�U

�H�P�E�H�G�G�L�Q�J �O�H�D�U�Q�L�Q�J��

�)�L�J�X�U�H �� �V�K�R�Z�V �D �E�D�V�L�F �I�R�U�P �R�I �D�Q �D�X�W�R�H�Q�F�R�G�H�U�� �,�W �X�V�X�D�O�O�\ �K�D�V �D �Q�X�P�E�H�U �R�I �O�D�\�H�U�V �Z�L�W�K �I�H�H�G��

�I�R�U�Z�D�U�G �F�R�Q�Q�H�F�W�L�R�Q�V �D�Q�G �L�V �F�R�P�S�R�V�H�G �R�I �W�Z�R �P�D�L�Q �S�D�U�W�V�� �W�K�H �H�Q�F�R�G�H�U �D�Q�G �W�K�H �G�H�F�R�G�H�U�� �%�H�W�Z�H�H�Q

����



�)�L�J�X�U�H ���� �$�X�W�R�H�Q�F�R�G�H�U �1�H�X�U�D�O �1�H�W�Z�R�U�N�� �$ �P�L�G�G�O�H �K�L�G�G�H�Q �O�D�\�H�U �L�V �X�V�H�G �W�R �V�T�X�D�V�K �W�K�H �L�Q�S�X�W

�U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �D�Q�G �W�K�H�Q �H�[�S�D�Q�G �L�W �E�D�F�N �D�W �R�X�W�S�X�W��

�W�K�H�P�� �D �V�P�D�O�O �E�R�W�W�O�H�Q�H�F�N �L�V �L�Q�W�U�R�G�X�F�H�G �L�Q �D �I�R�U�P �R�I �D �K�L�G�G�H�Q �Y�H�F�W�R�U�� �7�K�L�V �Y�H�F�W�R�U �U�H�S�U�H�V�H�Q�W�V �W�K�H

�F�R�P�S�U�H�V�V�H�G �L�Q�S�X�W �Y�H�F�W�R�U ���L�W�V�O�D�W�H�Q�W �H�Q�F�R�G�L�Q�J���� �)�R�U�P�D�O�O�\�� �W�K�H �I�R�U�Z�D�U�G �U�X�Q �R�I �D �V�L�P�S�O�H �����O�D�\�H�U

�D�X�W�R�H�Q�F�R�G�H�U �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �Z�L�W�K �I�R�O�O�R�Z�L�Q�J �H�T�X�D�W�L�R�Q�V��

h = � (Wx + b) ; ��������

x0 = � 0(W 0h + b0) : ��������

�+�H�U�H��x �G�H�Q�R�W�H�V �W�K�H �L�Q�S�X�W �Y�H�F�W�R�U��x0 �� �W�K�H �Y�H�F�W�R�U �Z�K�L�F�K �L�V �U�H�F�R�Q�V�W�U�X�F�W�H�G �E�\ �W�K�H �Q�H�W�Z�R�U�N��h ��

�W�K�H �K�L�G�G�H�Q �F�R�P�S�U�H�V�V�H�G �Y�H�F�W�R�U��W �D�Q�GW 0�� �Z�H�L�J�K�W �P�D�W�U�L�F�H�V �R�S�W�L�P�L�]�H�G �E�\ �W�K�H �Q�H�W�Z�R�U�N��b��b0�� �E�L�D�V

�W�H�U�P�V �R�I �W�K�H �Q�H�W�Z�R�U�N�� �D�Q�G� ��� 0 �� �Q�R�Q���O�L�Q�H�D�U �D�F�W�L�Y�D�W�L�R�Q �I�X�Q�F�W�L�R�Q�V �R�I �W�K�H �Q�H�W�Z�R�U�N�� �7�K�H �W�U�D�L�Q�L�Q�J

�R�E�M�H�F�W�L�Y�H �L�V �W�R �P�L�Q�L�P�L�V�H �D �U�H�F�R�Q�V�W�U�X�F�W�L�R�Q �H�U�U�R�U �E�H�W�Z�H�H�Qx �D�Q�Gx0�� �X�V�L�Q�J �D �G�H�V�L�U�H�G �O�R�V�V �I�X�Q�F�W�L�R�Q

���I�R�U �H�[�D�P�S�O�H �R�Q�H �R�I �W�K�H �O�R�V�V �I�X�Q�F�W�L�R�Q�V �G�H�I�L�Q�H�G �L�Q �6�H�F�W�L�R�Q ��������������

���������� �9�D�U�L�D�W�L�R�Q�D�O �$�X�W�R�H�Q�F�R�G�H�U�V

�9�D�U�L�D�W�L�R�Q�D�O �$�X�W�R�H�Q�F�R�G�H�U�V ���9�$�(�V�� �V�K�D�U�H �W�K�H �E�D�V�L�F �L�G�H�D �R�I �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �V�T�X�D�V�K�L�Q�J �Z�L�W�K �F�O�D�V�V�L�F

�$�X�W�R�H�Q�F�R�G�H�U�V�� �K�R�Z�H�Y�H�U �W�K�H�\ �R�S�H�U�D�W�H �L�Q �W�K�H �S�U�R�E�D�E�L�O�L�V�W�L�F �G�R�P�D�L�Q�� �,�Q �D �9�$�( �L�W �L�V �D�V�V�X�P�H�G �W�K�D�W �L�Q��

�S�X�W �G�D�W�D �L�V �V�D�P�S�O�H�G �I�U�R�P �D �S�D�U�D�P�H�W�U�L�]�H�G �G�L�V�W�U�L�E�X�W�L�R�Q �Z�K�L�F�K �L�V �F�D�O�O�H�G �D �S�U�L�R�U�� �M�X�V�W �D�V �L�Q �%�D�\�H�V�L�D�Q

����



�)�L�J�X�U�H ���� �9�D�U�L�D�W�L�R�Q�D�O �$�X�W�R�H�Q�F�R�G�H�U �1�H�X�U�D�O �1�H�W�Z�R�U�N ���9�$�(����

�L�Q�I�H�U�H�Q�F�H�� �7�K�H �U�H�F�R�Q�V�W�U�X�F�W�L�R�Q �H�U�U�R�U�L�V �F�R�P�S�R�V�H�G �R�I �W�Z�R �S�D�U�W�V�� �W�K�H �U�H�J�X�O�D�U �U�H�F�R�Q�V�W�U�X�F�W�L�R�Q �O�R�V�V

���V�X�F�K �D�V �L�Q �U�H�J�X�O�D�U �$�X�W�R�H�Q�F�R�G�H�U�V�� �D�Q�G �.�X�O�O�E�D�F�N�±�/�H�L�E�O�H�U �G�L�Y�H�U�J�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �S�D�U�D�P�H�W�U�L�F �S�R�V��

�W�H�U�L�R�U �D�Q�G �W�K�H �W�U�X�H �S�R�V�W�H�U�L�R�U�� �7�K�L�V �W�H�U�P �L�V �X�V�H�G �W�R �S�X�Q�L�V�K �W�K�H �P�R�G�H�O �I�R�U �J�H�Q�H�U�D�W�L�Q�J �R�X�W�S�X�W�V �Q�R�W

�I�U�R�P �W�K�H �G�H�V�L�U�H�G �G�L�V�W�U�L�E�X�W�L�R�Q��

�7�K�H �D�G�Y�D�Q�W�D�J�H �R�I �9�D�U�L�D�W�L�R�Q�D�O �$�X�W�R�H�Q�F�R�G�H�U�V �R�Y�H�U �F�O�D�V�V�L�F �$�X�W�R�H�Q�F�R�G�H�U�V �L�V �W�K�D�W �L�Q �9�$�(�V �W�K�H

�O�H�D�U�Q�H�G �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �D�U�H �P�R�U�H �H�Y�H�Q�O�\ �G�L�V�W�U�L�E�X�W�H�G �R�Y�H�U �W�K�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �V�S�D�F�H �>�0�D�N�K�]�D�Q�L

�H�W �D�O���� ���������@�� �:�L�W�K �F�O�D�V�V�L�F �$�X�W�R�H�Q�F�R�G�H�U�V�� �W�K�H �R�Q�O�\ �U�H�V�W�U�L�F�W�L�R�Q �L�P�S�R�V�H�G �R�Q �W�K�H �P�R�G�H�O �L�V �W�K�D�W �W�K�H

�O�D�W�H�Q�W �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �V�K�R�X�O�G �D�O�O�R�Z �W�R �U�H�S�U�R�G�X�F�H �W�K�H �L�Q�S�X�W�� �,�Q �S�U�D�F�W�L�F�H�� �O�H�D�U�Q�H�G �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V

�W�H�Q�G �W�R �F�O�X�V�W�H�U �W�R�J�H�W�K�H�U �X�Q�H�Y�H�Q�O�\ �L�Q �W�K�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �V�S�D�F�H�� �9�D�U�L�D�W�L�R�Q�D�O �$�X�W�R�H�Q�F�R�G�H�U�V�� �R�Q �W�K�H

�R�W�K�H�U �K�D�Q�G�� �D�U�H �W�U�D�L�Q�H�G �W�R �S�U�R�G�X�F�H �V�P�R�R�W�K �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V�� �Z�L�W�K�R�X�W �G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V �V�X�F�K �D�V �J�D�S�V

�E�H�W�Z�H�H�Q �F�O�X�V�W�H�U�V �R�I �G�D�W�D��

�/�H�Wx �G�H�Q�R�W�H �W�K�H �L�Q�S�X�W �Y�H�F�W�R�U �D�Q�Gh �E�H �W�K�H �O�D�W�H�Q�W �H�Q�F�R�G�L�Q�J �R�Ix�� �:�H �D�V�V�X�P�H �W�K�D�Wx �F�R�P�H�V

�I�R�U�P �D�Q �X�Q�N�Q�R�Z�Q �G�L�V�W�U�L�E�X�W�L�R�Qp� �G�H�I�L�Q�H�G �E�\ �D �V�H�W �R�I �S�D�U�D�P�H�W�H�U�V� �� �7�K�H�Q �Z�H �F�D�Q �I�R�U�P�X�O�D�W�H �W�K�H

�I�R�O�O�R�Z�L�Q�J �G�H�S�H�Q�G�H�Q�F�L�H�V��

p� =
Z

h
p� (x; h) dh =

Z

h
p� (xjh)p� (h) dh : ��������

�+�H�U�H �Z�H �D�U�U�L�Y�H �D�W �W�K�H �F�R�Q�G�L�W�L�R�Q�D�O �G�L�V�W�U�L�E�X�W�L�R�Qp� (xjh) �Z�K�L�F�K �Z�L�O�O �E�H �U�H�S�U�H�V�H�Q�W�H�G �E�\ �W�K�H �G�H�F�R�G�H�U��

�7�K�H �H�Q�F�R�G�H�U �Z�L�O�O �U�H�S�U�H�V�H�Q�W �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Qp� (hjx)�� �Z�K�L�F�K �L�V �D�S�S�U�R�[�L�P�D�W�H�G �E�\ �D �*�D�X�V�V�L�D�Q �G�L�V�W�U�L��

�E�X�W�L�R�Qqx (h)�� �8�Q�G�H�U �V�X�F�K �I�R�U�P�X�O�D�W�L�R�Q�� �W�K�H �Q�H�X�U�D�O �Q�H�W�Z�R�U�N �F�D�Q �E�H �D�S�S�O�L�H�G �W�R �D�G�H�T�X�D�W�H�O�\ �R�S�W�L�P�L�]�H

�W�K�H �X�Q�N�Q�R�Z�Q �S�D�U�D�P�H�W�H�U�V �R�I �G�L�V�W�U�L�E�X�W�L�R�Q�V �L�Q�Y�R�O�Y�H�G��

����



������ �*�U�D�S�K �1�H�X�U�D�O �1�H�W�Z�R�U�N�V

�*�U�D�S�K �1�H�X�U�D�O �1�H�W�Z�R�U�N�V ���*�1�1�V�� �L�V �D �F�O�D�V�V �R�I �Q�H�X�U�D�O �Q�H�W�Z�R�U�N �I�R�U �S�U�R�F�H�V�V�L�Q�J �J�U�D�S�K �G�D�W�D �V�W�U�X�F��

�W�X�U�H�V�� �*�U�D�S�K �V�W�U�X�F�W�X�U�H�V �U�H�S�U�H�V�H�Q�W �W�K�H �U�H�O�D�W�L�R�Q�V ���H�G�J�H�V�� �E�H�W�Z�H�H�Q �D �F�R�O�O�H�F�W�L�R�Q �R�I �H�Q�W�L�W�L�H�V ���Q�R�G�H�V����

�)�R�U�P�D�O�O�\�� �D �J�U�D�S�KG �F�D�Q �E�H �G�H�I�L�Q�H�G �D�VG = ( V; E)�� �Z�K�H�U�HV �L�V �W�K�H �V�H�W �R�I �Q�R�G�H�V�� �D�Q�GE �D�U�H

�W�K�H �H�G�J�H�V �E�H�W�Z�H�H�Q �W�K�H�P�� �,�I �W�K�H�U�H �D�U�H �G�L�U�H�F�W�L�R�Q�D�O �G�H�S�H�Q�G�H�Q�F�L�H�V �E�H�W�Z�H�H�Q �Q�R�G�H�V �W�K�H�Q �H�G�J�H�V �D�U�H

�G�L�U�H�F�W�H�G�� �,�I �Q�R�W�� �H�G�J�H�V �D�U�H �X�Q�G�L�U�H�F�W�H�G��

�*�U�D�S�K�V �F�D�Q �E�H �I�R�X�Q�G �L�Q �P�D�Q�\ �D�U�H�D�V �R�I �O�L�I�H�� �V�X�F�K �D�V �E�L�R�O�R�J�\ �D�Q�G �F�K�H�P�L�V�W�U�\ ���P�R�O�H�F�X�O�H�V�� �'�1�$

�V�W�U�X�F�W�X�U�H���� �V�R�F�L�D�O �Q�H�W�Z�R�U�N�V�� �U�R�D�G �Q�H�W�Z�R�U�N�V�� �R�U �E�H�K�D�Y�L�R�U�D�O �S�X�U�F�K�D�V�H �G�D�W�D �Z�K�H�U�H �F�R�Q�V�X�P�H�U�V �F�D�Q �E�H

�O�L�Q�N�H�G �W�R �W�K�H �L�W�H�P�V �W�K�H�\ �E�X�\��

�)�L�J�X�U�H ���� �,�O�O�X�V�W�U�D�W�L�R�Q �R�I �D �*�U�D�S�K �1�H�X�U�D�O �1�H�W�Z�R�U�N�� �,�Q �H�D�F�K �K�L�G�G�H�Q �O�D�\�H�U�� �W�K�H �Q�H�L�J�K�E�R�U�K�R�R�G�V �R�I

�D�O�O �Q�R�G�H�V �D�U�H �F�R�Q�V�L�G�H�U�H�G��

�*�1�1�V �K�D�Y�H �E�H�H�Q �F�U�H�D�W�H�G �W�R �D�G�G�U�H�V�V �W�K�H �L�V�V�X�H �R�I �S�U�R�F�H�V�V�L�Q�J �V�X�F�K �F�R�P�S�O�L�F�D�W�H�G �D�Q�G �L�Q�W�H�U�F�R�Q��

�Q�H�F�W�H�G �G�D�W�D�� �3�U�H�Y�L�R�X�V�O�\ �L�Q�W�U�R�G�X�F�H�G �Q�H�X�U�D�O �D�U�F�K�L�W�H�F�W�X�U�H�V �F�R�X�O�G �S�U�R�F�H�V�V �P�R�U�H �U�H�J�X�O�D�U �G�D�W�D�� �V�X�F�K

�D�V �I�L�[�H�G���V�L�]�H �L�P�D�J�H�V �R�U �V�H�T�X�H�Q�F�H�V �R�I �Z�R�U�G�V�� �,�W �L�V �Z�R�U�W�K �Q�R�W�L�Q�J �W�K�D�W �W�K�H�V�H �V�L�P�S�O�H �V�W�U�X�F�W�X�U�H�V �F�D�Q

�D�O�V�R �E�H �X�Q�G�H�U�V�W�R�R�G �D�V �J�U�D�S�K�V�� �)�R�U �H�[�D�P�S�O�H�� �L�Q �W�K�H �F�D�V�H �R�I �W�H�[�W�� �H�D�F�K �Z�R�U�G �F�D�Q �E�H �P�R�G�H�O�H�G �D�V �D

�Q�R�G�H�� �D�Q�G �W�Z�R �Q�H�L�J�K�E�R�U�L�Q�J �Z�R�U�G�V �F�D�Q �E�H �O�L�Q�N�H�G �Z�L�W�K �D�Q �H�G�J�H�� �+�R�Z�H�Y�H�U�� �P�R�V�W �U�H�D�O���O�L�I�H �J�U�D�S�K�V

�D�U�H �P�X�F�K �P�R�U�H �F�R�P�S�O�H�[ �D�Q�G �L�U�U�H�J�X�O�D�U�� �7�K�H�\ �R�I�W�H�Q �K�D�Y�H �D�U�E�L�W�U�D�U�\ �Q�X�P�E�H�U�V �R�I �Q�R�G�H�V�� �D�Q�G �V�R�P�H

�Q�R�G�H�V �F�D�Q �E�H �K�X�E�V ���K�L�J�K�O�\ �F�R�Q�Q�H�F�W�H�G �Z�L�W�K �P�D�Q�\ �Q�H�L�J�K�E�R�U�V�� �Z�K�L�O�H �R�W�K�H�U�V �P�D�\ �K�D�Y�H �H�[�W�U�H�P�H�O�\

�I�H�Z �H�G�J�H�V��

�*�1�1�V �R�I�W�H�Q �W�D�N�H �W�K�H �I�R�U�P �R�I �P�H�V�V�D�J�H �S�D�V�V�L�Q�J �Q�H�X�U�D�O �Q�H�W�Z�R�U�N �S�D�U�D�G�L�J�P�� �7�K�H �W�H�U�P �¶�P�H�V��

����



�V�D�J�H �S�D�V�V�L�Q�J�¶ �U�H�I�H�U�V �W�R �W�K�H �I�D�F�W �W�K�D�W �L�Q �*�1�1�V�� �D �Q�R�G�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �L�V �F�U�H�D�W�H�G �E�\ �D�J�J�U�H�J�D�W�L�Q�J

�U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �L�W�V �Q�H�L�J�K�E�R�U�L�Q�J �Q�R�G�H�V�� �7�K�L�V �Z�D�\�� �Q�R�G�H�V �F�D�Q �S�U�R�S�D�J�D�W�H �P�H�V�V�D�J�H�V �W�K�U�R�X�J�K�R�X�W

�W�K�H �J�U�D�S�K �E�\ �F�R�P�P�X�Q�L�F�D�W�L�Q�J �W�K�H�P �W�R �W�K�H�L�U �Q�H�L�J�K�E�R�U�V ���V�H�H �)�L�J�X�U�H ������ �0�H�V�V�D�J�H �S�D�V�V�L�Q�J �F�D�Q �E�H

�S�H�U�I�R�U�P�H�G �L�Q �D �Y�D�U�L�H�W�\ �R�I �Z�D�\�V �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �P�R�G�H�O�� �)�R�U �H�[�D�P�S�O�H�� �*�U�D�S�K �&�R�Q�Y�R�O�X�W�L�R�Q�D�O

�1�H�W�Z�R�U�N�V ���*�&�1�V�� �>�.�L�S�I �D�Q�G �:�H�O�O�L�Q�J�� ���������@ �X�V�H �W�K�H �I�R�O�O�R�Z�L�Q�J �X�S�G�D�W�H �U�X�O�H��

H [i +1] = � (W [i ]H [i ]A � ) : ��������

�+�H�U�H��H [i ] �D�Q�GH [i +1] �G�H�Q�R�W�H �P�D�W�U�L�F�H�V �F�R�Q�W�D�L�Q�L�Q�J �K�L�G�G�H�Q �Q�R�G�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �I�U�R�P �O�D�\�H�Ui

�D�Q�Gi +1�� �U�H�V�S�H�F�W�L�Y�H�O�\��W [i ] �L�V �W�K�H �W�U�D�L�Q�D�E�O�H �Z�H�L�J�K�W �P�D�W�U�L�[ �I�U�R�P �O�D�\�H�Ui �D�Q�GA � �L�V �W�K�H �Q�R�U�P�D�O�L�]�H�G

�D�G�M�D�F�H�Q�F�\ �P�D�W�U�L�[ �R�I �W�K�H �J�U�D�S�K�� �*�L�Y�H�Q �D �J�U�D�S�K �Z�L�W�Kn �Q�R�G�H�V�� �L�W�V �D�G�M�D�F�H�Q�F�\ �P�D�W�U�L�[ �K�D�V �G�L�P�H�Q�V�L�R�Q��

�D�O�L�W�\n � n �D�Q�G �L�Q�G�L�F�D�W�H�V �Z�K�H�W�K�H�U �S�D�L�U�V �R�I �Y�H�U�W�L�F�H�V �D�U�H �D�G�M�D�F�H�Q�W �R�U �Q�R�W �L�Q �W�K�H �J�U�D�S�K ���X�V�X�D�O�O�\ �Z�L�W�K

�� �U�H�S�U�H�V�H�Q�W�L�Q�J �D�Q �H�G�J�H �D�Q�G �� �U�H�S�U�H�V�H�Q�W�L�Q�J �O�D�F�N �R�I �D�Q �H�G�J�H���� �7�K�H �L�Q�V�H�U�W�L�R�Q �R�IA � �L�Q �W�K�H �I�R�U�Z�D�U�G

�S�D�V�V �H�T�X�D�W�L�R�Q �H�Q�D�E�O�H�V �W�K�H �P�R�G�H�O �W�R �O�H�D�U�Q �W�K�H �I�H�D�W�X�U�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �E�D�V�H�G �R�Q �Q�R�G�H �F�R�Q�Q�H�F�W�L�Y�L�W�\��

�7�K�X�V�� �H�D�F�K �Q�R�G�H �F�R�Q�V�L�G�H�U�V �R�Q�O�\ �W�K�H �K�L�G�G�H�Q �Y�H�F�W�R�U�V �R�I �L�W�V �Q�H�L�J�K�E�R�U�V �G�X�U�L�Q�J �F�R�P�S�X�W�D�W�L�R�Q �R�IH [i +1] ��

������ �$�W�W�H�Q�W�L�R�Q���%�D�V�H�G �1�H�X�U�D�O �1�H�W�Z�R�U�N�V

�$�W�W�H�Q�W�L�R�Q �L�V �D �P�H�F�K�D�Q�L�V�P �Z�K�L�F�K �D�O�O�R�Z�V �W�K�H �Q�H�W�Z�R�U�N �W�R �O�H�D�U�Q �L�Q�W�U�L�F�D�W�H �S�D�W�W�H�U�Q�V �R�I �F�R�U�U�H�V�S�R�Q�G�H�Q�F�H

�E�H�W�Z�H�H�Q �L�Q�S�X�W �D�Q�G �W�D�U�J�H�W �V�H�T�X�H�Q�F�H���V�H�W �H�O�H�P�H�Q�W�V�� �2�Q�H �R�I �W�K�H �I�L�U�V�W �Z�R�U�N�V �Z�K�L�F�K �L�Q�W�U�R�G�X�F�H�G �W�K�L�V

�S�R�S�X�O�D�U �P�H�F�K�D�Q�L�V�P �Z�D�V �>�%�D�K�G�D�Q�D�X �H�W �D�O���� ���������@�� �7�K�H �P�R�V�W �I�D�P�R�X�V �I�R�U�P�X�O�D�W�L�R�Q �R�I �D�W�W�H�Q�W�L�R�Q �L�V

�W�K�D�W �R�I �W�K�H �7�U�D�Q�V�I�R�U�P�H�U �V�H�O�I���D�W�W�H�Q�W�L�R�Q �>�9�D�V�Z�D�Q�L �H�W �D�O���� ���������@��

Attention (Q; K; V ) = sof tmax (
QK T

p
dk

)V ; ��������

�Z�K�H�U�HQ �L�V �W�K�H �T�X�H�U�\ �Y�H�F�W�R�U��K �L�V �W�K�H �N�H�\ �Y�H�F�W�R�U��V �L�V �W�K�H �Y�D�O�X�H �Y�H�F�W�R�U�� �D�Q�Gdk �L�V �W�K�H �G�L�P�H�Q�V�L�R�Q

�R�I �W�K�HK �Y�H�F�W�R�U�V��Q��K �� �D�Q�GV �Y�H�F�W�R�U�V �D�U�H �R�E�W�D�L�Q�H�G �E�\ �U�X�Q�Q�L�Q�J �W�K�H �V�D�P�H �L�Q�S�X�W�Vx �W�K�U�R�X�J�K

�V�S�H�F�L�D�O�L�]�H�G �Q�H�X�U�D�O �Q�H�W�Z�R�U�N �O�D�\�H�U�V�� �7�K�L�V �Z�D�\�� �G�L�I�I�H�U�H�Q�W �D�E�V�W�U�D�F�W�L�R�Q�V �R�I �L�Q�S�X�W�V �J�H�W �F�U�H�D�W�H�G �D�Q�G �D�U�H

�W�K�H�Q �P�X�O�W�L�S�O�L�H�G �D�J�D�L�Q�V�W �H�D�F�K �R�W�K�H�U �W�R �U�H�S�U�H�V�H�Q�W �Y�D�U�L�R�X�V �L�Q�W�H�U�D�F�W�L�R�Q�V �E�H�W�Z�H�H�Q �V�H�T�X�H�Q�F�H �H�O�H�P�H�Q�W�V��

�$�W�W�H�Q�W�L�R�Q �D�O�O�R�Z�V �W�R �G�H�W�H�F�W �V�R�S�K�L�V�W�L�F�D�W�H�G �S�D�W�W�H�U�Q�V �L�Q �V�H�T�X�H�Q�F�H�V�� �D�V �H�D�F�K �V�H�T�X�H�Q�F�H �H�O�H�P�H�Q�W �F�D�Q

�F�R�Q�V�L�G�H�U �D�O�O �R�W�K�H�U �H�O�H�P�H�Q�W�V �D�Q�G �V�L�J�Q�D�O �W�K�D�W �W�K�H �Q�H�W�Z�R�U�N �V�K�R�X�O�G �G�H�Y�R�W�H �P�R�U�H �I�R�F�X�V �W�R �H�Y�H�Q �Y�H�U�\

�V�P�D�O�O �E�X�W �L�P�S�R�U�W�D�Q�W �S�D�U�W�V �R�I �W�K�H �G�D�W�D��

�8�Q�I�R�U�W�X�Q�D�W�H�O�\�� �W�K�H �P�X�O�W�L�S�O�L�F�D�W�L�R�QQK T �U�H�V�X�O�W�V �L�Q �T�X�D�G�U�D�W�L�F �F�R�P�S�O�H�[�L�W�\ �R�I �W�K�H �I�R�U�P�X�O�D�� �Z�K�L�F�K

�S�U�R�Y�H�V �S�U�R�E�O�H�P�D�W�L�F �I�R�U �S�U�R�G�X�F�W�L�R�Q �V�\�V�W�H�P�V �D�Q�G �K�D�V �V�S�D�Z�Q�H�G �P�X�O�W�L�S�O�H �D�W�W�H�P�S�W�V �D�W �U�H�G�X�F�L�Q�J �W�K�H

����
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�D�O�O �U�H�O�H�Y�D�Q�W �L�W�H�P �V�H�W �G�H�Q�R�W�H�G �D�V �$�� �Z�H �K�D�Y�H��

Recall�#K =
jRK j
jAj

: ��������

�'�H�I�L�Q�L�W�L�R�Q �����3�U�H�F�L�V�L�R�Q�#�.�F�D�O�F�X�O�D�W�H�V �W�K�H �S�U�R�S�R�U�W�L�R�Q �R�I �U�H�F�R�P�P�H�Q�G�H�G �L�W�H�P�V �W�K�D�W �D�U�H �U�H�O�H�Y�D�Q�W

�R�X�W �R�I �D�O�O �R�I �U�H�F�R�P�P�H�Q�G�H�G �L�W�H�P�V �L�Q �W�K�H �W�R�SK �U�H�W�X�U�Q�H�G �L�W�H�P�V�� �:�L�W�K �U�H�O�H�Y�D�Q�W �L�W�H�P�V �L�Q �W�K�H �W�R�SK

�O�L�V�W �G�H�Q�R�W�H�G �D�VRK �Z�H �K�D�Y�H��

P recision�#K =
jRK j
K

: ��������

�'�H�I�L�Q�L�W�L�R�Q �����$�Y�H�U�D�J�H �3�U�H�F�L�V�L�R�Q ���$�3�#�.���L�V �W�K�H �V�X�P �R�I �3�U�H�F�L�V�L�R�Q�#�. �I�R�U �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V �R�IK

�G�L�Y�L�G�H�G �E�\ �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �U�H�O�H�Y�D�Q�W �L�W�H�P�V �L�Q �W�K�H �W�R�SK �U�H�V�X�O�W�V��

�'�H�I�L�Q�L�W�L�R�Q �����0�H�D�Q �$�Y�H�U�D�J�H �3�U�H�F�L�V�L�R�Q ���P�$�3�#�.���L�V �W�K�H �P�H�D�Q �R�I �$�Y�H�U�D�J�H �3�U�H�F�L�V�L�R�Q�#�. �I�R�U �W�K�H

�Z�K�R�O�H �G�D�W�D�V�H�W��

�'�H�I�L�Q�L�W�L�R�Q �����&�X�P�X�O�D�W�L�Y�H �*�D�L�Q�L�V �F�D�O�F�X�O�D�W�H�G �D�V �W�K�H �V�X�P �R�I �D�O�O �W�K�H �U�H�O�H�Y�D�Q�F�H �V�F�R�U�H�V �L�Q �D �U�H�F�R�P��

�P�H�Q�G�D�W�L�R�Q �V�H�W�� �,�Q �F�R�Q�W�U�D�V�W �W�R �S�U�H�Y�L�R�X�V�O�\ �L�Q�W�U�R�G�X�F�H�G �P�H�W�U�L�F�V�� �&�X�P�X�O�D�W�L�Y�H �*�D�L�Q���U�H�O�D�W�H�G �P�H�W�U�L�F�V

�D�O�O�R�Z �W�R �Q�R�W �R�Q�O�\ �F�R�P�S�X�W�H �Z�K�H�W�K�H�U �U�H�O�H�Y�D�Q�W �L�W�H�P�V �D�U�H �L�Q �W�K�H �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q �U�D�Q�N�L�Q�J�V�� �E�X�W �D�O�V�R

�D�V�V�H�V�V �W�K�H�L�U �H�[�S�O�L�F�L�W �V�F�R�U�H�V�� �:�L�W�K �W�K�H �U�H�O�H�Y�D�Q�F�H �V�F�R�U�H �D�W �U�D�Q�Ni �G�H�Q�R�W�H�G �D�Vrel i �� �Z�H �K�D�Y�H��

DG =
nX

i =1

rel i : ��������

�'�H�I�L�Q�L�W�L�R�Q �����'�L�V�F�R�X�Q�W�H�G �&�X�P�X�O�D�W�L�Y�H �*�D�L�Q ���'�&�*�#�.���L�V �F�D�O�F�X�O�D�W�H�G �D�V �W�K�H �&�X�P�X�O�D�W�L�Y�H �*�D�L�Q

�Z�L�W�K �D�G�G�H�G �F�R�U�U�H�F�W�L�R�Q �Z�K�L�F�K �Y�D�O�X�H�V �P�R�U�H �W�K�H �S�R�V�L�W�L�R�Q �R�I �U�H�O�H�Y�D�Q�F�H �V�F�R�U�H�V�� �:�L�W�K �W�K�H �U�H�O�H�Y�D�Q�F�H

�V�F�R�U�H �D�W �U�D�Q�Ni �G�H�Q�R�W�H�G �D�Vrel i �� �Z�H �K�D�Y�H��

DCG =
nX

i =1

rel i
log2(i + 1)

: ��������

����



�'�H�I�L�Q�L�W�L�R�Q �������,�G�H�D�O �'�L�V�F�R�X�Q�W�H�G �&�X�P�X�O�D�W�L�Y�H �*�D�L�Q ���,�'�&�*�#�.���L�V �D �K�H�O�S�H�U �P�H�W�U�L�F �Z�K�L�F�K �F�D�O�F�X��

�O�D�W�H�V �Z�K�D�W �W�K�H �V�F�R�U�H �'�&�*�#�. �Z�R�X�O�G �E�H �L�I �W�K�H �L�W�H�P�V �L�Q �W�K�H �U�D�Q�N�L�Q�J �Z�H�U�H �V�R�U�W�H�G �E�\ �W�K�H �W�U�X�H�� �W�K�D�W �L�V

�L�G�H�D�O ���X�Q�N�Q�R�Z�Q �I�R�U �W�K�H �U�H�F�R�P�P�H�Q�G�H�U �P�R�G�H�O�� �U�H�O�H�Y�D�Q�F�H�� �:�L�W�KREL p �G�H�I�L�Q�H�G �D�V �D �O�L�V�W �R�I �U�H�O�H�Y�D�Q�W

�L�W�H�P�V �X�S �W�R �S�R�V�L�W�L�R�Qp �D�Q�G �U�H�O�H�Y�D�Q�F�H �V�F�R�U�H �D�W �U�D�Q�Ni �G�H�Q�R�W�H�G �D�Vrel i �� �Z�H �K�D�Y�H��

IDCG =
jREL p jX

i =1

rel i
log2(i + 1)

: ��������

�'�H�I�L�Q�L�W�L�R�Q �������1�R�U�P�D�O�L�]�H�G �'�L�V�F�R�X�Q�W�H�G �&�X�P�X�O�D�W�L�Y�H �*�D�L�Q ���1�'�&�*�#�.���L�V �F�R�P�S�X�W�H�G �D�V �W�K�H �S�U�R��

�S�R�U�W�L�R�Q �E�H�W�Z�H�H�Q �U�H�D�O �'�L�V�F�R�X�Q�W�H�G �&�X�P�X�O�D�W�L�Y�H �*�D�L�Q ���'�&�*�#�.�� �D�Q�G �,�G�H�D�O �'�L�V�F�R�X�Q�W�H�G �&�X�P�X�O�D�W�L�Y�H

�*�D�L�Q ���,�'�&�*�#�.����

NDCG�#K =
DCG�#K
IDCG �#K

: ��������

�'�H�I�L�Q�L�W�L�R�Q �������0�H�D�Q �5�H�F�L�S�U�R�F�D�O �5�D�Q�N ���0�5�5���F�D�O�F�X�O�D�W�H�V �W�K�H �U�H�F�L�S�U�R�F�D�O �R�I �W�K�H �U�D�Q�N �D�W �Z�K�L�F�K

�W�K�H �I�L�U�V�W �U�H�O�H�Y�D�Q�W �G�R�F�X�P�H�Q�W �Z�D�V �U�H�W�U�L�H�Y�H�G�� �:�L�W�KjQj �G�H�I�L�Q�H�G �D�V �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �T�X�H�U�L�H�V ���R�U

�U�H�F�R�P�P�H�Q�G�H�G �U�D�Q�N�L�Q�J�V�� �D�Q�Grank i �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �S�R�V�L�W�L�R�Q �R�I �W�K�H �W�R�S �W�D�U�J�H�W �L�Q �W�K�H �U�H�V�X�O�W �V�H�W

�I�R�U �W�K�Hi ���W�K �T�X�H�U�\��

MRR =
1

jQj

jQjX

i =1

1
rank i

: ��������

�+�D�Y�L�Q�J �G�H�I�L�Q�H�G �U�H�F�R�P�P�H�Q�G�H�U �S�H�U�I�R�U�P�D�Q�F�H �P�H�W�U�L�F�V�� �O�H�W �X�V �S�U�R�F�H�H�G �W�R �D �U�H�Y�L�H�Z �R�I �U�H�F�H�Q�W��

�V�X�F�F�H�V�V�I�X�O �U�H�F�R�P�P�H�Q�G�H�U �P�R�G�H�O�V��

������ �&�R�O�O�D�E�R�U�D�W�L�Y�H �5�H�F�R�P�P�H�Q�G�D�W�L�R�Q

�&�R�O�O�D�E�R�U�D�W�L�Y�H �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q �D�S�S�U�R�D�F�K�H�V �W�K�H �S�U�R�E�O�H�P �R�I �P�R�G�H�O�L�Q�J �S�D�V�W �X�V�H�U �L�Q�W�H�U�D�F�W�L�R�Q�V �Z�L�W�K

�W�K�H �S�U�R�G�X�F�W�V�� �%�D�V�H�G �R�Q �W�K�L�V�� �W�K�H �D�L�P �L�V �W�R �I�R�U�H�V�H�H �Z�K�L�F�K �S�U�R�G�X�F�W�V �D�U�H �O�L�N�H�O�\ �J�R�L�Q�J �W�R �U�H�F�H�L�Y�H

�V�R�P�H �L�Q�W�H�U�D�F�W�L�R�Q �I�U�R�P �W�K�H �X�V�H�U �L�Q �W�K�H �I�X�W�X�U�H�� �7�K�H �S�U�H�G�L�F�W�L�R�Q �L�V �P�D�G�H �E�D�V�H�G �R�Q �L�Q�W�H�U�D�F�W�L�R�Q�V �R�I

�P�D�Q�\ �X�V�H�U�V�� �7�K�H �F�R�U�H �L�G�H�D �L�V �W�K�D�W �D �X�V�H�U �Z�L�O�O �X�V�X�D�O�O�\ �O�L�N�H �W�K�H �L�W�H�P�V �Z�K�L�F�K �Z�H�U�H �I�D�Y�R�U�H�G �E�\ �V�L�P�L�O�D�U

�X�V�H�U�V �L�Q �W�K�H �S�D�V�W�� �7�K�H �I�R�O�O�R�Z�L�Q�J �V�H�F�W�L�R�Q�V �L�Q�W�U�R�G�X�F�H �S�R�S�X�O�D�U �D�O�J�R�U�L�W�K�P�L�F �D�S�S�U�R�D�F�K�H�V �W�R�Z�D�U�G�V �W�K�L�V

�S�U�R�E�O�H�P��

���������� �0�D�W�U�L�[ �)�D�F�W�R�U�L�]�D�W�L�R�Q �$�O�J�R�U�L�W�K�P�V

�0�D�W�U�L�[ �)�D�F�W�R�U�L�]�D�W�L�R�Q ���0�)�� �P�H�W�K�R�G�V �E�H�O�R�Q�J �W�R �W�K�H �H�D�U�O�L�H�V�W �D�S�S�U�R�D�F�K�H�V �L�Q �W�K�H �K�L�V�W�R�U�\ �R�I �F�R�O�O�D�E��

�R�U�D�W�L�Y�H �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q�� �7�K�H�V�H �D�O�J�R�U�L�W�K�P�V �R�S�H�U�D�W�H �R�Q �X�V�H�U���L�W�H�P �L�Q�W�H�U�D�F�W�L�R�Q �P�D�W�U�L�F�H�V�� �Z�K�L�F�K

����



�H�[�S�U�H�V�V �W�K�H �K�L�V�W�R�U�L�F �E�H�K�D�Y�L�R�U�V �R�I �X�V�H�U�V ���)�L�J�X�U�H ������ �7�K�H �P�D�W�U�L�[ �F�R�O�X�P�V �U�H�I�O�H�F�W �D�O�O �D�Y�D�L�O�D�E�O�H �L�W�H�P�V��

�Z�K�L�O�H �W�K�H �U�R�Z�V �H�[�S�U�H�V�V �W�K�H �X�V�H�U�V�� �7�K�H �Y�D�O�X�H�V �Z�L�W�K�L�Q �W�K�H �P�D�W�U�L�[ �U�H�I�O�H�F�W �V�R�P�H �S�D�V�W �U�H�O�D�W�L�R�Q�V�K�L�S

�E�H�W�Z�H�H�Q �D �X�V�H�U �D�Q�G �D�Q �L�W�H�P�� �7�K�L�V �F�D�Q �E�H �D �S�X�U�F�K�D�V�H ���D �E�L�Q�D�U�\ ������ �Y�D�O�X�H�� �R�U �D �U�D�W�L�Q�J �V�F�R�U�H �R�Q

�V�R�P�H �V�F�D�O�H��

�0�D�W�U�L�[ �)�D�F�W�R�U�L�]�D�W�L�R�Q �Z�R�U�N�V �E�\ �G�H�F�R�P�S�R�V�L�Q�J �W�K�H �X�V�H�U���L�W�H�P �L�Q�W�H�U�D�F�W�L�R�Q �P�D�W�U�L�[ �L�Q�W�R �W�K�H �S�U�R�G��

�X�F�W �R�I �W�Z�R �O�R�Z�H�U���G�L�P�H�Q�V�L�R�Q�D�O�L�W�\ �P�D�W�U�L�F�H�V�� �7�K�H �R�E�W�D�L�Q�H�G �P�D�W�U�L�F�H�V �F�D�Q �E�H �X�Q�G�H�U�V�W�R�R�G �W�R �F�R�Q�W�D�L�Q

�I�H�D�W�X�U�H �Y�H�F�W�R�U�V ���D�O�V�R �F�D�O�O�H�G�H�P�E�H�G�G�L�Q�J �Y�H�F�W�R�U�V�� �R�I �X�V�H�U�V �D�Q�G �L�W�H�P�V�� �Z�K�L�F�K �F�D�Q �E�H �X�V�H�G �W�R �H�D�V�L�O�\

�F�R�P�S�X�W�H �V�L�P�L�O�D�U�L�W�\ �E�H�W�Z�H�H�Q �S�D�L�U�V �R�I �H�Q�W�L�W�L�H�V��

�)�L�J�X�U�H ���� �0�D�W�U�L�[ �)�D�F�W�R�U�L�]�D�W�L�R�Q �X�V�H�G �W�R �V�S�O�L�W �D �X�V�H�U���L�W�H�P �U�D�W�L�Q�J �P�D�W�U�L�[ �L�Q�W�R �X�V�H�U �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q

�P�D�W�U�L�[ �D�Q�G �L�W�H�P �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �P�D�W�U�L�[��

�)�R�O�O�R�Z�L�Q�J �W�K�H �G�H�I�L�Q�L�W�L�R�Q �I�U�R�P �.�R�U�H�Q �H�W �D�O�� �>���������@�� �O�H�Wpi 2 Rk �G�H�Q�R�W�H �W�K�H �Y�H�F�W�R�U �Z�K�L�F�K �F�R�Q��

�W�D�L�Q�V �W�K�H �O�D�W�H�Q�W �I�H�D�W�X�U�H�V �R�I �L�W�H�P ���R�U�� �S�U�R�G�X�F�W��i �� �D�Q�G �O�H�Wuj 2 Rk �G�H�Q�R�W�H �W�K�H �Y�H�F�W�R�U �F�R�Q�W�D�L�Q�L�Q�J

�W�K�H �O�D�W�H�Q�W �I�H�D�W�X�U�H�V �R�I �X�V�H�Uj �� �7�K�H �O�D�W�H�Q�W �I�H�D�W�X�U�H�V �R�I �L�W�H�P�V �F�D�Q �E�H �X�Q�G�H�U�V�W�R�R�G �D�V �Y�D�U�L�R�X�V �P�R�U�H �R�U

�O�H�V�V �D�E�V�W�U�D�F�W �S�U�R�S�H�U�W�L�H�V �R�I �L�W�H�P�V�� �Z�K�L�F�K �D�U�H �H�[�S�U�H�V�V�H�G �L�Q �D �Q�X�P�H�U�L�F �I�R�U�P�� �(�D�F�K �F�K�D�U�D�F�W�H�U�L�V�W�L�F

�F�R�U�U�H�V�S�R�Q�G�V �W�R �D �V�H�W �S�O�D�F�H �L�Q �W�K�H �I�H�D�W�X�U�H �Y�H�F�W�R�U�� �D�O�W�K�R�X�J�K �L�W �L�V �X�V�X�D�O�O�\ �K�D�U�G �W�R �W�H�O�O �Z�K�D�W �K�X�P�D�Q��

�X�Q�G�H�U�V�W�D�Q�G�D�E�O�H �S�U�R�S�H�U�W�\ �L�V �V�W�R�U�H�G �L�Q �Z�K�L�F�K �S�O�D�F�H�� �7�K�H �I�H�D�W�X�U�H �Y�H�F�W�R�U�V �R�I �X�V�H�U�V �I�R�O�O�R�Z �D �V�L�P�L�O�D�U

�O�R�J�L�F �� �W�K�H�\ �F�K�D�U�D�F�W�H�U�L�]�H �X�V�H�U�V �L�Q �D �P�R�U�H �F�R�Q�F�L�V�H�� �Q�X�P�H�U�L�F �I�R�U�P�� �,�Q�W�X�L�W�L�Y�H�O�\�� �W�K�H�\ �F�D�Q �D�O�V�R �U�H�S�U�H��
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�S�U�R�G�X�F�W�L�R�Q �H�Q�Y�L�U�R�Q�P�H�Q�W��

�2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �F�U�R�V�V���P�R�G�D�O �L�Q�V�W�D�Q�F�H �U�H�W�U�L�H�Y�D�O �P�R�G�H�O�V �R�I�W�H�Q �X�V�H �F�U�R�V�V���P�R�G�D�O �D�W�W�H�Q�W�L�R�Q �L�Q

�R�U�G�H�U �W�R �V�H�D�U�F�K �I�R�U �P�D�W�F�K�L�Q�J �S�L�F�W�X�U�H���W�H�[�W �I�U�D�J�P�H�Q�W�V�� �&�U�R�V�V���P�R�G�D�O �D�W�W�H�Q�W�L�R�Q �Z�R�U�N�V �M�X�V�W �O�L�N�H �W�K�H

����



�U�H�J�X�O�D�U �D�W�W�H�Q�W�L�R�Q �G�H�V�F�U�L�E�H�G �L�Q �W�K�H �F�D�V�H �R�I �S�U�H�Y�L�R�X�V �P�R�G�H�O�V�� �E�X�W �L�W �L�V �F�R�P�S�X�W�H�G �R�Q �Y�H�F�W�R�U�V �V�W�H�P��

�P�L�Q�J �I�U�R�P �Y�D�U�L�R�X�V �G�R�P�D�L�Q�V ���H���J�� �W�H�[�W �D�Q�G �L�P�D�J�H �Y�H�F�W�R�U �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V���� �&�K�H�Q �H�W �D�O�� �>���������D�@ �S�U�R��

�S�R�V�H�G �W�R �X�V�H �,�W�H�U�D�W�L�Y�H �0�D�W�F�K�L�Q�J �Z�L�W�K �5�H�F�X�U�U�H�Q�W �$�W�W�H�Q�W�L�R�Q �0�H�P�R�U�\ ���,�0�5�$�0�� �P�H�W�K�R�G �W�R �F�D�S�W�X�U�H

�W�K�H �P�X�W�X�D�O �L�P�D�J�H �D�Q�G �W�H�[�W �D�O�L�J�Q�P�H�Q�W�V �Z�L�W�K �F�U�R�V�V���P�R�G�D�O �D�W�W�H�Q�W�L�R�Q�� �:�D�Q�J �H�W �D�O�� �>���������D�@ �L�Q�W�U�R�G�X�F�H

�6�F�H�Q�H �*�U�D�S�K �0�D�W�F�K�L�Q�J ���6�*�0�� �� �D�Q �D�S�S�U�R�D�F�K �X�V�L�Q�J �V�H�S�D�U�D�W�H �J�U�D�S�K�V �I�R�U �H�D�F�K �P�R�G�D�O�L�W�\ �W�R �F�D�S�W�X�U�H

�R�E�M�H�F�W �I�H�D�W�X�U�H�V �D�Q�G �W�K�H�L�U �P�X�W�X�D�O �U�H�O�D�W�L�R�Q�V�K�L�S�V �L�Q �F�R�U�U�H�V�S�R�Q�G�L�Q�J �P�R�G�D�O�L�W�\�� �:�K�H�Q �W�K�H �R�E�M�H�F�W���O�H�Y�H�O

�D�Q�G �U�H�O�D�W�L�R�Q�V�K�L�S���O�H�Y�H�O �I�H�D�W�X�U�H�V �D�U�H �H�[�W�U�D�F�W�H�G �I�U�R�P �E�R�W�K �P�R�G�D�O�L�W�L�H�V�� �W�K�H �I�L�Q�D�O �P�D�W�F�K�L�Q�J �R�Q �E�R�W�K

�O�H�Y�H�O�V �W�D�N�H�V �S�O�D�F�H�� �6�W�D�F�N�H�G �&�U�R�V�V �$�W�W�H�Q�W�L�R�Q �1�H�W�Z�R�U�N ���6�&�$�1�� �>�/�H�H �H�W �D�O���� ���������@ �F�D�Q �E�H �G�H�I�L�Q�H�G

�D�V �W�Z�R �F�R�P�S�O�L�P�H�Q�W�D�U�\ �I�R�U�P�X�O�D�W�L�R�Q�V�� �Z�K�H�U�H �H�D�F�K �P�R�G�D�O�L�W�\ �L�V �X�V�H�G �D�V �D �F�R�Q�W�H�[�W �W�R �H�D�F�K �R�W�K�H�U �D�Q�G

�W�Z�R �V�H�S�D�U�D�W�H �V�L�P�L�O�D�U�L�W�\ �V�F�R�U�H�V �D�U�H �L�Q�I�H�U�U�H�G �Z�L�W�K �W�K�H �X�V�H �R�I �F�U�R�V�V���D�W�W�H�Q�W�L�R�Q�� �6�*�5�$�) �>�'�L�D�R �H�W �D�O����

���������@ �E�X�L�O�G�V �X�S�R�Q �6�&�$�1�� �H�[�W�H�Q�G�V �L�W �Z�L�W�K �V�H�O�I���D�W�W�H�Q�W�L�R�Q �D�Q�G �D�S�S�O�L�H�V �L�W �W�R �H�D�F�K �P�R�G�D�O�L�W�\ �V�H�S�D��

�U�D�W�H�O�\�� �$�O�O �W�K�H�V�H �P�R�G�H�O�V�� �D�O�W�K�R�X�J�K �H�I�I�H�F�W�L�Y�H�� �E�H�F�R�P�H �L�Q�H�I�I�L�F�L�H�Q�W �L�Q �D �U�H�D�O���O�L�I�H �S�U�R�G�X�F�W�L�R�Q �V�H�W�W�L�Q�J

�G�X�H �W�R �W�K�H �X�V�H �R�I �L�Q�K�H�U�H�Q�W�O�\ �V�O�R�Z �D�W�W�H�Q�W�L�R�Q �P�H�F�K�D�Q�L�V�P��

������ �,�Q�W�H�U�S�U�H�W�D�E�L�O�L�W�\ �D�Q�G �5�R�E�X�V�W�Q�H�V�V �R�I �5�H�F�R�P�P�H�Q�G�H�U�V

�0�R�G�H�O �L�Q�W�H�U�S�U�H�W�D�E�L�O�L�W�\ �L�V �D �U�H�V�H�D�U�F�K �D�U�H�D �Z�K�L�F�K �D�L�P�V �W�R �F�U�H�D�W�H �Z�D�\�V �R�I �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �P�R�G�H�O

�G�H�F�L�V�L�R�Q�V �D�Q�G �L�V �F�X�U�U�H�Q�W�O�\ �G�H�Y�H�O�R�S�H�G �Z�L�W�K�L�Q �W�K�H �(�[�S�O�D�L�Q�D�E�O�H �$�U�W�L�I�L�F�L�D�O �,�Q�W�H�O�O�L�J�H�Q�F�H ���;�$�,�� �V�F�L�H�Q�F�H

�E�U�D�Q�F�K�� �,�Q�W�H�U�S�U�H�W�D�E�L�O�L�W�\ �F�D�Q �E�H �U�R�X�J�K�O�\ �F�D�W�H�J�R�U�L�]�H�G �L�Q�W�R �X�Q�L�Y�H�U�V�D�O �P�H�W�K�R�G�V �Z�K�L�F�K �Z�R�U�N �I�R�U �D�Q�\

�N�L�Q�G �R�I �P�R�G�H�O ���H���J�� �/�,�0�( �>�5�L�E�H�L�U�R �H�W �D�O���� ���������@ �Z�K�L�F�K �X�V�H�V �O�R�F�D�O �P�R�G�H�O�V �R�Q �P�D�Q�\ �P�R�G�L�I�L�F�D�W�L�R�Q�V

�R�I �P�R�G�H�O �L�Q�S�X�W �Y�D�O�X�H�V�� �R�U �6�+�$�3 �>�/�X�Q�G�E�H�U�J �D�Q�G �/�H�H�� ���������@ �I�U�R�P �F�R�R�S�H�U�D�W�L�Y�H �J�D�P�H �W�K�H�R�U�\���� �D�Q�G

�J�U�D�G�L�H�Q�W �D�W�W�U�L�E�X�W�L�R�Q �P�H�W�K�R�G�V �G�H�V�L�J�Q�H�G �V�S�H�F�L�I�L�F�D�O�O�\ �I�R�U �Q�H�X�U�D�O �Q�H�W�Z�R�U�N�V�� �Z�K�L�F�K �D�U�H �R�I�W�H�Q �E�D�V�H�G �R�Q

�U�X�Q�Q�L�Q�J �D�Q �H�[�W�U�D �E�D�F�N�Z�D�U�G �S�D�V�V �W�K�U�R�X�J�K �W�K�H �Q�H�W�Z�R�U�N �D�Q�G �Y�H�U�L�I�\�L�Q�J �Z�K�L�F�K �L�Q�S�X�W�V �K�D�G �W�K�H �E�L�J�J�H�V�W

�L�Q�I�O�X�H�Q�F�H �L�Q �W�H�U�P�V �R�I �W�K�H �S�U�R�G�X�F�H�G �J�U�D�G�L�H�Q�W�V �>�4�L �H�W �D�O���� ���������� �6�X�Q�G�D�U�D�U�D�M�D�Q �H�W �D�O���� ���������@�� �0�R�G�H�O

�L�Q�W�H�U�S�U�H�W�D�E�L�O�L�W�\ �L�V �L�P�S�R�U�W�D�Q�W �L�Q �D�V�F�H�U�W�D�L�Q�L�Q�J �Z�K�H�W�K�H�U �D �J�L�Y�H�Q �P�R�G�H�O �W�D�N�H�V �L�Q�W�R �D�F�F�R�X�Q�W �Y�D�O�L�G �L�Q�S�X�W�V

�D�V �D �E�D�V�L�V �I�R�U �L�W�V �G�H�F�L�V�L�R�Q�V �� �V�R�� �Z�K�H�W�K�H�U �L�W �L�V �U�H�O�L�D�E�O�H �D�Q�G �F�D�Q �E�H �W�U�X�V�W�H�G �L�Q �D �S�U�R�G�X�F�W�L�R�Q �V�H�W�W�L�Q�J��

�0�R�G�H�O �U�R�E�X�V�W�Q�H�V�V �L�V �D�Q�R�W�K�H�U �D�V�S�H�F�W �R�I �P�R�G�H�O �U�H�O�L�D�E�L�O�L�W�\�� �5�R�E�X�V�W�Q�H�V�V �H�[�S�U�H�V�V�H�V �D �P�R�G�H�O�¶�V

�L�Q�Y�X�O�Q�H�U�D�E�L�O�L�W�\ �W�R �D�G�Y�H�U�V�D�U�L�D�O �H�[�D�P�S�O�H�V�� �$�G�Y�H�U�V�D�U�L�D�O �H�[�D�P�S�O�H�V �D�U�H �L�Q�S�X�W�V �W�R �P�D�F�K�L�Q�H �O�H�D�U�Q�L�Q�J

�P�R�G�H�O�V �W�K�D�W �F�D�X�V�H �I�D�L�O�X�U�H�V �L�Q �P�R�G�H�O�V �D�O�W�K�R�X�J�K �W�K�H�\ �G�R �Q�R�W �F�D�X�V�H �D�Q�\ �S�U�R�E�O�H�P�V �I�R�U �K�X�P�D�Q�V�� �$�Q

�H�[�D�P�S�O�H �R�I �D�G�Y�H�U�V�D�U�L�D�O �H�[�D�P�S�O�H�V �F�D�Q �E�H �S�R�S�X�O�D�U �O�L�Q�J�X�L�V�W�L�F �H�U�U�R�U�V�� �L�Q �W�Z�R �G�H�V�F�U�L�S�W�L�R�Q�V�´�E�O�X�H

�U�R�X�Q�G �I�O�R�Z�H�U �Y�D�V�H�� ���� �F�P �K�H�L�J�K�W�´�D�Q�G�´�E�O�H�X �U�R�X�Q�G �I�O�R�Z�H�U �Y�D�V�H�� ���� �F�P �K�H�L�J�K�W�´�W�K�H �P�L�V�V�S�H�O�O�L�Q�J

�L�Q�E�O�H�X�F�D�Q �P�D�N�H �D �P�R�G�H�O �U�H�W�X�U�Q �D �Z�U�R�Q�J �D�Q�V�Z�H�U�� �D�O�W�K�R�X�J�K �L�W �U�H�D�F�W�V �W�R �W�K�H �I�L�U�V�W �W�H�[�W �F�R�U�U�H�F�W�O�\��

�$�G�Y�H�U�V�D�U�L�D�O �H�[�D�P�S�O�H�V �F�D�Q �H�L�W�K�H�U �R�U�L�J�L�Q�D�W�H �Q�D�W�X�U�D�O�O�\ �R�U �P�D�O�L�F�L�R�X�V�O�\�� �D�Q �D�W�W�D�F�N�H�U �F�D�Q �L�Q�W�H�Q�W�L�R�Q�D�O�O�\

����



�G�H�V�L�J�Q �W�K�H�P �W�R �F�D�X�V�H �W�K�H �P�R�G�H�O �W�R �P�D�N�H �D �P�L�V�W�D�N�H�� �$�G�Y�H�U�V�D�U�L�D�O �H�[�D�P�S�O�H�V �D�U�H �E�U�R�D�G�O�\ �V�W�X�G�L�H�G �L�Q

�O�L�W�H�U�D�W�X�U�H �>�*�R�R�G�I�H�O�O�R�Z �H�W �D�O���� ���������� �$�W�K�D�O�\�H �H�W �D�O���� ���������� �+�H�Q�G�U�\�F�N�V �H�W �D�O���� ���������@��

������ �0�X�O�W�L�P�R�G�D�O �(�P�E�H�G�G�H�U�V �I�R�U �5�H�F�R�P�P�H�Q�G�H�U�V

�7�K�H �T�X�D�O�L�W�\ �R�I �D �P�X�O�W�L�P�R�G�D�O �U�H�F�R�P�P�H�Q�G�H�U �L�V �G�H�S�H�Q�G�H�Q�W �R�Q �E�R�W�K �W�K�H �D�F�W�X�D�O �P�R�G�H�O �P�D�N�L�Q�J �U�H�F��

�R�P�P�H�Q�G�D�W�L�R�Q�V ���E�H �L�W �F�R�O�O�D�E�R�U�D�W�L�Y�H �R�U �F�R�Q�W�H�Q�W���E�D�V�H�G���� �E�X�W �D�O�V�R �R�Q �D�X�[�L�O�L�D�U�\ �P�R�G�H�O�V �Z�K�L�F�K �V�W�D�Q�G

�E�H�I�R�U�H �W�K�H�P �D�Q�G �S�U�R�G�X�F�H �L�Q�S�X�W �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V�� �L�Q�J�H�V�W�H�G �E�\ �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q �P�R�G�H�O�V��

�:�L�W�K �W�K�H �L�Q�W�U�R�G�X�F�W�L�R�Q �R�I �H�P�E�H�G�G�L�Q�J �P�R�G�H�O�V �V�X�F�K �D�V �*�O�R�9�( �>�3�H�Q�Q�L�Q�J�W�R�Q �H�W �D�O���� ���������@ �R�U

�%�(�5�7 �>�'�H�Y�O�L�Q �H�W �D�O���� ���������@ �I�R�U �W�H�[�W�� �R�U �P�D�Q�\ �Q�R�G�H �H�P�E�H�G�G�L�Q�J �D�S�S�U�R�D�F�K�H�V �I�R�U �J�U�D�S�K�V �>�6�K�L �H�W �D�O����

���������� �:�D�Q�J �H�W �D�O���� ���������@�� �H�P�E�H�G�G�L�Q�J �Y�H�F�W�R�U�V �K�D�Y�H �J�D�L�Q�H�G �S�R�S�X�O�D�U�L�W�\ �D�V �W�K�H �R�S�W�L�P�D�O �Z�D�\ �W�R

�U�H�S�U�H�V�H�Q�W �R�E�M�H�F�W �S�U�R�S�H�U�W�L�H�V �L�Q �D �F�R�P�S�U�H�V�V�H�G �Z�D�\�� �(�P�E�H�G�G�L�Q�J �Y�H�F�W�R�U�V �K�D�Y�H �E�H�H�Q �I�R�X�Q�G �W�R �E�H

�Y�H�U�\ �F�R�Q�Y�H�Q�L�H�Q�W �L�Q�S�X�W �I�R�U �G�R�Z�Q�V�W�U�H�D�P �P�R�G�H�O�V�� �,�Q �S�U�D�F�W�L�F�H�� �P�D�Q�\ �U�H�F�R�P�P�H�Q�G�H�U �D�Q�G �L�Q�I�R�U�P�D��

�W�L�R�Q �U�H�W�U�L�H�Y�D�O �V�\�V�W�H�P�V �H�[�S�O�R�L�W �H�P�E�H�G�G�L�Q�J�V �I�U�R�P �X�S�V�W�U�H�D�P �P�R�G�H�O�V �D�V �D�Q �L�Q�S�X�W �G�D�W�D �D�E�V�W�U�D�F�W�L�R�Q

���V�H�H �)�L�J�X�U�H ���� �>�-�H�R�Q�J �H�W �D�O���� ���������� �+�D�V�V�D�Q �H�W �D�O���� ���������� �'�L�D�R �H�W �D�O���� ���������@�� �%�H�F�D�X�V�H �V�X�F�K �U�H�F��

�R�P�P�H�Q�G�H�U �P�R�G�H�O�V �G�R �Q�R�W �K�D�Y�H �D�F�F�H�V�V �W�R �W�K�H �G�D�W�D �L�W�V�H�O�I �E�X�W �R�Q�O�\ �W�R �L�W�V �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �O�H�D�U�Q�H�G �E�\

�W�K�H �H�P�E�H�G�G�H�U�V�� �L�W �L�V �F�U�X�F�L�D�O �W�R �H�Q�V�X�U�H �W�K�H �K�L�J�K�H�V�W �S�R�V�V�L�E�O�H �T�X�D�O�L�W�\ �R�I �H�P�E�H�G�G�H�U�V �W�K�H�P�V�H�O�Y�H�V�� �,�Q
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���������@ �O�R�R�N�V �O�L�N�H �W�K�H �I�R�O�O�R�Z�L�Q�J��

H [i +1] = � (W [i ]H [i ]A � ) : ��������

�+�H�U�H��H [i ] �D�Q�GH [i +1] �G�H�Q�R�W�H �P�D�W�U�L�F�V �F�R�Q�W�D�L�Q�L�Q�J �K�L�G�G�H�Q �Q�R�G�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �I�U�R�P �O�D�\�H�Ui

�D�Q�Gi + 1�� �U�H�V�S�H�F�W�L�Y�H�O�\��W[i ] �L�V �W�K�H �W�U�D�L�Q�D�E�O�H �Z�H�L�J�K�W �P�D�W�U�L�[ �I�U�R�P �O�D�\�H�Ui ��A � �L�V �W�K�H �Q�R�U�P�D�O�L�]�H�G

�D�G�M�D�F�H�Q�F�\ �P�D�W�U�L�[ �R�I �W�K�H �J�U�D�S�K�� �D�Q�G� �L�V �W�K�H �Q�H�W�Z�R�U�N �Q�R�Q�O�L�Q�H�D�U�L�W�\ �I�X�Q�F�W�L�R�Q�� �,�Q �R�U�G�H�U �W�R �W�U�D�L�Q �W�K�H

�Q�H�W�Z�R�U�N�� �Z�H�L�J�K�W�VW �Q�H�H�G �W�R �E�H �R�S�W�L�P�L�]�H�G �Z�L�W�K �E�D�F�N�S�U�R�S�D�J�D�W�L�R�Q�� �+�R�Z�H�Y�H�U�� �P�\ �Z�R�U�N �V�K�R�Z�V

�W�K�D�W �W�K�H �F�R�P�S�O�H�W�H �U�H�P�R�Y�D�O �R�I �Z�H�L�J�K�W�VW �D�Q�G �Q�R�Q�O�L�Q�H�D�U�L�W�\� �O�H�D�G�V �W�R �D �V�W�L�O�O �Y�L�D�E�O�H ���D�O�W�K�R�X�J�K

�Q�R�Q���Q�H�X�U�D�O�� �D�O�J�R�U�L�W�K�P �Z�K�L�F�K �L�V �G�H�Y�R�L�G �R�I �P�R�V�W �V�F�D�O�D�E�O�L�W�\ �L�V�V�X�H�V �R�I �*�&�1�V�� �7�K�L�V �Q�H�Z�� �V�L�P�S�O�L�I�L�H�G

�D�S�S�U�R�D�F�K �F�D�Q �E�H �X�Q�G�H�U�V�W�R�R�G �D�V �D �I�R�U�P �R�I �Z�H�L�J�K�W�H�G �D�Y�H�D�U�J�L�Q�J �R�I �Q�H�L�J�K�E�R�U �H�P�E�H�G�G�L�Q�J �Y�H�F�W�R�U�V�� �$�V

����



�V�X�F�K�� �H�D�F�K �Q�R�G�H �L�V �U�H�S�U�H�V�H�Q�W�H�G �Z�L�W�K �D �Z�H�L�J�K�W�H�G �D�Y�H�U�D�J�H �R�I �L�W�V �Q�H�L�J�K�E�R�U�V�� �,�Q �P�\ �Z�R�U�N �, �S�U�R�Y�H �W�K�H

�K�\�S�R�W�K�H�V�L�V �W�K�D�W �V�X�F�K �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �R�I �W�K�H �*�&�1 �D�O�J�R�U�L�W�K�P �U�H�V�X�O�W�V �L�Q �D �K�L�J�K�O�\ �H�I�I�L�F�L�H�Q�W �D�O�J�R�U�L�W�K�P

�Z�K�L�F�K �D�W �W�K�H �V�D�P�H �W�L�P�H �S�U�R�G�X�F�H�V �K�L�J�K �T�X�D�O�L�W�\ �Q�R�G�H �H�P�E�H�G�G�L�Q�J�V��

���������� �3�U�H�O�L�P�L�Q�D�U�L�H�V

�)�R�U�P�D�O�O�\�� �Z�H �F�D�Q �G�H�I�L�Q�H �W�K�H �J�U�D�S�K �D�Q�G �Q�R�G�H �H�P�E�H�G�G�L�Q�J�V �Z�L�W�K �W�K�H �I�R�O�O�R�Z�L�Q�J �W�H�U�P�V��

�*�U�D�S�K�V���$ �J�U�D�S�KG �L�V �D �S�D�L�U(V; E) �Z�K�H�U�HV �G�H�Q�R�W�H�V �D �V�H�W �R�I �Q�R�G�H�V ���D�O�V�R �F�D�O�O�H�G �Y�H�U�W�L�F�H�V��

�D�Q�GE � (V � V) �D�V �W�K�H �V�H�W �R�I �H�G�J�H�V �F�R�Q�Q�H�F�W�L�Q�J �W�K�H �Q�R�G�H�V��

�1�R�G�H �(�P�E�H�G�G�L�Q�J���$ �Q�R�G�H �H�P�E�H�G�G�L�Q�J �R�I �D �J�U�D�S�KG = ( V; E) �L�V �DjV j � d �P�D�W�U�L�[T�� �Z�K�H�U�H

d �L�V �W�K�H �G�L�P�H�Q�V�L�R�Q �R�I �W�K�H �H�P�E�H�G�G�L�Q�J�� �7�K�H �L���W�K �U�R�Z �R�I �P�D�W�U�L�[T ���G�H�Q�R�W�H�G �D�VTi; � �� �F�R�U�U�H�V�S�R�Q�G�V �W�R

�D �Q�R�G�Hi 2 V �D�Q�G �H�D�F�K �Y�D�O�X�Hj 2 f 1; :::; dg �L�Q �W�K�H �Y�H�F�W�R�UTi;j �F�D�S�W�X�U�H�V �D �G�L�I�I�H�U�H�Q�W �I�H�D�W�X�U�H �R�I �Q�R�G�H

i �� �1�R�G�H �H�P�E�H�G�G�L�Q�J�V �D�U�H �X�V�H�G �W�R �H�[�S�U�H�V�V �Q�R�G�H �S�U�R�S�H�U�W�L�H�V �L�Q �D �M�R�L�Q�W�� �F�R�P�S�U�H�V�V�H�G �I�R�U�P��

�)�L�J�X�U�H ������ �$�G�M�D�F�H�Q�F�\ �P�D�W�U�L�[ �D�Q�G �U�D�Q�G�R�P �Z�D�O�N �W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�[��

�:�H �D�O�V�R �Q�H�H�G �D �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �5�D�Q�G�R�P �:�D�O�N �7�U�D�Q�V�L�W�L�R�Q �0�D�W�U�L�[�� �Z�K�L�F�K �L�V �D �Y�D�U�L�D�W�L�R�Q �R�I

�Q�H�L�J�E�R�U�K�R�R�G���U�H�S�U�H�V�H�Q�W�L�Q�J �P�D�W�U�L�[��

�5�D�Q�G�R�P �:�D�O�N �7�U�D�Q�V�L�W�L�R�Q �0�D�W�U�L�[���7�K�H �5�D�Q�G�R�P �:�D�O�N �7�U�D�Q�V�L�W�L�R�Q �0�D�W�U�L�[ �L�V �D�N�L�Q �W�R �W�K�H

�D�G�M�D�F�H�Q�F�\ �P�D�W�U�L�[�� �L�Q �W�K�D�W �L�W �K�R�O�G�V �L�Q�I�R�U�P�D�W�L�R�Q �D�E�R�X�W �J�U�D�S�K �F�R�Q�Q�H�F�W�L�Y�L�W�\�� �,�W �K�D�V �D �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\

�R�IjV j � j V j�� �D�Q�G �H�D�F�K �Q�R�Q�]�H�U�R �Y�D�O�X�Hvij �Z�L�W�K�L�Q �W�K�H �P�D�W�U�L�[ �P�H�D�Q�V �W�K�D�W �W�K�H�U�H �H�[�L�V�W�V �D�Q �H�G�J�H

�E�H�W�Z�H�H�Q �Q�R�G�H�Vi �D�Q�Gj �� �(�D�F�K �Q�R�Q�]�H�U�R �Y�D�O�X�H �Z�L�W�K�L�Q �W�K�H �P�D�W�U�L�[ �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �R�I

����



�F�K�R�R�V�L�Q�J �D�Q �H�[�D�F�W �S�D�W�K �G�X�U�L�Q�J �D �U�D�Q�G�R�P �Z�D�O�N�� �D�O�V�R �W�D�N�L�Q�J �L�Q�W�R �D�F�F�R�X�Q�W �W�K�D�W �H�G�J�H�V �P�L�J�K�W �K�D�Y�H

�Z�H�L�J�K�W�V �D�W�W�D�F�K�H�G�� �)�R�U �H�[�D�P�S�O�H�� �L�I �Q�R�G�HA �K�D�V �D�Q �H�G�J�H �W�R �Q�R�G�HB �Z�L�W�K �Z�H�L�J�K�W ���� �D�Q�G �W�R �Q�R�G�HC

�Z�L�W�K �Z�H�L�J�K�W ����vAB �Z�L�O�O �K�D�Y�H �D �Y�D�O�X�H �R�I �������� �D�Q�GvAC �Z�L�O�O �K�D�Y�H �D �Y�D�O�X�H �R�I �������� �7�K�L�V �L�V �L�O�O�X�V�W�U�D�W�H�G

�L�Q �)�L�J�X�U�H ������

���������� �3�U�R�S�R�V�H�G �$�O�J�R�U�L�W�K�P

�'�U�D�Z�L�Q�J �I�U�R�P �D�Q�Q�R�W�D�W�L�R�Q�V �L�Q�W�U�R�G�X�F�H�G �L�Q �W�K�H �S�U�H�Y�L�R�X�V �V�H�F�W�L�R�Q�� �W�K�H �&�O�H�R�U�D �D�O�J�R�U�L�W�K�P �F�D�Q �Q�R�Z �E�H

�I�R�U�P�D�O�O�\ �L�Q�W�U�R�G�X�F�H�G�� �&�O�H�R�U�D �U�H�O�L�H�V �R�Q �L�W�H�U�D�W�L�Y�H �P�X�O�W�L�S�O�L�F�D�W�L�R�Q�V �R�I �W�K�H �H�P�E�H�G�G�L�Q�J �P�D�W�U�L�[Ti �D�Q�G

�W�K�H �U�D�Q�G�R�P �Z�D�O�N �W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�[M �� �(�D�F�K �P�X�O�W�L�S�O�L�F�D�W�L�R�Q �R�X�W�S�X�W�V �D �Q�H�Z �H�P�E�H�G�G�L�Q�J �P�D�W�U�L�[

Ti +1 �� �,�Q�W�X�L�W�L�Y�H�O�\�� �W�K�L�V �U�H�V�X�O�W�V �L�Q �H�D�F�K �Q�R�G�H�¶�V �H�P�E�H�G�G�L�Q�J�V �E�H�L�Q�J �J�U�D�G�X�D�O�O�\ �P�R�U�H �D�Q�G �P�R�U�H �V�L�P��

�L�O�D�U �W�R �L�W�V �Q�R�G�H�V�¶ �H�P�E�H�G�G�L�Q�J�V�� �Z�H�L�J�K�W�H�G �E�\ �W�K�H�L�U �V�W�U�H�Q�J�W�K �R�I �F�R�Q�Q�H�F�W�L�R�Q�� �7�K�H �H�P�E�H�G�G�L�Q�J�V �D�U�H

�Q�R�U�P�D�O�L�]�H�G �E�H�W�Z�H�H�Q �L�W�H�U�D�W�L�R�Q�V�� �L�Q �R�U�G�H�U �W�R �S�U�H�Y�H�Q�W �Y�D�O�X�H �F�R�O�O�D�S�V�H��

�'�X�H �W�R �W�K�H �D�E�V�H�Q�F�H �R�I �D�Q�\ �W�U�D�L�Q�D�E�O�H �Z�H�L�J�K�W�V�� �&�O�H�R�U�D �L�V �D �Q�R�Q���Q�H�X�U�D�O �D�O�J�R�U�L�W�K�P�� �$�V �D �F�R�Q�V�H��

�T�X�H�Q�F�H�� �W�K�H �Q�H�F�H�V�V�L�W�\ �R�I �F�R�P�S�X�W�L�Q�J �I�R�U�Z�D�U�G �D�Q�G �E�D�F�N�Z�D�U�G �S�D�V�V�H�V �R�Q �O�D�U�J�H �Q�R�G�H �Q�H�L�J�K�E�R�U�K�R�R�G�V

�G�R�H�V �Q�R�W �H�[�L�V�W �D�Q�G �W�K�H �G�L�U�H�F�W �F�D�X�V�H �R�I �*�&�1 �L�Q�H�I�I�L�F�L�H�Q�F�\ �F�D�Q �E�H �D�Y�R�L�G�H�G��

�)�R�U�P�D�O�O�\�� �D�V �V�W�D�W�H�G �L�Q �5�\�F�K�D�O�V�N�D �H�W �D�O�� �>���������D�@�� �*�L�Y�H�Q �D �J�U�D�S�KG = ( V; E)�� �Z�H �G�H�I�L�Q�H �W�K�H

�U�D�Q�G�R�P �Z�D�O�N �W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�[M 2 R V � V �Z�K�H�U�HM ab = eab
deg( va ) �I�R�Uab 2 E�� �Z�K�H�U�Heab �L�V �W�K�H

�Q�X�P�E�H�U �R�I �H�G�J�H�V �U�X�Q�Q�L�Q�J �I�U�R�P �Q�R�G�Ha �W�Rb�� �D�Q�Gdeg(va) �L�V �W�K�H �G�H�J�U�H�H �R�I �Q�R�G�Ha�� �)�R�U(a; b) �S�D�L�U�V

�Z�K�L�F�K �G�R �Q�R�W �H�[�L�V�W �L�Q �W�K�H �J�U�D�S�K�� �Z�H �V�H�Weab = 0�� �)�R�U(a; b) �S�D�L�U�V �Z�K�L�F�K �H�[�L�V�W �L�Q �W�K�H �J�U�D�S�K�� �Z�H �V�H�W

eab = 1�� �2�S�W�L�R�Q�D�O�O�\ �Z�H �F�D�Q �V�F�D�O�H �W�K�H �V�F�R�U�H�V �E�\ �H�[�W�H�U�Q�D�O �H�G�J�H �Z�H�L�J�K�W�V�� �7�K�H �H�P�E�H�G�G�L�Q�J �P�D�W�U�L�[

�L�V �I�L�U�V�W �L�Q�L�W�L�D�O�L�]�H�G �U�D�Q�G�R�P�O�\ �D�V �I�R�O�O�R�Z�V��T0 2 RjV j� d � U (� 1; 1)�� �Z�K�H�U�Hd �L�V �W�K�H �H�P�E�H�G�G�L�Q�J

�G�L�P�H�Q�V�L�R�Q�D�O�L�W�\�� �7�K�H�Q �I�R�Ui 2 f 1; :::; ng �L�W�H�U�D�W�L�R�Q�V�� �Z�H �P�X�O�W�L�S�O�\ �P�D�W�U�L�[M �D�Q�GTi � 1�� �D�Q�G �Q�R�U�P�D�O�L�]�H

�U�R�Z�V �W�R �N�H�H�S �F�R�Q�V�W�D�Q�WL2 �Q�R�U�P��Tn �L�V �R�X�U �I�L�Q�D�O �H�P�E�H�G�G�L�Q�J �P�D�W�U�L�[�� �7�K�H �D�O�J�R�U�L�W�K�P �L�V �V�K�R�Z�Q �L�Q

�)�L�J�X�U�H ������

�6�L�P�X�O�W�D�Q�H�R�X�V�O�\ �Z�L�W�K �I�L�U�V�W �Z�R�U�N�V �R�Q �&�O�H�R�U�D�� �W�K�H�U�H �D�S�S�H�D�U�H�G �U�H�V�H�D�U�F�K �S�D�S�H�U�V �F�R�Q�I�L�U�P�L�Q�J �W�K�H

�L�Q�L�W�L�D�O �L�G�H�D �W�K�D�W �*�&�1�V �F�R�X�O�G �L�Q�G�H�H�G �E�H �R�Y�H�U���S�D�U�D�P�H�W�U�L�]�H�G�� �$�V �Q�R�W�H�G �L�Q �:�X �H�W �D�O�� �>���������D�@�� �*�&�1�V

�F�D�Q �E�H �V�W�U�L�S�S�H�G �G�R�Z�Q �W�R �D �U�H�S�H�D�W�H�GAH i �P�X�O�W�L�S�O�L�F�D�W�L�R�Q �Z�L�W�K �W�K�H �V�D�P�H ���R�U �H�Y�H�Q �E�H�W�W�H�U�� �S�H�U�I�R�U��

�P�D�Q�F�H �D�V �W�K�H �E�D�V�H �Q�H�W�Z�R�U�N�� �$�V �V�X�F�K�� �&�O�H�R�U�D �F�D�Q �E�H �L�Q�W�H�U�S�U�H�W�H�G �D�V �D �I�R�U�P �R�I �D �*�&�1 �Z�K�L�F�K �L�V

�V�W�U�L�S�S�H�G �G�R�Z�Q �W�R �L�W�V �P�R�V�W �H�I�I�H�F�W�L�Y�H �F�R�U�H �R�S�H�U�D�W�L�R�Q�� �,�Q �&�O�H�R�U�D�� �W�K�H �D�G�M�D�F�H�Q�F�\ �P�D�W�U�L�[A �L�V �U�H�S�O�D�F�H�G

�Z�L�W�K �W�K�H �U�D�Q�G�R�P �Z�D�O�N �W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�[ �W�R �W�D�N�H �L�Q�W�R �D�F�F�R�X�Q�W �H�G�J�H �Z�H�L�J�K�W�V�� �U�H�S�U�H�V�H�Q�W�L�Q�J �I�R�U �H�[��
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�
kf (A) � f (P)k2

2 � k f (A) � f (N )k2
2 + �

�
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�W�K�H���D�U�W �P�R�G�H�O �L�Q �Y�L�V�X�D�O �U�H�W�U�L�H�Y�D�O �>�:�L�H�F�]�R�U�H�N �H�W �D�O���� ���������@�� �7�K�H �P�R�G�H�O �I�U�R�P �:�L�H�F�]�R�U�H�N �H�W �D�O��

�>���������@ �H�P�E�H�G�V �L�P�D�J�H�V �Z�L�W�K �D �Y�D�U�L�D�W�L�R�Q �R�I �W�K�H �5�H�V�1�H�W �D�U�F�K�L�W�H�F�W�X�U�H �>�+�H �H�W �D�O���� ���������@ �G�H�G�L�F�D�W�H�G

�W�R �L�P�D�J�H �S�U�R�F�H�V�V�L�Q�J�� �D�Q�G �S�D�V�V�H�V �W�K�H�P �W�K�U�R�X�J�K �D �V�L�P�S�O�H �I�H�H�G���I�R�U�Z�D�U�G �D�U�F�K�L�W�H�F�W�X�U�H �Z�L�W�K �W�U�L�F�N�V

�V�X�F�K �D�V �D�Y�H�U�D�J�H �S�R�R�O�L�Q�J �D�Q�G �E�D�W�F�K �Q�R�U�P�D�O�L�]�D�W�L�R�Q�� �7�K�U�H�H �V�H�S�D�U�D�W�H �O�R�V�V �I�X�Q�F�W�L�R�Q�V �D�U�H �F�R�P�S�X�W�H�G

�D�W �Y�D�U�L�R�X�V �V�W�D�J�H�V �R�I �I�R�U�Z�D�U�G �S�U�R�S�D�J�D�W�L�R�Q�� �W�K�H �7�U�L�S�O�H�W �/�R�V�V�� �R�U�G�L�Q�D�U�\ �F�O�D�V�V�L�I�L�F�D�W�L�R�Q �O�R�V�V�� �D�Q�G �V�R��

�F�D�O�O�H�G �&�H�Q�W�H�U �/�R�V�V �>�:�H�Q �H�W �D�O���� ���������D�@ �Z�K�L�F�K �L�V �D �K�H�O�S�H�U �W�R �7�U�L�S�O�H�W �/�R�V�V�� �&�H�Q�W�H�U �/�R�V�V �S�X�Q�L�V�K�H�V

�W�K�H �G�L�V�W�D�Q�F�H�V �E�H�W�Z�H�H�Q �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �R�I �S�K�R�W�R�V �I�U�R�P �W�K�H �V�D�P�H �J�D�O�O�H�U�\�� �,�Q �F�R�Q�W�U�D�V�W �W�R �7�U�L�S�O�H�W

�/�R�V�V�� �L�W �S�X�Q�L�V�K�H�V �D�E�V�R�O�X�W�H �G�L�V�W�D�Q�F�H�V �E�H�W�Z�H�H�Q �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �L�Q�V�W�H�D�G �R�I �U�H�O�D�W�L�Y�H �G�L�V�W�D�Q�F�H�V��

�7�K�H �&�7�/ �L�V �D�G�G�H�G �Q�H�[�W �W�R �R�W�K�H�U �H�O�H�P�H�Q�W�V �W�R �V�S�H�F�L�I�L�F�D�O�O�\ �W�D�U�J�H�W �L�Q�W�U�D���J�D�O�O�H�U�\ �Q�R�L�V�H�� �)�L�J�X�U�H ����

����




	Abstract
	Streszczenie
	Introduction
	Research Objectives
	Research Hypotheses
	Original Elements of the Thesis
	Publications
	Industrial Significance
	Acknowledgements
	Structure of the Thesis

	Introduction to Neural Networks
	The Perceptron
	Feedforward Neural Networks
	Forward Pass
	Backward Pass
	Loss Functions

	Recurrent Neural Networks
	Autoencoders
	Variational Autoencoders

	Graph Neural Networks
	Attention-Based Neural Networks

	Recommender Systems
	Background
	Multiple Aspects of Recommender Systems
	Recommender Evaluation Metrics
	Collaborative Recommendation
	Matrix Factorization Algorithms
	Model-Based Collaborative Recommendation

	Content-Based Recommendation
	Interpretability and Robustness of Recommenders
	Multimodal Embedders for Recommenders
	Datasets
	SNAP graph datasets
	Smaller graph datasets
	Top-k Recommendation Datasets
	Session-based Recommendation datasets
	Uni-Modal Content Recommendation Datasets
	Cross-modal Content Recommendation Datasets


	A Robust, Multimodal Recommender System
	Fast Embedding Learning for a Recommendation Model
	Introduction
	Background
	Preliminaries
	Proposed Algorithm
	Experimental Procedure and Results
	Summary

	Probability Density Estimation for a Recommendation Model
	Introduction
	Background
	Preliminaries
	The EMDE Algorithm
	EMDE-based Top-K Recommender
	Experimental Procedure and Results
	Summary

	Uni-modal content-based recommender
	Introduction
	Background
	Proposed Algorithm
	Experimental Procedure and Results
	Summary

	T-EMDE: Cross-modal content-based recommender
	Introduction
	Background
	Proposed Algorithm
	Experimental Procedure and Results
	Summary

	Robustness Enhancement of Input Modalities with WildNLP
	Introduction
	Introductory Results: Which Inputs are Important to Models
	The WildNLP Framework - Background
	The WildNLP Framework
	Experimental Procedure and Results
	Summary

	Industry Applications of My Research
	Introduction
	Synerise Platform
	Monad Platform
	Summary


	Summary
	References

