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�8�X�3�X�9�X �q���`�m�M�2�F �r�x�`�Q�b�i�m�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �3�d

�8�X�3�X�8�X�q���`�m�M�2�F �M�Q�`�K���H�B�x���+�D�B �B �M�B�2�m�D�2�K�M�Q���+�B �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B

�b�T�`� �Š�v�b�i�Q���+�B �Q�`���x �r���`�m�M�2�F �M�Q�`�K���H�B�x���+�D�B �M���T�`� �Š�2�–�X �X �X �X �X �X �X �X �X �X �X �3�d

�8�X�N�X �S�Q�H�B�r�v�T�m�F�ˆ�Q���É�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �3�3

�R�y



�a�T�B�b �i�`�2���+�B

�8�X�N�X�R�X �q�v�T�m�F�ˆ�Q���É�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �3�3

�8�X�N�X�k�X �Z�m���b�B�@�r�v�T�m�F�ˆ�Q���É�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�k

�8�X�N�X�j�X �q�v�T�m�F�ˆ�Q���É �T�B�2�`�r�b�x�2�;�Q �`�x� �/�m�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�j

�8�X�N�X�9�X �S�Q�H�B�r�v�T�m�F�ˆ�Q���É�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�8

�8�X�N�X�8�X �S�Q�/�b�m�K�Q�r���M�B�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�d

�e�X�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B

�`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�3

�e�X�R�X �q�T�`�Q�r���/�x�2�M�B�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�3

�e�X�R�X�R�X �G�B�M�B�Q�r�� �`�2�;�`�2�b�D���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�N

�e�X�R�X�k�X �a�B�2�+�B �M�2�m�`�Q�M�Q�r�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �N�N

�e�X�R�X�j�X �S�`�Q�T�Q�M�Q�r���M�2 �T�Q�/�2�D���+�B���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�y�R

�e�X�k�X �w�#�B�¦�` �/���M�v�+�? �h�`�2�H�Q���`���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�y�j

�e�X�j�X �q�v�#�¦�` �`�Q�x�r�B�M�B� �+�B�� �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B�X �X �X �X �X �X �X �X �X �X �X �X �X �R�y�9

�e�X�9�X �A�K�T�H�2�K�2�M�i���+�D�� �K�Q�/�2�H�m �`�2�;�`�2�b�D�B �x �r�v�F�Q�`�x�v�b�i���M�B�2�K �M�B�2�x�K�B�2�M�M�B�F�¦�r �/�2�7�Q�`�K���+�D�B�R�y�e

�e�X�9�X�R�X�G�B�M�B�Q�r�� �`�2�;�`�2�b�D�� �x �m�Š�v�+�B�2�K �K���+�B�2�`�x�v �+�2�+�? �M���T�`� �Š�2�M�B�Q�r�v�+�? �/�H��

�K�Q�/�2�H�B �x���B�K�T�H�2�K�2�M�i�Q�r���M�v�+�? �r �b�v�b�i�2�K�B�2 ���"���Z�l�a�X �X �X �X �X �X �X �X �X �R�R�y

�e�X�9�X�k�X �_�2�;�m�H���`�v�x���+�D�� �B �B�/�2�M�i�v�}�F���+�D�� �B�b�i�Q�i�M�v�+�? �b�F�ˆ���/�M�B�F�¦�r �C�1�a�X �X �X �X �X �X �X �R�R�8

�e�X�9�X�j�X �_�Q�x�b�x�2�`�x�2�M�B�2 �#���x�v �7�m�M�F�+�v�D�M�2�D�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�y

�e�X�8�X�q�v�x�M���+�x�2�M�B�2 �K�Q�/�2�H�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �T�`�x�v �r�v�F�Q�`�x�v�b�i���M�B�m �F�Q�M�b�i�v�i�m�i�v�r�M�2�D

�b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�j

�e�X�8�X�R�X �q���`�B���M�i �x �+�x�ˆ�Q�M���K�B �H�B�M�B�Q�r�v�K�B�- �T�Q�i� �;�Q�r�v�K�B �B �2�F�b�T�Q�M�2�M�+�D���H�M�v�K�B�X �X �R�k�8

�e�X�8�X�k�X �_�Q�x�b�x�2�`�x�2�M�B�2 �Q �+�x�ˆ�Q�M�v �b�x�2���+�B�2�M�M�2 �B �M�Q�`�K���H�B�x���+�D�� �M�B�2�x�K�B�2�M�M�B�F�¦�r�X �X �X �R�k�8

�e�X�8�X�j�X �S�Q�`�¦�r�M���M�B�2 �r�v�M�B�F�¦�r�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�k�e

�e�X�e�X �q�M�B�Q�b�F�B�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�y

�d�X�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�?

�K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�k

�d�X�R�X �q�T�`�Q�r���/�x�2�M�B�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�k

�d�X�k�X �_�Q�x�r�B�²�x���M�B�2 �D�2�/�M�Q�r�v�K�B���`�Q�r�2�;�Q �`�¦�r�M���M�B�� �S�Q�B�b�b�Q�M���X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�j

�d�X�j�X �"�2�H�F�� �r�b�T�Q�`�M�B�F�Q�r�� �Q�#�+�B�²�Š�Q�M�� �`�¦�r�M�Q�K�B�2�`�M�B�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�d

�d�X�j�X�R�X �_�Q�x�r�B�²�x���M�B�2 ���M���H�B�i�v�+�x�M�2 �r�; �i�2�Q�`�B�B �#�2�H�2�F�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�j�d

�d�X�j�X�k�X �_�Q�x�r�B�²�x���M�B�2 �T�`�x�v �x���b�i�Q�b�Q�r���M�B�m �b�B�2�+�B �S�A�L�L �r�; �i�2�Q�`�B�B �#�2�H�2�F�X �X �X �X �X �R�j�N

�d�X�9�X �h���`�+�x�� �r�b�T�Q�`�M�B�F�Q�r�� �Q�#�+�B�²�Š�Q�M�� �`�¦�r�M�Q�K�B�2�`�M�B�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�k

�R�R



�a�T�B�b �i�`�2���+�B

�d�X�9�X�R�X �_�Q�x�r�B�²�x���M�B�2 �T�ˆ���b�F�B�2�;�Q �x���/���M�B�� �S�a�L �r�; �i�2�Q�`�B�B �b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/�²

�T�¦�ˆ�Q�/�r�`�Q�i�M�²�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�9�k

�d�X�9�X�k�X �_�Q�x�r�B�²�x���M�B�2 �J�1�a�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�8�y

�d�X�9�X�j�X �_�Q�x�r�B�²�x���M�B�2 �x���/���M�B�� �S�a�L �T�`�x�v �T�Q�K�Q�+�v �b�B�2�+�B �S�A�L�L�X �X �X �X �X �X �X �X �X �R�8�k

�d�X�9�X�9�X �q�M�B�Q�b�F�B�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�d�e

�3�X�A�/�2�M�i�v�}�F���+�D�� �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �K���i�2�`�B���ˆ�¦�r �?�B�T�2�`�b�T�`� �Š�v�b�i�v�+�?

�x �r�v�F�Q�`�x�v�b�i���M�B�2�K �T�H���i�7�Q�`�K�v �S�A�L�L���*�G�1�R �M�� �T�Q�/�b�i���r�B�2 �b�v�M�i�2�i�v�+�x�M�v�+�?

�T�¦�H �T�`�x�2�K�B�2�b�x�+�x�2�–�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�d�N

�3�X�R�X �q�T�`�Q�r���/�x�2�M�B�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�d�N

�3�X�k�X�q�v�F�Q�`�x�v�b�i���M�B�2 �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D �B�M�7�Q�`�K�Q�r���M�2�D �}�x�v�F�² �S�A�L�L �/�Q �B�/�2�M�i�v�}�F���+�D�B

�T���`���K�2�i�`�¦�r �K���i�2�`�B���ˆ�Q�r�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�R

�3�X�j�X���`�+�?�B�i�2�F�i�m�`�� �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D �B�M�7�Q�`�K�Q�r���M�2�D �}�x�v�F�² �S�A�L�L �/�Q �B�/�2�M�i�v�}�F���+�D�B

�T���`���K�2�i�`�¦�r �K���i�2�`�B���ˆ�Q�r�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�k

�3�X�j�X�R�X ���T�`�Q�F�b�v�K���+�D�� �F�B�M�2�K���i�v�F�B �b�B�2�+�B�² �M�2�m�`�Q�M�Q�r�²�X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�j

�3�X�j�X�k�X �q�#�m�/�Q�r���M�B�2 �x�r�B�²�x�F�m �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �r �b�B�2�É�X �X �X �X �X �X �X �X �X �X �X �X �R�3�9

�3�X�j�X�j�X �a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �B �7�m�M�F�+�D�� �F�Q�b�x�i�m�X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�8

�3�X�j�X�9�X �P�T�i�v�K���H�B�x���+�D���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�d

�3�X�9�X �_�Q�x�r�B�²�x�v�r���M�B�2 �x���/���–�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�3

�3�X�9�X�R�X �w���/���M�B�2 �`�2�7�2�`�2�M�+�v�D�M�2 �J�1�a�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�3�N

�3�X�9�X�k�X �q�2�`�v�}�F���+�D�� ���`�+�?�B�i�2�F�i�m�`�v �b�B�2�+�B �S�A�L�L�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �R�N�y

�3�X�9�X�j�X �q�v�x�M���+�x�2�M�B�2 �T���`���K�2�i�`�¦�r �K���i�2�`�B���ˆ�Q�r�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�X �X �X �X �X �R�N�3

�3�X�8�X �P�T�B�b �B�K�T�H�2�K�2�M�i���+�D�B�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�y�y

�3�X�e�X �q�M�B�Q�b�F�B�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�y�R

�N�X �S�Q�/�b�m�K�Q�r���M�B�2 �B �r�M�B�Q�b�F�B �Q�;�¦�H�M�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�y�9

�q�M�B�Q�b�F�B �Q�;�¦�H�M�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�y�9

�P�`�v�;�B�M���H�M�v �r�F�ˆ���/ �`�Q�x�T�`���r�v�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�y�e

�E�B�2�`�m�M�F�B �/���H�b�x�v�+�? �#���/���–�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�y�d

�"�B�#�H�B�Q�;�`���}���X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�y�N

�a�T�B�b �`�v�b�m�M�F�¦�r�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�k�N

�a�T�B�b �i���#�2�H�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�j�y

�a�T�B�b �x���ˆ�²�+�x�M�B�F�¦�r�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�j�y

�R �S�A�L�L���*�G�1 ���S�?�v�b�B�+�b�@�A�M�7�Q�`�K�2�/ �L�2�m� �̀��H �L�2�i�r�Q�`�F �r�B�i�? ���/���T�i�B�p�2 �*�Q�M�b�i�B�i�m�i�B�p�2 �G���r �1�M�;�B�M�2�X

�R�k



�a�T�B�b �i�`�2���+�B

�w���ˆ�²�+�x�M�B�F �R�X �_�2�H���+�D�� �F�Q�M�b�i�v�i�m�i�v�r�M�� �B�x�Q�i�`�Q�T�Q�r�v�+�? �K���i�2�`�B���ˆ�¦�r

�?�B�T�2�`�b�T�`� �Š�v�b�i�v�+�? �r �`�Q�x�F�ˆ���/�x�B�2 �Q�#�D� �i�Q���+�B�Q�r�Q�@�B�x�Q�+�?�Q�`�v�+�x�M�v�K�X �X �X �X �X �X �X �k�j�k

�w�R�X�R�X �P�T�B�b �1�m�H�2�`�� �� �i�2�M�b�Q�` �M���T�`� �Š�2�M�B�� �*���m�+�?�v�ö�2�;�Q�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�j�k

�w�R�X�k�X �P�T�B�b �G���;�`���M�;�2�ö�� �� �A�A �i�2�M�b�Q�` �M���T�`� �Š�2�M�B�� �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z���X �X �X �X �X �X �X �X �X �X �X �k�j�e

�w���ˆ�²�+�x�M�B�F �k�X �h���#�2�H�� �T�Q�`�¦�r�M���r�+�x�� �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�?

�?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�j�N

�w���ˆ�²�+�x�M�B�F �j�X �h�`���M�b�7�Q�`�K���i�Q�`�v �/���M�v�+�?�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�9�y

�w���ˆ�²�+�x�M�B�F �9�X �:�2�M�2�`�Q�r���M�B�2 �7�m�M�F�+�D�B �#���x�Q�r�v�+�?�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�9�e

�w���ˆ�²�+�x�M�B�F �8�X �a�i�m�/�B�m�K �T�`�x�v�T���/�F�m �F�H���b�v�.�2�b�B�;�M�J���i�`�B�t�h�`���M�b�7�Q�`�K�2�`�X �X �X �X �X �k�9�d

�w���ˆ�²�+�x�M�B�F �e�X �A�K�T�H�2�K�2�M�i���+�D�� �M�Q�`�K���H�B�x���+�D�B �+�2�+�? �B �Q�/�i�r���`�x���M�B�� �r���;

�}�x�v�+�x�M�v�+�? �r �K�Q�/�2�H�m �*���L�L�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�9�N

�w���ˆ�²�+�x�M�B�F �d�X �S�Q�`�¦�r�M���M�B�2 �B�K�T�H�2�K�2�M�i���+�D�B �b�B�2�+�B �S�A�L�L�, �r�ˆ���b�M�2�D �r �S�v�h�Q�`�+�?

�x �#�B�#�H�B�Q�i�2�F�² �.�2�2�T�s�.�1�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�8�k

�w���ˆ�²�+�x�M�B�F �3�X �E�Q�/ �†�`�¦�/�ˆ�Q�r�v �`�Q�x�r�B�²�x���M�B�� �x���/���M�B�� �i���`�+�x�v �r�b�T�Q�`�M�B�F�Q�r�2�D

�Q�#�+�B�²�Š�Q�M�2�D �`�¦�r�M�Q�K�B�2�`�M�B�2 �b�B�2�+�B���K�B �S�A�L�L�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �k�8�9

�w���ˆ�²�+�x�M�B�F �N�X �E�Q�/ �†�`�¦�/�ˆ�Q�r�v �x���/���M�B�� �B�/�2�M�i�v�}�F���+�D�B �T���`���K�2�i�`�¦�r

�K���i�2�`�B���ˆ�Q�r�v�+�? �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �M��

�T�Q�/�b�i���r�B�2 �`�Q�x�+�B�²�;���M�B�� �2�H���b�i�Q�K�2�`�Q�r�2�D �T�ˆ�v�i�F�B �x �Q�i�r�Q�`�2�K�X �X �X �X �X �X �X �X �X �X �k�e�8

�R�j





�a�T�B�b �r���Š�M�B�2�D�b�x�v�+�? �Q�x�M���+�x�2�–

�J�2�+�?���M�B�F�� �P���`�Q�/�F�¦�r �*�B�²�;�ˆ�v�+�?

F; U ; V �i�2�M�b�Q�` �;�`���/�B�2�M�i�m �/�2�7�Q�`�K���+�D�B�- �Q�/�T�Q�r�B�2�/�M�B�Q �T�`���r�v �B �H�2�r�v �i�2�M�b�Q�` �r�v�/�ˆ�m�Š�2�M�B���-

R �i�2�M�b�Q�` �Q�`�i�Q�;�Q�M���H�M�v �Q�#�`�Q�i�m�-

E �i�2�M�b�Q�` �Q�/�F�b�x�i���ˆ�+�2�M�B�� �G���;�`���M�;�2�ö���-

x ; X �r�2�F�i�Q�` �T�Q�ˆ�Q�Š�2�M�B�� �T�m�M�F�i�m �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D �B �F�Q�M�}�;�m�`���+�D�B �Q�/�M�B�2�b�B�2�@

�M�B���-

u �r�2�F�i�Q�` �T�`�x�2�K�B�2�b�x�+�x�2�M�B���-

p �r�2�F�i�Q�` �b�B�ˆ �T�Q�r�B�2�`�x�+�?�M�B�Q�r�v�+�?�-

C; c; B �T�`���r�v �B �H�2�r�v �i�2�M�b�Q�` �/�2�7�Q�`�K���+�D�B �*���m�+�?�v�ö�2�;�Q���:�`�2�2�M���-

n; N �r�2�F�i�Q�`�v �M�Q�`�K���H�M�2 �/�Q �#�`�x�2�;�m �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D �B �r �F�Q�M�}�;�m�`���+�D�B

�Q�/�M�B�2�b�B�2�M�B���-

� ; � ; S; T �i�2�M�b�Q�`�v �M���T�`� �Š�2�M�B���, �*���m�+�?�v�ö�2�;�Q�- �E�B�`�+�?�?�Q�z���- �S�B�Q�H�B���E�B�`�+�?�?�Q�z�� �T�B�2�`�r�b�x�2�;�Q

�`�Q�/�x���D�m �B �S�B�Q�H�B���E�B�`�+�?�?�Q�z�� �/�`�m�;�B�2�;�Q �`�Q�/�x���D�m�-

f ; f0 �r�2�F�i�Q�` �b�B�ˆ �Q�#�D� �i�Q���+�B�Q�r�v�+�? �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D �B �r �F�Q�M�}�;�m�`���+�D�B �Q�/�M�B�2�@

�b�B�2�M�B���-

�; � 0 �;� �b�i�Q���É �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D �B �r �F�Q�M�}�;�m�`���+�D�B �Q�/�M�B�2�b�B�2�M�B���-

W(�) �7�m�M�F�+�D�� �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B�- �m�K�B�2�b�x�+�x���M�2 �b�v�K�#�Q�H�2 �M���/ �i�v�K

�Q�x�M���+�x�2�M�B�2�K �Q�x�M���+�x���D�² �x�K�B���M� ���`�;�m�K�2�M�i�¦�r�-

�h�2�J�S�P �h�2�Q�`�B�� �J���ˆ�v�+�? �S�`�x�2�K�B�2�b�x�+�x�2�– �B �P�/�F�b�x�i���ˆ�+�2�–�-

�C�1�a �C�2�/�M�Q�b�i�F�Q�r�� �1�M�2�`�;�B�� �a�T�`� �Š�v�b�i�Q���+�B�-

�J�P�* �J�2�+�?���M�B�F�� �P���`�Q�/�F�¦�r �*�B�²�;�ˆ�v�+�?�-

�l�h �D�2�/�M�Q�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2 �U���M�;�X�m�M�B���t�B���H �i�2�M�b�B�H�2�V�-

�S�a �+�x�v�b�i�2 ���+�B�M���M�B�2 �U���M�;�X�T�m� �̀2 �b�?�2���`�V�-

�"�h �/�r�m�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2 �U���M�;�X�#�B���t�B���H �i�2�M�b�B�H�2�V�X

�a�x�i�m�+�x�M�� �A�M�i�2�H�B�;�2�M�+�D��

L �7�m�M�F�+�D�� �F�Q�b�x�i�m�-

L1; L2 �M�Q�`�K�v �`�2�;�m�H���`�v�x���+�D�B �G���b�b�Q �B �_�B�/�;�2�-

� �T���`���K�2�i�` �`�2�;�m�H���`�v�x���+�D�B�-

� �F�`�Q�F �m�+�x�2�M�B���-

�R�8



�a�T�B�b �r���Š�M�B�2�D�b�x�v�+�? �Q�x�M���+�x�2�–

R2 �r�b�T�¦�ˆ�+�x�v�M�M�B�F �/�2�i�2�`�K�B�M���+�D�B�-

MSE; RMSE ���`�2�/�M�B �#�ˆ�²�/ �F�r���/�`���i�Q�r�v �B �D�2�;�Q �T�B�2�`�r�B���b�i�2�F�-

W; b �K���+�B�2�`�x �r���; �B �r�2�F�i�Q�` �Q�#�+�B�²�Š�2�–�-

� �r�2�F�i�Q�` �r�b�x�v�b�i�F�B�+�? �T���`���K�2�i�`�¦�r �b�B�2�+�B�- �x�#�B�Q�`�+�x�Q �r���;�B �B �Q�#�+�B�²�Š�2�M�B��f W (l ) ; b(l )g�-

� �7�m�M�F�+�D�� ���F�i�v�r���+�D�B�-

�6�6�L �D�2�/�M�Q�F�B�2�`�m�M�F�Q�r�� �b�B�2�É �M�2�m�`�Q�M�Q�r�� �U���M�;�X�7�2�2�/�7�Q�`�r��� �̀/ �M�2�m� �̀��H �M�2�i�r�Q�`�F�V�-

�S�A�L�L �b�B�2�É �M�2�m�`�Q�M�Q�r�� �Q�T���`�i�� �M�� �T�`���r���+�? �}�x�v�F�B �U���M�;�X�T�?�v�b�B�+�b�@�B�M�7�Q�`�K�2�/ �M�2�m� �̀��H

�M�2�i�r�Q�`�F�V�-

�*���L�L �F�Q�M�b�i�v�i�m�i�v�r�M�� �b�B�2�É �M�2�m�`�Q�M�Q�r�� �U���M�;�X�+�Q�M�b�i�B�i�m�i�B�p�2 ���`�i�B�}�+�B���H �M�2�m� �̀��H �M�2�i�r�Q�`�F�V�X

�R�e



�R�X �q�b�i� �T

�_�v�b�m�M�2�F �R�X�R�X�>�B�2�`���`�+�?�B�� �/�x�B�2�/�x�B�M �r �`���@
�K���+�? �b�x�i�m�+�x�M�2�D �B�M�i�2�H�B�;�2�M�+�D�B �(�R�)

�q �+�x���b���+�?�- �r �F�i�¦�`�v�+�? �B�H�Q���É �/���M�v�+�? �`�Q�@

���M�B�2 �r �i�`�v�#�B�2 �r�v�F�ˆ���/�M�B�+�x�v�K�- �K�2�i�Q�/�v �m�+�x�2�M�B��

�K���b�x�v�M�Q�r�2�;�Q �U�l�J�V �b�i���D�² �b�B� �M�B�2�Q�/�x�Q�r�M�v�K

�M���`�x� �/�x�B�2�K �/�Q �B�+�? �T�`�x�2�i�r���`�x���M�B�� �B ���M���H�B�x�v�X

�:�ˆ�¦�r�M�v�K ���i�m�i�2�K �l�J �D�2�b�i �B�/�2�M�i�v�}�F���+�D�� �x�ˆ�Q�@

�Š�Q�M�v�+�?�- �+�x� �b�i�Q �M�B�2�H�B�M�B�Q�r�v�+�? �x�r�B�²�x�F�¦�r �r �x�#�B�Q�@

�`���+�? �/���M�v�+�?�- �F�i�¦�`�v�+�? �i�`���/�v�+�v�D�M�2 �b�i���i�v�b�i�v�+�x�M�2

�K�2�i�Q�/�v �M�B�2 �b�² �r �b�i���M�B�2 �T�Q�T�`���r�M�B�2 �Q�T�B�b���É ��

�b�x�+�x�2�;�¦�H�M�B�2 �r �B�M�Š�v�M�B�2�`�B�B�- �2�F�Q�M�Q�K�B�B �+�x�v �K�2�/�v�@

�+�v�M�B�2�- �;�/�x�B�2 �x�r�B�²�x�F�B �}�x�v�+�x�M�2 �b�² �x�#�v�i �x���r�B�ˆ�2

�H�m�# �b�ˆ���#�Q �Q�/�F�`�v�i�2�- �i�Q ���H�;�Q�`�v�i�K�v �b�x�i�m�+�x�M�2�D

�B�M�i�2�H�B�;�2�M�+�D�B �U�a�A�V �T�Q�x�r���H���D�² �M�� �F�Q�M�b�i�`�m�Q�r���@
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�b�B�2�+�B�² �M�2�m�`�Q�M�Q�r�² �m�+�x�Q�M�² �r�T�`�Q�b�i �M�� �/���M�v�+�? �/�Q���r�B���/�+�x���H�M�v�+�?�- �#�2�x �x���F�ˆ���/���M�B���� �T�`�B�Q�`�B

�T�Q�b�i���+�B �F�`�x�v�r�2�D �M���T�`� �Š�2�M�B�2���Q�/�F�b�x�i���ˆ�+�2�M�B�2�X �S�Q�/�2�D���+�B�2 �i�Q �`�Q�x�r�B�M�B� �i�Q �M���b�i� �T�M�B�2 �r �F�B�2�`�m�M�F�m

�B�M�i�2�;�`���+�D�B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�? �x �K�2�i�Q�/�² �2�H�2�K�2�M�i�¦�r �b�F�Q�–�+�x�Q�M�v�+�? �U�J�1�a�V �(�N�) �r �+�?���`���F�i�2�`�x�2

�T�`�x�v�`�Q�b�i�Q�r�v�+�? �K�Q�/�2�H�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �(�R�y�)�- �(�R�R�)�X �J�Q�M�Q�;�`���}�+�x�M�2�;�Q �m�D� �+�B�� �K�2�i�Q�/ ���H�;�2�@

�#�`�v �F�Q�K�T�m�i�2�`�Q�r�2�D �Q�`���x �B�M�i�2�H�B�;�2�M�+�D�B �Q�#�H�B�+�x�2�M�B�Q�r�2�D �r �x���;���/�M�B�2�M�B���+�? �K�2�+�?���M�B�F�B �F�Q�M�b�i�`�m�F�+�D�B

�/�Q�b�i���`�+�x�� �Q�T�`���+�Q�r���M�B�2 �(�R�k�)�X

�q�b�T�¦�ˆ�+�x�2���M�B�2 �Q�#�b�2�`�r�m�D�2 �b�B� �T�Q�M�Q�r�M�v�- �B�M�i�2�M�b�v�r�M�v �r�x�`�Q�b�i �x���B�M�i�2�`�2�b�Q�r���M�B�� �K�2�i�Q�/���K�B

�m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q �r �J�2�+�?���M�B�+�2 �P���`�Q�/�F�¦�r �*�B�²�;�ˆ�v�+�? �U�J�P�*�V�- �M���T� �/�x���M�v �`�Q�x�r�Q�D�2�K

�;�ˆ� �#�Q�F�B�2�;�Q �m�+�x�2�M�B�� �Q�`���x �r�b�T�Q�K�M�B���M�2�D �/�x�B�2�/�x�B�M�v �a�+�B�J�G�X �a�x�+�x�2�;�¦�H�M�2 �x�M���+�x�2�M�B�2 �K���D�² �T�`�x�v

�i�v�K �T�Q�/�2�D���+�B���- �r �F�i�¦�`�v�+�? �r�B�2�/�x�� �}�x�v�+�x�M�� �M�B�2 �D�2�b�i �T�Q�K�B�D���M���- �H�2�+�x �r�#�m�/�Q�r�v�r���M�� �r �b�i�`�m�F�i�m�`� 

�K�Q�/�2�H�m �H�m�# �r �7�m�M�F�+�D� �F�Q�b�x�i�m�X �.�Q �i�2�D �;�`�m�T�v �M���H�2�Š�² �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �B�M�7�Q�`�K�Q�r���M�2 �}�x�v�F�²

�U���M�;�X�S�?�v�b�B�+�b�@�A�M�7�Q�`�K�2�/ �L�2�m� �̀��H �L�2�i�r�Q�`�F�b�- �S�A�L�L�V �(�k�)�- �`�Q�x�r�B�²�x�m�D�²�+�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2

�T�Q�T�`�x�2�x �K�B�M�B�K���H�B�x���+�D� �`�2�b�B�/�m�m�K �`�¦�r�M���– �`�¦�Š�M�B�+�x�F�Q�r�v�+�?�X �q �K�2�+�?���M�B�+�2 �+�B���ˆ �b�i���ˆ�v�+�? �x���b�i�Q�@

�b�Q�r���M�Q �D�2 �K�X�B�M�X �/�Q �x���;���/�M�B�2�– �H�B�M�B�Q�r�2�D �b�T�`� �Š�v�b�i�Q���+�B�- �b�T�`� �Š�v�b�i�Q�@�T�H���b�i�v�+�x�M�Q���+�B �Q�`���x ���M���H�B�x�v

�Q�/�r�`�Q�i�M�2�D �(�R�j�)�X �L���H�2�Š�² �/�Q �M�B�2�D �`�¦�r�M�B�2�Š �F�Q�M�b�i�v�i�m�i�v�r�M�2 �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �U���M�;�X�*�Q�M�b�i�B�i�m�i�B�p�2

���`�i�B�}�+�B���H �L�2�m� �̀��H �L�2�i�r�Q�`�F�b�- �*���L�L�V �(�R�9�)�- �(�R�8�)�- �F�i�¦�`�v�+�? ���`�+�?�B�i�2�F�i�m�`�� �x �x���ˆ�Q�Š�2�M�B�� �b�T�2�ˆ�M�B�� �r�B� �x�v

�i�2�`�K�Q�/�v�M���K�B�F�B �B �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?�- �� �B�+�? �r���;�Q�K �K�Q�Š�M�� �M���/���É �B�M�i�2�`�T�`�2�i���+�D� 

�T���`���K�2�i�`�¦�r �K���i�2�`�B���ˆ�Q�r�v�+�?�X �h�Q �r�ˆ�����M�B�2 �M�� �b�i�v�F�m �J�P�* �Q�`���x �i���F �m�D� �i�v�+�? �K�2�i�Q�/ �m�+�x�2�M�B��

�K���b�x�v�M�Q�r�2�;�Q �b�v�i�m�m�D�2 �b�B� �i�2�K���i�v�F�� �M�B�M�B�2�D�b�x�2�D �`�Q�x�T�`���r�v�X

�J�B�K�Q �Š�2 �/�v�b�2�`�i���+�D�� �Q�b���/�x�Q�M�� �D�2�b�i �r �B�M�Š�v�M�B�2�`�B�B �H�²�/�Q�r�2�D�- �r �D�2�D �i�v�i�m�H�2 �T�Q�D���r�B�� �b�B� �i�2�`�@

�K�B�M �ò�b�x�i�m�+�x�M�� �B�M�i�2�H�B�;�2�M�+�D���ô�X �S�`�x�v�D� �i�Q �r �M�B�2�D �b�i���M�Q�r�B�b�F�Q�- �Š�2 �+�?�Q�É �a�A �b�i���M�Q�r�B �7���b�+�v�M�m�D�²�+�v

�B �/�v�M���K�B�+�x�M�B�2 �`�Q�x�r�B�D���D�²�+�v �b�B� �F�B�2�`�m�M�2�F �#���/���–�- �i�Q �x �B�M�Š�v�M�B�2�`�b�F�B�2�;�Q �T�m�M�F�i�m �r�B�/�x�2�M�B�� �x�M���+�x�@

�M�B�2 �#���`�/�x�B�2�D �r���`�i�Q���+�B�Q�r�2 �b�² �K�Q�/�2�H�2 �l�J �m�r�x�;�H� �/�M�B���D�²�+�2 �r�B� �x�v �}�x�v�+�x�M�2 �� �M�T�X �T�`���r��

�K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�? �Q�`���x �r�v�i�`�x�v�K���ˆ�Q���+�B �K���i�2�`�B���ˆ�¦�r�X �L���H�2�Š�v �D�2�/�M���F �T���K�B� �i���É�-

�Š�2 �x�����r���M�b�Q�r���M�2 �K�Q�/�2�H�2 �l�J �M���H�2�Š�v �b�i�Q�b�Q�r���É �x �Q�b�i�`�Q�Š�M�Q���+�B�² �� �x���r�b�x�2 �r �T�Q�ˆ�²�+�x�2�M�B�m

�R�N



�q�b�i� �T

�x �r�B�2�/�x�² �B�M�Š�v�M�B�2�`�b�F�² �B �F�`�v�i�v�+�v�x�K�2�K�- �� �r�ˆ�����+�B�r�2 �x�`�Q�x�m�K�B�2�M�B�2 �B�+�? �Q�;�`���M�B�+�x�2�– �B �x���ˆ�Q�Š�2�–

�D�2�b�i �M�B�2�x�#� �/�M�2 �/�H�� �#�2�x�T�B�2�+�x�M�2�;�Q �B �2�7�2�F�i�v�r�M�2�;�Q �r�v�F�Q�`�x�v�b�i���M�B���- �;�/�v�Š �K�B�M�B�K���H�B�x�m�D�2 �`�v�x�v�F�Q

�#�ˆ� �/�M�v�+�? �r�M�B�Q�b�F�¦�r �B �/�2�+�v�x�D�B�X

�k�y



�k�X �h�2�x���- �+�2�H �B �x���F�`�2�b �`�Q�x�T�`���r�v �/�Q�F�i�Q�`�b�F�B�2�D

�S�m�M�F�i�2�K �r�v�D���+�B�� �M�B�M�B�2�D�b�x�2�D �`�Q�x�T�`���r�v �D�2�b�i �Q�#�b�2�`�r���+�D���- �Š�2 �F�H���b�v�+�x�M�2 ���H�;�Q�`�v�i�K�v �m�+�x�2�M�B��

�K���b�x�v�M�Q�r�2�;�Q�- �b�i�Q�b�Q�r���M�2 �#�2�x �r�B�2�/�x�v �F�B�2�`�m�M�F�Q�r�2�D�- �M�B�2 �b�² �r �b�i���M�B�2 �T�Q�T�`���r�M�B�2 �Q�/�i�r�Q�`�x�v�É

�`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �K���i�2�`�B���ˆ�¦�r �?�B�T�2�`�b�T�`� �Š�v�b�i�v�+�?�X �:�2�M�2�`�Q�r���M�2 �T�`�x�2�x �M�B�2 �K�Q�/�2�H�2 �M�B�2

�b�T�2�ˆ�M�B���D�² �r�B� �x�¦�r �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�? �B �M�B�2 �2�F�b�i�`���T�Q�H�m�D�² �T�Q�x�� �x���F�`�2�b �/���M�v�+�?

�i�`�2�M�B�M�;�Q�r�v�+�?�X �q�ˆ�²�+�x�2�M�B�2 �r�B�2�/�x�v �}�x�v�+�x�M�2�D �/�Q �b�i�`�m�F�i�m�`�v �K�Q�/�2�H�m �H�m�# �/�Q �7�m�M�F�+�D�B �F�Q�b�x�i�m

�T�Q�x�r���H�� �m�x�v�b�F���É �K�Q�/�2�H�2 �x���`���x�2�K �/�Q�F�ˆ���/�M�2�- �B�M�i�2�`�T�`�2�i�Q�r���H�M�2 �B �x�/�Q�H�M�2 �/�Q �2�F�b�i�`���T�Q�H���+�D�B�X

�a�T�Q�b�i�`�x�2�Š�2�M�B�2 �i�Q �r�v�x�M���+�x�� �i�2�x� �- �+�2�H �Q�`���x �x���F�`�2�b �T�`���+�v�X

�k�X�R�X �h�2�x�� �`�Q�x�T�`���r�v

�q�T�`�Q�r���/�x�2�M�B�2 �r�B� �x�¦�r �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�? �/�Q �K�Q�/�2�H�B �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q

�D�2�b�i �r���`�m�M�F�B�2�K �F�Q�M�B�2�+�x�M�v�K �T�Q�T�`���r�M�2�;�Q �� �}�x�v�+�x�M�B�2 �/�Q�T�m�b�x�+�x���H�M�2�;�Q �B �x�/�Q�H�M�2�;�Q �/�Q �2�F�b�i�`���@

�T�Q�H���+�D�B �� �K�Q�/�2�H�Q�r���M�B�� �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �K���i�2�`�B���ˆ�¦�r �?�B�T�2�`�b�T�`� �Š�v�b�i�v�+�?�X �h���F �m�}�x�v�+�x�M�B�Q�M�2

�K�Q�/�2�H�2�- �Q�#�2�D�K�m�D�²�+�2 �`�2�;�`�2�b�D� �x �Q�/�T�Q�r�B�2�/�M�B�Q �/�Q�#�`���M�² �#���x�² �7�m�M�F�+�v�D�M�²�- �F�Q�M�b�i�v�i�m�i�v�r�M�2 �b�B�2�+�B

�M�2�m�`�Q�M�Q�r�2 �U�*���L�L�V �Q�`���x �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �B�M�7�Q�`�K�Q�r���M�2 �}�x�v�F�² �U�S�A�L�L�V�- �m�K�Q�Š�H�B�r�B���D�² �x���`�¦�r�M�Q

�Q�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�?�- �D���F �B �`�Q�x�r�B�²�x�v�r���M�B�2 �x���;���/�M�B�2�– �#�`�x�2�;�Q�r�v�+�? �Q�`���x �B�/�2�M�i�v�@

�}�F���+�D� �T���`���K�2�i�`�¦�r �K���i�2�`�B���ˆ�Q�r�v�+�? �r�v�ˆ�²�+�x�M�B�2 �M�� �T�Q�/�b�i���r�B�2 �/���M�v�+�? �T�`�x�2�K�B�2�b�x�+�x�2�M�B�Q�r�v�+�?

�B �b�B�ˆ �`�2���F�+�D�B �T�Q�/�T�Q�`�Q�r�v�+�?�X

�k�X�k�X �*�2�H �B �x���/���M�B�� �#���/���r�+�x�2

�*�2�H�2�K �;�ˆ�¦�r�M�v�K �`�Q�x�T�`���r�v �D�2�b�i �Q�T�`���+�Q�r���M�B�2 �Q�`���x �r�2�`�v�}�F���+�D�� �K�2�i�Q�/ �m�+�x�2�M�B�� �K���b�x�v�M�Q�@

�r�2�;�Q �x �r�B� �x���K�B �}�x�v�+�x�M�v�K�B�- �b�ˆ�m�Š�²�+�v�+�? �/�Q �K�Q�/�2�H�Q�r���M�B�� �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �B �`�Q�x�r�B�²�x�v�r���M�B��

�x���;���/�M�B�2�– �#�`�x�2�;�Q�r�v�+�? �i�2�Q�`�B�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�X �_�2���H�B�x���+�D�B �i�2�;�Q �+�2�H�m �T�Q�/�T�Q�`�x�²�/�F�Q�r���M�Q

�M���b�i� �T�m�D�²�+�2 �x���/���M�B�� �#���/���r�+�x�2�,

� �Q�+�2�M� �T�`�x�v�/���i�M�Q���+�B �F�H���b�v�+�x�M�v�+�? ���H�;�Q�`�v�i�K�¦�r �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q �/�Q �K�Q�/�2�H�Q�r���M�B��

�F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �Q�`���x �r�v�F���x���M�B�2 �B�+�? �Q�;�`���M�B�+�x�2�– �r �F�Q�M�i�2�F���+�B�2 �b�T�2�ˆ�M�B���M�B�� �r�B� �x�¦�r

�}�x�v�+�x�M�v�+�? �B �x�/�Q�H�M�Q���+�B �/�Q �2�F�b�i�`���T�Q�H���+�D�B�-

� �B�/�2�M�i�v�}�F���+�D� �T���`���K�2�i�`�¦�r �x�M���M�v�+�? �K�Q�/�2�H�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �Q�`���x �Q�F�`�2���H���M�B�2 �`�2�H���+�D�B

�F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�? �U�*���L�L�V�-

� �b�7�Q�`�K�m�ˆ�Q�r���M�B�2 �B �B�K�T�H�2�K�2�M�i���+�D� �b�B�2�+�B �S�A�L�L �/�H�� �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �H�B�M�B�Q�r�2�D �i�2�Q�`�B�B

�b�T�`� �Š�v�b�i�Q���+�B �r�`���x �x ���M���H�B�x�² �r�T�ˆ�v�r�m �M�Q�`�K���H�B�x���+�D�B �x�K�B�2�M�M�v�+�? �Q�`���x �b�i�`���i�2�;�B�B �i�`�2�M�B�M�;�m

�M�� �x�#�B�2�Š�M�Q���É �`�Q�x�r�B�²�x���M�B���-

�k�R



�h�2�x���- �+�2�H �B �x���F�`�2�b �`�Q�x�T�`���r�v �/�Q�F�i�Q�`�b�F�B�2�D

� �`�Q�x�b�x�2�`�x�2�M�B�2 �T�Q�/�2�D���+�B�� �S�A�L�L �M�� �K���i�2�`�B���ˆ�v �?�B�T�2�`�b�T�`� �Š�v�b�i�2 �Q�`���x �B�/�2�M�i�v�}�F���+�D� �T���`���@

�K�2�i�`�¦�r �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �r �x���;���/�M�B�2�M�B�m �Q�/�r�`�Q�i�M�v�K �r�v�ˆ�²�+�x�M�B�2 �M�� �T�Q�/�b�i���r�B�2 �T�¦�H

�T�`�x�2�K�B�2�b�x�+�x�2�– �B �?�B�b�i�Q�`�B�B �Q�#�+�B�²�Š�2�M�B���X

�k�X�j�X �w���F�`�2�b �B �m�F�ˆ���/ �`�Q�x�T�`���r�v

�_�Q�x�T�`���r�� �Q�i�r�B�2�`�� �b�B� �T�`�x�2�/�b�i���r�B�2�M�B�2�K �T�Q�/�b�i���r�Q�r�v�+�? �K�2�i�Q�/ �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q

�U�`�Q�x�/�x�B���ˆ�j�V �Q�`���x �r�b�F���x���M�B�2�K �i�v�+�? �x �M�B�+�?�- �F�i�¦�`�2 �b�² �r�ˆ�����+�B�r�2 �/�Q �K�Q�/�2�H�Q�r���M�B�� �x�r�B�²�x�F�¦�r �F�Q�M�@

�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�X �w �m�r���;�B �M�� �i�Q�- �Š�2 �x�M���+�x�M�² �+�x� ���É �T�`���+�v �T�Q���r�B� �+�Q�M�Q �b�B�2�+�B�Q�K

�M�2�m�`�Q�M�Q�r�v�K�- �B�+�? �T�Q�/�b�i���r�Q�r�2 �T�Q�D� �+�B�� �Q�K�¦�r�B�Q�M�Q �r �Q�/�`� �#�M�v�K �`�Q�x�/�x�B���H�2�9�X �q �`�Q�x�/�x�B���H�2�8

�T�`�x�2�/�b�i���r�B�Q�M�Q �i�2�Q�`�2�i�v�+�x�M�2 �T�Q�/�b�i���r�v �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�? �U�J�P�*�V�- �M�B�2�x�#� �/�M�2

�/�Q �M���ˆ�Q�Š�2�M�B�� �r�B� �x�¦�r �}�x�v�+�x�M�v�+�? �M�� ���`�+�?�B�i�2�F�i�m�`� �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?�X

�_�Q�x�/�x�B���ˆ�e�b�i���M�Q�r�B �T�`���F�i�v�+�x�M�² �`�2���H�B�x���+�D� �`�Q�x�/�x�B���ˆ�¦�r �T�Q�T�`�x�2�/�x���D�²�+�v�+�? �� �T�Q���r�B� �+�Q�M�Q

�;�Q �B�/�2�M�i�v�}�F���+�D�B �F�H���b�v�+�x�M�v�+�? �T���`���K�2�i�`�¦�r �K�Q�/�2�H�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�- �� �i���F�Š�2 �Q�/�F�`�v�r���M�B�m

�M�Q�r�v�+�? �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �x �r�v�F�Q�`�x�v�b�i���M�B�2�K �K�2�i�Q�/ �`�2�;�`�2�b�D�B �Q�`���x �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�?

�b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?�X �_�Q�x�/�x�B���ˆ�d�b�i���M�Q�r�B �r�T�`�Q�r���/�x�2�M�B�2 �/�Q �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�? �B�M�7�Q�`�K�Q�r���M�v�+�?

�}�x�v�F�² �U�S�A�L�L�V �(�k�)�X �w�r�B�2�–�+�x�Q�M�Q �;�Q �`�Q�x�r�B�²�x���M�B�2�K �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �#�2�H�F�B �r�b�T�Q�`�M�B�F�Q�r�2�D

�r �i�2�Q�`�B�B �K���ˆ�v�+�? �T�`�x�2�K�B�2�b�x�+�x�2�– �B �Q�/�F�b�x�i���ˆ�+�2�– �U�h�2�J�S�P�V�X �_�Q�x�/�x�B���ˆ�2�K �F�Q�–�+�x�²�+�v�K �T�`���+� 

�U�`�Q�x�/�x�B���ˆ�3�V �D�2�b�i �`�Q�x�r�B�²�x���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �i�2�Q�`�B�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �/�H�� �`�Q�x�+�B�²�;���M�2�D

�i���`�+�x�v �x �Q�i�r�Q�`�2�K �Q�`���x �r�v�x�M���+�x�2�M�B�2 �T���`���K�2�i�`�¦�r �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �K�Q�/�2�H�m �u�2�Q�?�� �(�R�e�)

�r�v�ˆ�²�+�x�M�B�2 �M�� �T�Q�/�b�i���r�B�2 �/���M�v�+�? �T�`�x�2�K�B�2�b�x�+�x�2�M�B�Q�r�v�+�? �B �b�B�ˆ �`�2���F�+�D�B �T�Q�/�T�Q�`�Q�r�v�+�?�X

�l�F�ˆ���/ �`�Q�x�T�`���r�v �Q�/�x�r�B�2�`�+�B�2�/�H�� �H�Q�;�B�+�x�M�v �+�B�²�; �T�Q�b�i� �T�Q�r���M�B���, �Q�/ �/���M�v�+�? �/�Q���r�B���/�+�x���H�M�v�+�?�-

�T�Q�T�`�x�2�x �Q�F�`�2���H�2�M�B�2 �B �B�/�2�M�i�v�}�F���+�D� �T���`���K�2�i�`�¦�r �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B

�U�`�2�;�`�2�b�D���- �*���L�L�V�- �/�Q �`�Q�x�r�B�²�x���M�B�� �x���;���/�M�B�2�– �#�`�x�2�;�Q�r�v�+�? �K�2�i�Q�/�² �S�A�L�L �� �M���D�T�B�2�`�r

�/�H�� �K���i�2�`�B���ˆ�m �H�B�M�B�Q�r�Q �b�T�`� �Š�v�b�i�2�;�Q�- �� �M���b�i� �T�M�B�2 �/�H�� �K���i�2�`�B���ˆ�m �?�B�T�2�`�b�T�`� �Š�v�b�i�2�;�Q�- �r�`���x

�x �B�/�2�M�i�v�}�F���+�D�² �D�2�;�Q �T���`���K�2�i�`�¦�r �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�?�X

�k�k



�j�X �l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�j�X�R�X �1�F�b�T�H�Q�`���+�v�D�M�� ���M���H�B�x�� �/���M�v�+�?

�*�2�H�2�K �M�B�M�B�2�D�b�x�2�;�Q �`�Q�x�/�x�B���ˆ�m �D�2�b�i �x�r�`�¦�+�2�M�B�2 �m�r���;�B �M�� �F�Q�M�B�2�+�x�M�Q���É �T�Q�T�`���r�M�2�;�Q �T�`�x�v�;�Q�i�Q�@

�r���M�B�� �/���M�v�+�? �Q�`���x �x�M���H�2�x�B�2�M�B�2 �`�2�H���+�D�B �K�B� �/�x�v �x�K�B�2�M�M�v�K�B �B �x�r�`�¦�+�2�M�B�2 �m�r���;�B �M�� �i�Q�- �#�v �M��

�i�2�M �2�H�2�K�2�M�i �T�`���+�v �T�Q���r�B� �+�B�É �Q�/�T�Q�r�B�2�/�M�B�² �B�H�Q���É �+�x���b�m�X �q���Š�M�² �+�x� ���+�B�² �r�v�F�Q�M�v�r���M�B�� �K�Q�/�2�H�B

�m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q �D�2�b�i �Q�/�T�Q�r�B�2�/�M�B�2 �T�Q�x�v�b�F���M�B�2 �B �T�`�x�v�;�Q�i�Q�r���M�B�2 �/���M�v�+�?�X �S�`�x�v�F�ˆ���/���K�B

�T�Q�T�m�H���`�M�v�+�? �b�2�`�r�B�b�¦�r �m�K�Q�Š�H�B�r�B���D�²�+�v�+�? �#�2�x�T�ˆ���i�M�2 �T�Q�x�v�b�F�B�r���M�B�2 �/���M�v�+�? �b�² �b�2�`�r�B�b�v �i���F�B�2 �D���F

�E���;�;�H�2 �(�R�d�)�- �:�Q�Q�;�H�2 �.���i���b�2�i �a�2���`�+�? �(�R�3�)�- �l�* �A�`�p�B�M�2�ö�b �J���+�?�B�M�2 �G�2���`�M�B�M�; �(�R�N�) �+�x�v �.���i���>�m�#

�(�k�y�)�X

�L�B�2�x���H�2�Š�M�B�2 �Q�/ �†�`�¦�/�ˆ�� �T�Q�x�v�b�F���M�B���- �x�#�B�¦�` �/���M�v�+�? �T�`�x�2�/ �/���H�b�x�² ���M���H�B�x�² �r���`�i�Q �Q�T�B�b���É

�7�Q�`�K���H�M�B�2�X �S�`�x�v�D�K�B�D�K�v�- �Š�2 �/�v�b�T�Q�M�m�D�2�K�vn �T���`���K�Bf (x(i ) ; y(i )) : i = 1; : : : ; ng�- �;�/�x�B�2x(i ) 2 Rd

�i�Q �r�2�F�i�Q�`�v �x�K�B�2�M�M�v�+�? �Q�#�D�����M�B���D�²�+�v�+�?�- ��y(i ) 2 Rm �i�Q �Q�/�T�Q�r�B���/���D�²�+�2 �B�K �r���`�i�Q���+�B �x�K�B�2�M�M�v�+�?

�Q�#�D�����M�B���M�v�+�?�X �J���+�B�2�`�x�2 �Q�#�b�2�`�r���+�D�BX 2 Rn� d �Q�`���xY 2 Rn� m �x���r�B�2�`���D�² �Q�/�T�Q�r�B�2�/�M�B�Q

�r�2�F�i�Q�`�v �x�K�B�2�M�M�v�+�? �Q�#�D�����M�B���D�²�+�v�+�? �B �Q�#�D�����M�B���M�v�+�?�,

X =

2

6
6
6
6
6
6
6
6
4

x(1)
1 x(1)

2 : : : x(1)
d

x(2)
1 x(2)

2 : : : x(2)
d

�X�X�X
�X�X�X

�X�X�X
�X�X�X

x(n)
1 x(n)

2 : : : x(n)
d

3

7
7
7
7
7
7
7
7
5

; Y =

2

6
6
6
6
6
6
6
6
4

y(1)
1 y(1)

2 : : : y(1)
m

y(2)
1 y(2)

2 : : : y(2)
m

�X�X�X
�X�X�X

�X�X�X
�X�X�X

y(n)
1 y(n)

2 : : : y(n)
m

3

7
7
7
7
7
7
7
7
5

: �U�j�X�R�V

�j�X�k�X �P�+�2�M�� �x���H�2�Š�M�Q���+�B �K�B� �/�x�v �x�K�B�2�M�M�v�K�B

�q �2�F�b�T�H�Q�`���+�v�D�M�2�D ���M���H�B�x�B�2 �/���M�v�+�? �M�B�2�x�#� �/�M�2 �D�2�b�i �x�`�Q�x�m�K�B�2�M�B�2 �`�2�H���+�D�B �K�B� �/�x�v �x�K�B�2�M�M�v�K�B�X

�A�b�i�M�B�2�D�² �/�r�B�2 �r���Š�M�2 �K�2�i�Q�/�v �b�i���i�v�b�i�v�+�x�M�2 �/�Q �Q�+�2�M�B�2�M�B�� �x���H�2�Š�M�Q���+�B �K�B� �/�x�v �x�K�B�2�M�M�v�K�B �@ �b�²

�i�Q �F�Q�r���`�B���M�+�D�� �B �F�Q�`�2�H���+�D���X �P�#�B�2 �K�2�i�Q�/�v �Q�T�B�b�m�D�² �b�B�ˆ� �B �F�B�2�`�m�M�2�F �H�B�M�B�Q�r�2�D �x���H�2�Š�M�Q���+�B �K�B� �/�x�v

�/�r�B�2�K�� �x�K�B�2�M�M�v�K�B�X �E�Q�r���`�B���M�+�D� �U�+�Q�p�V �K�B� �/�x�v �/�r�B�2�K�� �x�K�B�2�M�M�v�K�B(x i ; x j ) �/�2�}�M�B�m�D�2 �b�B� 

�D���F�Q�,

�+�Q�p(x i ; x j ) =
1

n � 1

nX

k=1

(x(k)
i � �x i )(x(k)

j � �x j ) 2 (�1 ; + 1 ); �U�j�X�k�V

�k�j



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�;�/�x�B�2x i 2 Rn �Q�x�M���+�x�� �r�2�F�i�Q�` �Q�#�b�2�`�r���+�D�Bi �@�i�2�D �x�K�B�2�M�M�2�D�- ���x i �D�2�b�i ���`�2�/�M�B�² �T�Q �D�2�;�Q �b�F�ˆ���/�Q�r�v�+�?�-

�� �B�M�/�2�F�bk �D�2�b�i �M�m�K�2�`�2�K �Q�#�b�2�`�r���+�D�B�X �E�Q�r���`�B���M�+�D�2 �K�Q�;�² �T�`�x�v�D�K�Q�r���É �r���`�i�Q���+�B �x �x���F�`�2�b�m

(�1 ; + 1 )�- �+�Q �+�x�v�M�B �D�2 �M�B�2�r�v�;�Q�/�M�v�K�B �/�Q �T�Q�`�¦�r�M���–�X �q �+�2�H�m �B�+�? �M�Q�`�K���H�B�x���+�D�B �r�T�`�Q�r���/�x��

�b�B� �F�Q�`�2�H���+�D� �S�2���`�b�Q�M���,

r (x i ; x j ) =
�+�Q�p(x i ; x j )

Sx i Sx j

2 [� 1; 1]; �U�j�X�j�V

�;�/�x�B�2Sx i �Q�`���xSx j �i�Q �Q�/�+�?�v�H�2�M�B�� �b�i���M�/���`�/�Q�r�2 �x�/�2�}�M�B�Q�r���M�2 �D���F�Q �(�k�R�)�,

Sx i =

vu
u
t 1

n � 1

nX

k=1

�
x(k)

i � �x i

� 2
; Sx j =

vu
u
t 1

n � 1

nX

k=1

�
x(k)

j � �x j

� 2
; �U�j�X�9�V

�.�Q �Q�+�2�M�B�2�M�B�� �x���H�2�Š�M�Q���+�B �K�B� �/�x�v �r�b�x�v�b�i�F�B�K�B �x�K�B�2�M�M�v�K�B �r �x�#�B�Q�`�x�2 �/���M�v�+�? �r�T�`�Q�r���/�x��

�b�B� �K���+�B�2�`�x �F�Q�`�2�H���+�D�Br �(�k�k�)�,

r =

2

6
6
6
6
6
6
6
6
4

r (x1; x1) r (x1; x2) � � � r (x1; xd)

r (x2; x1) r (x2; x2) � � � r (x2; xd)
�X�X�X

�X�X�X
�X�X�X

�X�X�X

r (xd; x1) r (xd; x2) � � � r (xd; xd)

3

7
7
7
7
7
7
7
7
5

�U�j�X�8�V

�E���Š�/�v �2�H�2�K�2�M�i �r �K���+�B�2�`�x�v �F�Q�`�2�H���+�D�B �D�2�b�i �Q�;�`���M�B�+�x�Q�M�v �/�Q �T�`�x�2�/�x�B���ˆ�m[� 1; 1]�- �;�/�x�B�2 �D�2���H�B�,

� r (x i ; x i ) = 1 �Q�x�M���+�x�� �i�Q �/�Q�b�F�Q�M���ˆ�² �F�Q�`�2�H���+�D� �x�2 �b�Q�#�² �b���K�v�K�-

� r (x i ; x j ) 2 [� 1; 1] �/�H��i 6= j �`�2�T�`�2�x�2�M�i�m�D�2 �b�i�Q�T�B�2�– �B �F�B�2�`�m�M�2�F �H�B�M�B�Q�r�2�D �x���H�2�Š�M�Q���+�B �K�B� �/�x�v

x i �Bx j �X �C�2���H�Br �D�2�b�i �#�H�B�b�F�B1 �H�m�#� 1 (jr j > 0:7)�- �Q�x�M���+�x�� �i�Q �b�B�H�M�² �/�Q�/���i�M�B�² �H�m�# �m�D�2�K�M�²

�x���H�2�Š�M�Q���É �H�B�M�B�Q�r�² �K�B� �/�x�v �x�K�B�2�M�M�v�K�B�X

�q ���M���H�Q�;�B�+�x�M�v �b�T�Q�b�¦�# �K�Q�Š�2�K�v �b�7�Q�`�K�m�ˆ�Q�r���É �K���+�B�2�`�x �F�Q�r���`�B���M�+�D�B�X

�j�X�j�X �P�+�2�M�� �D���F�Q���+�B �/�Q�T���b�Q�r���M�B�� �K�Q�/�2�H�B

���#�v �Q�+�2�M�B�É �/�Q�T���b�Q�r���M�B�2 �K�Q�/�2�H�m�- �M���H�2�Š�v �r�v�;�2�M�2�`�Q�r���É �T�`�x�2�r�B�/�v�r���M�2 �r���`�i�Q���+�B �M�� �i�2�b�i�Q�@

�r�2�D �K���+�B�2�`�x�v �Q�#�b�2�`�r���+�D�B�X �h�2 �T�`�x�2�r�B�/�v�r���M�2 �r���`�i�Q���+�B�- �x�2�#�`���M�2 �r �K���+�B�2�`�x�vŶ �- �Q�/�T�Q�r�B���/���D�²

�/�Q�T���b�Q�r���M�v�K �r���`�i�Q���+�B�Q�Kŷ(i ) = f W ;b

�
x(i )

�
�/�H��i = 1; : : : ; n�- �;�/�x�B�2f W ;b : Rd ! Rm �X

�k�9



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

� �r�b�T�¦�ˆ�+�x�v�M�M�B�F �/�2�i�2�`�K�B�M���+�D�B�-R2�,

R2(Y ; Ŷ ) = 1 �

P n
i =1






 y(i ) � ŷ(i )








2

2
P n

i =1






 y(i ) � �y








2

2

; �U�j�X�e�V

� �#�ˆ�²�/ ���`�2�/�M�B�Q�F�r���/�`���i�Q�r�v�- �J�a�1�,

�J�a�1(Y; Ŷ ) =
1

nm

nX

i =1






 y(i ) � ŷ(i )








2

2
; �U�j�X�d�V

�T�`�x�v �+�x�v�KR2 2 (�1 ; 1]�- �� �r���`�i�Q���ÉR2 �#�H�B�Š�b�x�� �R �r�b�F���x�m�D�2�- �Š�2 �K�Q�/�2�H �H�2�T�B�2�D �r�v�D�����M�B��

�x�K�B�2�M�M�Q���ÉY�X

� ���`�2�/�M�B�� �x �K�Q�/�m�ˆ�¦�r �`�¦�Š�M�B�+�- �J���1�,

�J���1 (Y; Ŷ ) =
1

nm

nX

i =1






 y(i ) � ŷ(i )








1
; �U�j�X�3�V

� �K�2�/�B���M�� �x �K�Q�/�m�ˆ�¦�r �`�¦�Š�M�B�+�- �J�2�/���1�,

�J�2�/���1(Y; Ŷ ) = �J�2�/
i =1 ;:::;n
j =1 ;:::;m

�
�
�y(i )

j � ŷ(i )
j

�
�
� ; �U�j�X�N�V

� �r�x�;�H� �/�M�v �#�ˆ�²�/ �r �M�Q�`�K�B�2 �J���M�?���i�i���M�-� `1 �,

� `1 (Y ; Ŷ ) =

P n
i =1






 y(i ) � ŷ(i )








1
P n

i =1






 y(i )








1

; �U�j�X�R�y�V

� �r�x�;�H� �/�M�v �#�ˆ�²�/ �r �M�Q�`�K�B�2 �2�m�F�H�B�/�2�b�Q�r�2�D�-� `2 �,

� `2 (Y ; Ŷ ) =

r
P n

i =1






 y(i ) � ŷ(i )








2

2r
P n

i =1






 y(i )








2

2

; �U�j�X�R�R�V

�;�/�x�B�2n �i�Q �H�B�+�x�#�� �T�`�¦�#�2�F�-m �i�Q �H�B�+�x�#�� �b�F�ˆ���/�Q�r�v�+�? �r�2�F�i�Q�`�� �r�v�D���+�B�Q�r�2�;�Q�- ��y(i ) �Q�`���x̂y(i ) 2 Rm

�Q�x�M���+�x���D�² �Q�/�T�Q�r�B�2�/�M�B�Q �`�x�2�+�x�v�r�B�b�i�v �B �T�`�x�2�r�B�/�v�r���M�v �r�2�F�i�Q�` �r�v�D���+�B�Q�r�vi �@�i�2�D �T�`�¦�#�F�B �U�+�x�v�H�Bi �@�i�2

�r�B�2�`�b�x�2 �K���+�B�2�`�x�vY �Q�`���x̂Y �V�X �A�+�?j �@�i�2 �b�F�ˆ���/�Q�r�2y(i )
j �Q�`���x̂y(i )

j �i�Q �`�x�2�+�x�v�r�B�b�i�� �B �T�`�x�2�r�B�/�v�r���M��

j �@�i�� �r���`�i�Q���É �r�v�D���+�B�Q�r�� �i�2�D �T�`�¦�#�F�B�X �q�2�F�i�Q�`�y = 1
n

P n
i =1 y(i ) 2 Rm �i�Q ���`�2�/�M�B �r�2�F�i�Q�` �r�v�D���+�B�Q�r�v

�T�Q �r�b�x�v�b�i�F�B�+�? �T�`�¦�#�F���+�?�- �F�i�¦�`�2�;�Qj �@�i�� �b�F�ˆ���/�Q�r���yj = 1
n

P n
i =1 y(i )

j �D�2�b�i ���`�2�/�M�B�²j �@�i�2�D �b�F�ˆ���/�Q�r�2�D�X

�a�v�K�#�Q�H�2k�k1 �Q�`���xk�k2 �Q�x�M���+�x���D�² �Q�/�T�Q�r�B�2�/�M�B�Q �M�Q�`�K� �J���M�?���i�i���M �B �M�Q�`�K� �2�m�F�H�B�/�2�b�Q�r�²

�k�8



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�r�2�F�i�Q�`���- �i�x�M�X �/�H�� �r�2�F�i�Q�`��v = ( v1; : : : ; vm ) 2 Rm �x���+�?�Q�/�x�Bkvk1 =
P m

j =1 jvj j �Q�`���xkvk2 =
q P m

j =1 v2
j �X

�S�Q�x�� �T�Q�T�m�H���`�M�v�K�B �K�2�i�`�v�F���K�B �#�ˆ� �/�¦�r �r �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �b�i�Q�b�m�D�2 �b�B� �`�¦�r�M�B�2�Š �#���v�2�b�Q�r�b�F�B�2

�F�`�v�i�2�`�B�m�K �B�M�7�Q�`�K���+�v�D�M�2 �a�+�?�r���`�x���- �"�A�* �(�k�j�) �U���M�;�X�"���v�2�b�B���M �A�M�7�Q�`�K���i�B�Q�M �*�`�B�i�2�`�B�Q�M�V �Q�`���x

�F�`�v�i�2�`�B�m�K �B�M�7�Q�`�K���+�v�D�M�2 ���F���B�F�2�;�Q�- ���A�* �(�k�9�) �U���M�;�X���F���B�F�2 �A�M�7�Q�`�K���i�B�Q�M �*�`�B�i�2�`�B�Q�M�V�X �E�`�v�i�2�`�B��

�i�2 �b�² �K�Q�M�B�i�Q�`�Q�r���M�2 �T�Q�/�+�x���b �T�`���+�v�- �;�/�v �+�?�+�2�K�v �Q�+�2�M�B�É �x���`�¦�r�M�Q �D���F�Q���É �/�Q�T���b�Q�r���M�B�� �K�Q�/�2�H�m�-

�D���F �B �D�2�;�Q �x�ˆ�Q�Š�Q�M�Q���É�- �+�Q �D�2�b�i �b�x�+�x�2�;�¦�H�M�B�2 �B�b�i�Q�i�M�2 �/�H�� �x���+�?�Q�r���M�B�� �B�M�i�2�`�T�`�2�i�Q�r���H�M�Q���+�B�X �q�x�Q�`�v

�/�H�� �F�`�v�i�2�`�B�¦�r �K�Q�Š�2�K�v �x���T�B�b���É�,

� �#���v�2�b�Q�r�b�F�B�2 �F�`�v�i�2�`�B�m�K �B�M�7�Q�`�K���+�v�D�M�2 �a�+�?�r���`�x���- �"�A�*�,

�"�A�*(�J�a�1p; p; n) = n log(�J�a�1p) + plog(n); �U�j�X�R�k�V

� �F�`�v�i�2�`�B�m�K �B�M�7�Q�`�K���+�v�D�M�2 ���F���B�F�2�;�Q�- ���A�*�,

���A�*(�J�a�1p; p; n) = n log(�J�a�1p) + 2 p; �U�j�X�R�j�V

�;�/�x�B�2�J�a�1p �i�Q �#�ˆ�²�/ ���`�2�/�M�B�Q�F�r���/�`���i�Q�r�v �K�Q�/�2�H�m �Qp �T���`���K�2�i�`���+�?�- ��n �i�Q �H�B�+�x�#�� �Q�#�b�2�`�r���+�D�B

�r �/���M�v�+�?�X �E�`�v�i�2�`�B�m�K �"�A�* �b�i�Q�b�m�D�2 �r�B� �F�b�x�² �F���`� �x�� �x�ˆ�Q�Š�Q�M�Q���É �K�Q�/�2�H�m�-plog(n)�- �+�Q �7���r�Q�`�v�x�m�D�2

�K�Q�/�2�H�2 �K�M�B�2�D �x�ˆ�Q�Š�Q�M�2 �T�`�x�v �/�m�Š�2�D �H�B�+�x�#�B�2 �/���M�v�+�?�X �E�`�v�i�2�`�B�m�K ���A�* �b�i�Q�b�m�D�2 �F���`� �Q�T���`�i�²

�r�v�ˆ�²�+�x�M�B�2 �M�� �H�B�+�x�#�B�2 �T���`���K�2�i�`�¦�r �(�k�R�)�X

�j�X�9�X �q�v�#�`���M�2 �K�2�i�Q�/�v �`�2�;�`�2�b�v�D�M�2 �T�Q�/ �F�²�i�2�K �r�v�K���;���– �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r

�+�B�²�;�ˆ�v�+�?

�J�Q�/�2�H�Q�r���M�B�2 �x���+�?�Q�r���M�B�� �K�2�+�?���M�B�+�x�M�2�;�Q �K���i�2�`�B���ˆ�¦�r �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �x���H�2�Š�v �Q�/ �r�v�@

�#�Q�`�m �Q�/�T�Q�r�B�2�/�M�B�2�;�Q ���H�;�Q�`�v�i�K�m �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q�X �q�v�#�¦�` �i�2�M �r�T�ˆ�v�r�� �M�� �i�Q�- �D���F �/�Q�#�`�x�2

�K�Q�/�2�H �/�Q�T���b�m�D�2 �b�B� �/�Q �/���M�v�+�? �B �D���F �/�Q�#�`�x�2 �#� �/�x�B�2 �;�2�M�2�`���H�B�x�Q�r���É �`�Q�x�r�B�²�x���M�B�2�- �� �i���F�Š�2 �+�x�v

�T�Q�x�r�Q�H�B �M�� �B�M�i�2�`�T�`�2�i���+�D� �Q�i�`�x�v�K���M�v�+�? �`�2�x�m�H�i���i�¦�r�X �q���`�¦�/ �K�2�i�Q�/ �`�2�;�`�2�b�D�B �r�v�F�Q�`�x�v�b�i�v�r���M�v�+�?

�/�Q �K�Q�/�2�H�Q�r���M�B�� �r�ˆ�����+�B�r�Q���+�B �K�2�+�?���M�B�+�x�M�v�+�? �2�H���b�i�Q�K�2�`�¦�r �K�Q�Š�M�� �r�v�`�¦�Š�M�B�É �F�B�H�F�� �;�ˆ�¦�r�M�v�+�?

�;�`�m�T�,

� �K�Q�/�2�H�2 �T���`���K�2�i�`�v�+�x�M�2�� �T�`�Q�b�i�2 �r �B�M�i�2�`�T�`�2�i���+�D�B�- �K���D�² �b�i���ˆ�² �H�B�+�x�#� �T���`���K�2�i�`�¦�r

�M�B�2�x���H�2�Š�M�² �Q�/ �H�B�+�x�#�v �Q�#�b�2�`�r���+�D�B�-

� �K�Q�/�2�H�2 �M�B�2�T���`���K�2�i�`�v�+�x�M�2�� �m�K�Q�Š�H�B�r�B���D�² �H�2�T�b�x�² �`�2�T�`�2�x�2�M�i���+�D� �/���M�v�+�? �F�Q�b�x�i�2�K

�r�B� �F�b�x�2�D �x�ˆ�Q�Š�Q�M�Q���+�B �`�Q�b�M�²�+�2�D �r�`���x �x �H�B�+�x�#�² �Q�#�b�2�`�r���+�D�B�-

�k�e



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

� �K�Q�/�2�H�2 �/�`�x�2�r �/�2�+�v�x�v�D�M�v�+�?�� �#�m�/�m�D�² �?�B�2�`���`�+�?�B� �T�`�Q�b�i�v�+�? �`�2�;�m�ˆ �/�x�B�2�H�²�+�v�+�? �T�`�x�2�@

�b�i�`�x�2�– �+�2�+�?�X �.�x�B�2�H�B�K�v �D�2 �M�� �/�`�x�2�r�� �/�2�+�v�x�v�D�M�2 �B �B�+�? �x�2�b�T�Q�ˆ�v�- �F�i�¦�`�2 �ˆ�²�+�x�² �r�v�D���+�B�� �x �r�B�2�H�m

�/�`�x�2�r �/�2�+�v�x�v�D�M�v�+�?�- �T�Q�T�`���r�B���D�²�+ �/�Q�F�ˆ���/�M�Q���É �B �Q�/�T�Q�`�M�Q���É �M�� �T�`�x�2�m�+�x�2�M�B�2�-

� �K�2�i�Q�/�v �#���v�2�b�Q�r�b�F�B�2�� �T�`�x�2�r�B�/�m�D�² �M�� �T�Q�/�b�i���r�B�2 �`���+�?�m�M�F�m �T�`���r�/�Q�T�Q�/�Q�#�B�2�–�b�i�r���-

�D�2�/�M�Q�+�x�2���M�B�2 �m�K�Q�Š�H�B�r�B���D�²�+ �Q�b�x���+�Q�r���M�B�2 �M�B�2�T�2�r�M�Q���+�B�-

� �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�� �T�Q�i�`���}�² ���T�`�Q�F�b�v�K�Q�r���É �/�Q�r�Q�H�M�B�2 �x�ˆ�Q�Š�Q�M�² �+�B�²�;�ˆ�² �7�m�M�F�+�D� �- ���H�2 �x�2

�r�x�;�H� �/�m �M�� �B�+�? �x�ˆ�Q�Š�Q�M�Q���É �b�² �x�r�v�F�H�2 �i�`�m�/�M�2 �r �B�M�i�2�`�T�`�2�i���+�D�B�X

�q �i���#�X�j�X�R�x���K�B�2�b�x�+�x�Q�M�Q �T�`�x�v�F�ˆ���/�v �T�Q�T�m�H���`�M�v�+�? �K�2�i�Q�/ �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q�X

�h���#�2�H�� �j�X�R�X�S�Q�/�x�B���ˆ �K�2�i�Q�/ �`�2�;�`�2�b�D�B �r�2�/�ˆ�m�; �F�H���b�v ���H�;�Q�`�v�i�K�B�+�x�M�2�D

�J�Q�/�2�H �E���i�2�;�Q�`�B��

�G�B�M�2���`�_�2�;�`�2�b�b�B�Q�M �T���`���K�2�i�`�v�+�x�M�2
�a�o�_ �M�B�2�T���`���K�2�i�`�v�+�x�M�2
�E�L�2�B�;�?�#�Q�`�b�_�2�;�`�2�b�b�Q�` �M�B�2�T���`���K�2�i�`�v�+�x�M�2
�.�2�+�B�b�B�Q�M�h�`�2�2�_�2�;�`�2�b�b�Q�` �/�`�x�2�r�� �/�2�+�v�x�v�D�M�2
�1�t�i�`���h�`�2�2�_�2�;�`�2�b�b�Q�` �/�`�x�2�r�� �/�2�+�v�x�v�D�M�2
�_���M�/�Q�K�6�Q�`�2�b�i�_�2�;�`�2�b�b�Q�` �x�2�b�T�Q�ˆ�v �/�`�x�2�r �/�2�+�v�x�v�D�M�v�+�?
�:�`���/�B�2�M�i�"�Q�Q�b�i�B�M�;�_�2�;�`�2�b�b�Q�` �x�2�b�T�Q�ˆ�v �/�`�x�2�r �/�2�+�v�x�v�D�M�v�+�?
���/���"�Q�Q�b�i�_�2�;�`�2�b�b�Q�` �x�2�b�T�Q�ˆ�v �/�`�x�2�r �/�2�+�v�x�v�D�M�v�+�?
�"���;�;�B�M�;�_�2�;�`�2�b�b�Q�` �x�2�b�T�Q�ˆ�v �K�Q�/�2�H�B
�o�Q�i�B�M�;�_�2�;�`�2�b�b�Q�` �x�2�b�T�Q�ˆ�v �K�Q�/�2�H�B
�:���m�b�b�B���M�S�`�Q�+�2�b�b�_�2�;�`�2�b�b�Q�` �#���v�2�b�Q�r�b�F�B�2
�J�G�S�_�2�;�`�2�b�b�Q�` �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�*�2�H�2�K �M�B�M�B�2�D�b�x�2�;�Q �`�Q�x�/�x�B���ˆ�m �D�2�b�i �Q�T�B�b���M�B�2 �r�v�#�`���M�v�+�? �K�2�i�Q�/ �`�2�;�`�2�b�D�B �x ���H�;�Q�`�v�i�K�B�+�x�M�2�;�Q

�T�m�M�F�i�m �r�B�/�x�2�M�B���X �P�T�B�b�v �F���Š�/�2�D �x �K�2�i�Q�/ �x���r�B�2�`���D�² �Q�T�B�b �K�Q�/�2�H�m �K���i�2�K���i�v�+�x�M�2�;�Q�- �;�ˆ�¦�r�M�2

�?�B�T�2�`�T���`���K�2�i�`�v�- �7�m�M�F�+�D� �F�Q�b�x�i�m�- �b�T�Q�b�¦�# �Q�T�i�v�K���H�B�x���+�D�B �B�+�? �T���`���K�2�i�`�¦�r�- �� �i���F�Š�2 �T�`�x�2�/�b�i���r�B���D�²

�r���/�v �B �x���H�2�i�v �F���Š�/�2�D �x �M�B�+�?�X

���#�v �x���T�2�r�M�B�É �K�Q�Š�H�B�r�Q���É �T�Q�`�¦�r�M���M�B�� �`�¦�Š�M�v�+�? �K�2�i�Q�/�- �x���B�K�T�H�2�K�2�M�i�Q�r���M�Q �m�D�2�/�M�Q�H�B�+�Q�M�v

�T�`�x�2�T�ˆ�v�r �/���M�v�+�?�- �F�i�¦�`�v �m�Š�v�r�� �F�H���b�v�S�B�T�2�H�B�M�2�x �#�B�#�H�B�Q�i�2�F�B�b�+�B�F�B�i�@�H�2���`�M�(�k�8�) �B �F�Q�H�2�D�M�Q

�r�+�x�v�i�m�D�2 �/���M�2�- �T�`�x�2�i�r���`�x�� �D�2�- �b�i���M�/���`�v�x�m�D�2 �Q�`���x �/�Q�b�i�`���D�� �?�B�T�2�`�T���`���K�2�i�`�v�- �T�`�x�2�b�x�m�F�m�@

�D�²�+ �b�B���i�F� �x �T�B� �+�B�Q�F�`�Q�i�M�² �r���H�B�/���+�D�² �F�`�x�v�Š�Q�r�²�X �.���M�2 �T�Q�/�x�B�2�H�Q�M�Q �M�� �i�`�2�M�B�M�;�Q�r�2 �B �i�2�b�i�Q�r�2

�x �m�b�i���H�Q�M�v�K �x�B���`�M�2�K �T�Q�/�x�B���ˆ�m �r �T�`�Q�T�Q�`�+�D�B �3�y�,�k�y�- �+�Q �x���T�2�r�M�B�� �T�Q�r�i���`�x���H�M�Q���É �r�v�M�B�F�¦�r�X

�.�H�� �+�x� ���+�B �K�Q�/�2�H�B �#���x� �+�2�+�? �`�Q�x�b�x�2�`�x�Q�M�Q �Q �r�v�`���Š�2�M�B�� �r�B�2�H�Q�K�B���M�Q�r�2�- �r�v�F�Q�`�x�v�b�i�m�D�²�+ �F�H���b� 

�U�S�Q�H�v�M�Q�K�B���H�6�2���i�m�`�2�b�V�X

�S�Q �r�v�#�`���M�B�m �M���D�H�2�T�b�x�2�;�Q �x�2�b�i���r�m �?�B�T�2�`�T���`���K�2�i�`�¦�r �Q�F�`�2���H�Q�M�Q �K�2�i�`�v�F�B �M�� �x�#�B�Q�`�x�2

�i�2�b�i�Q�r�v�K�- �r �F�i�¦�`�v�+�? �b�F�ˆ���/ �r�+�?�Q�/�x�² �#�ˆ�²�/ �#�2�x�r�x�;�H� �/�M�v �U�J���1�V�- �T�B�2�`�r�B���b�i�2�F �x �#�ˆ� �/�m ���`�2�/�@

�k�d



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�M�B�Q�F�r���/�`���i�Q�r�2�;�Q �U�_�J�a�1�V �Q�`���x �r�b�T�¦�ˆ�+�x�v�M�M�B�F �/�2�i�2�`�K�B�M���+�D�B �U�_�7�V�X �S�Q�`�¦�r�M���r�+�x�2 �b�i�Q�b�Q�r���M�B�2

�i�2�D �`�Q�/�x�B�M�v ���H�;�Q�`�v�i�K�¦�r�- �Q�+�2�M�B���M�v�+�? �K�B���`���K�B �_�J�a�1 �Q�`���xR2�- �D�2�b�i �r �B�M�Š�v�M�B�2�`�B�B �H�²�/�Q�r�2�D

�T�Q�r�b�x�2�+�?�M�2�- �+�x�2�;�Q �T�`�x�v�F�ˆ���/�2�K �D�2�b�i �x�2�b�i���r�B�2�M�B�2 �K���b�x�v�M�v �r�2�F�i�Q�`�¦�r �M�Q���M�v�+�?�- �b�B�2�+�B �M�2�m�`�Q�M�Q�@

�r�v�+�?�- �B ���H�;�Q�`�v�i�K�¦�r �/�`�x�2�r�B���b�i�v�+�? �r �x���/���M�B�m �b�x���+�Q�r���M�B�� �i�2�K�T�2�`���i�m�`�v �r���`�b�i�r ���b�7���H�i�Q�r�v�+�?

�M���r�B�2�`�x�+�?�M�B �(�k�e�)�X

�P�K�¦�r�B�Q�M�2 �T�Q�M�B�Š�2�D �T�Q�/�2�D���+�B�2 �K�� �T�Q�F���x���É�- �D���F �B�M�Š�v�M�B�2�` �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q �M�B�2�T�Q�b�B���@

�/���D�²�+�v �r�B�2�/�x�v �/�x�B�2�/�x�B�M�Q�r�2�D �x �x���F�`�2�b�m �J�P�* �K�¦�;�ˆ�#�v �T�Q�/�2�D���É �/�Q �T�`�Q�#�H�2�K�m�X

�j�X�9�X�R�X �J���b�x�v�M�� �r�2�F�i�Q�`�¦�r �M�Q���M�v�+�?

�a�o�_ �U���M�;�X �a�m�T�T�Q�`�i �o�2�+�i�Q�` �_�2�;�`�2�b�b�B�Q�M�- �a�o�_�V �D�2�b�i �m�Q�;�¦�H�M�B�2�M�B�2�K �K���b�x�v�M�v �r�2�F�i�Q�`�¦�r

�M�Q���M�v�+�? �(�k�d�) �M�� �x���/���M�B�2 �`�2�;�`�2�b�D�B �(�k�3�)�X �w���F�ˆ���/���- �Š�2 �r �Q�/�T�Q�r�B�2�/�M�B�Q �T�`�x�2�F�b�x�i���ˆ�+�Q�M�2�D �U�H�m�# �Q�`�v�;�B�@

�M���H�M�2�D�V �T�`�x�2�b�i�`�x�2�M�B �+�2�+�? �B�b�i�M�B�2�D�2 �?�B�T�2�`�T�ˆ���b�x�+�x�v�x�M���- �F�i�¦�`�� �r �Q�T�i�v�K���H�M�v �b�T�Q�b�¦�# ���T�`�Q�F�b�v�K�m�D�2

�r���`�i�Q���+�B �x�K�B�2�M�M�2�D �Q�#�D�����M�B���M�2�Dy�X �P�T�i�v�K���H�M�Q���É �i�� �`�2���H�B�x�Q�r���M�� �D�2�b�i �T�Q�T�`�x�2�x �K�B�M�B�K���H�B�x���+�D� 

�Q�/�H�2�;�ˆ�Q���+�B �T�Q�K�B� �/�x�v �?�B�T�2�`�T�ˆ���b�x�+�x�v�x�M�² �`�2�;�`�2�b�D�B �� �M���D�#�H�B�Š�b�x�v�K�B �T�m�M�F�i���K�B �x�#�B�Q�`�m �i�`�2�M�B�M�;�Q�r�2�;�Q

�T�`�x�v �x���ˆ�Q�Š�2�M�B�m �D���F �M���D�#���`�/�x�B�2�D �T�ˆ���b�F�B�2�D �?�B�T�2�`�T�ˆ���b�x�+�x�v�x�M�v �Q�`���x �K�B�M�B�K���H�B�x���+�D� �T�`�x�2�F�`�Q�+�x�2�–

�K���`�;�B�M�2�b�m�X

�U���V�a�o�_ �x �F�2�`�M�2�H�2�K �H�B�M�B�Q�r�v�K �U�#�V�a�o�_ �x �F�2�`�M�2�H�2�K �;���m�b�b�Q�r�b�F�B�K

�_�v�b�m�M�2�F �j�X�R�X�_�2�;�`�2�b�Q�` �K���b�x�v�M�v �r�2�F�i�Q�`�¦�r �M�Q���M�v�+�?

�q �T�`���F�i�v�+�2�- �r �T�`�x�v�T���/�F�m �B�/�2���H�M�2�;�Q �/�Q�T���b�Q�r���M�B���- �i�Q �r�ˆ�����M�B�2 �Q�#�b�2�`�r���+�D�2 �T�Q�ˆ�Q�Š�Q�M�2

�M�� �;�`���M�B�+�v �i�m�#�v" �H�m�# �D�² �T�`�x�2�F�`���+�x���D�²�+�2 �b�i���M�Q�r�B�² �i�x�r�X �r�2�F�i�Q�`�v �M�Q���M�2�X �E���Š�/�� �x �i���F�B�+�?

�Q�#�b�2�`�r���+�D�B �D�2�b�i �`�2�T�`�2�x�2�M�i�Q�r���M�� �D���F�Q �r�2�F�i�Q�` �r �T�`�x�2�b�i�`�x�2�M�B �+�2�+�?�- �b�i�²�/ �M���x�r�� ���H�;�Q�`�v�i�K�m ��

�i�Q �Q�M�2 �ò�M�B�Q�b�²�ô �B�M�7�Q�`�K���+�D� �Q �T���`���K�2�i�`���+�? �7�m�M�F�+�D�B �`�2�;�`�2�b�D�B�- �/�2�i�2�`�K�B�M�m�D�²�+ �D�2�D �T�Q�ˆ�Q�Š�2�M�B�2 �Q�`���x

�M���+�?�v�H�2�M�B�2�X

�k�3



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �T�`�Q�#�H�2�K�m �Q�T�i�v�K���H�B�x���+�v�D�M�2�;�Q �a�o�_

�L�B�2�+�? �/���M�2 �i�`�2�M�B�M�;�Q�r�2 �i�r�Q�`�x�v �x�#�B�¦�`f (x i ; y
i
)gn

i =1 �- �;�/�x�B�2x i 2 Rd�- ��y
i

2 Rm �X �q �a�o�_

�+�?�+�2�K�v �Q�/�M���H�2�†�É �7�m�M�F�+�D� �,

f (x i ) = W> x i + b; W 2 Rd� m ; b2 Rm ; �U�j�X�R�9�V

�F�i�¦�`�� �K�B�M�B�K���H�B�x�m�D�2 �M�Q�`�K� �r���;kWk �T�`�x�v �D�2�/�M�Q�+�x�2�b�M�v�K �Q�;�`���M�B�+�x�2�M�B�m �Q�/�+�?�v�H�2�– �T�Q�K�B� �/�x�v

�T�`�x�2�r�B�/�v�r���M�B���K�Bf (x i ) �� �r���`�i�Q���+�B���K�By
i
�X �a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �a�o�_ �r�v�`���Š�� �b�B� �D���F�Q �T�`�Q�#�H�2�K

�Q�T�i�v�K���H�B�x���+�D�B�,

J (W; b; � ) = min
W ;b; �

� 1
2

kWk2 + C 1> �
�

�U�j�X�R�8�V

�T�`�x�v �Q�;�`���M�B�+�x�2�M�B���+�? �/�H��i = 1; : : : ; n�,






 W > x i + b� y

i








2
� " + � i ; � i � 0: �U�j�X�R�e�V

�S���`���K�2�i�C̀ > 0 �b�i���M�Q�r�B �F�Q�K�T�`�Q�K�B�b �T�Q�K�B� �/�x�v �T�ˆ���b�F�Q���+�B�² �7�m�M�F�+�D�B �U�K�B�M�B�K���H�B�x���+�D�²kWk2�V

�� �F���`���K�B �x�� �Q�/�+�?�v�H�2�M�B��� i �r�v�F�`���+�x���D�²�+�2 �T�Q�x�� �i�m�#� �i�Q�H�2�`���M�+�D�B"�X �6�B�M���H�M�B�2 �Q�;�¦�H�M�� �7�m�M�F�@

�+�D�� �F�Q�b�x�i�m �a�o�_ �D�2�b�i �T�Q�ˆ�²�+�x�2�M�B�2�K �r�B�2�H�F�Q���+�B �K���`�;�B�M�2�b�m �Q�`���x �F���`�v �D���F�² �M���`�x�m�+���K�v �x�� �D�2�D

�T�`�x�2�F�`���+�x���M�B�2�,

J (W; b) = min
W ;b

"
1
2 kWk2 + C

nX

i =1

max
�

0;





 y

i
� (W > x i + b)








2
� "

� #

: �U�j�X�R�d�V

�E�2�`�M�2�H �i�`�B�+�F

�q �T�`���F�i�v�+�2 �/���M�2 �`�x�2�+�x�v�r�B�b�i�2 �+�x� �b�i�Q �M�B�2 �b�² �H�B�M�B�Q�r�Q �b�2�T���`�Q�r���H�M�2 ���M�B �/�Q�#�`�x�2 ���T�`�Q�F�b�v�K�Q�@

�r���H�M�2 �x�� �T�Q�K�Q�+�² �H�B�M�B�Q�r�2�D �?�B�T�2�`�T�ˆ���b�x�+�x�v�x�M�v �r �T�`�x�2�b�i�`�x�2�M�B �Q�`�v�;�B�M���H�M�v�+�? �+�2�+�?�X ���#�v �`�Q�x�b�x�2�`�x�v�É

�K�Q�Š�H�B�r�Q���+�B �a�o�_ �M�� �T�`�x�v�T���/�F�B �M�B�2�H�B�M�B�Q�r�2�- �b�i�Q�b�m�D�2 �b�B� �i�x�r�X�F�2�`�M�2�H �i�`�B�+�F�X �A�/�2�� �T�Q�H�2�;�� �M�� �i�v�K�-

���#�v �/�Q�F�Q�M���É �x���M�m�`�x�2�M�B���,

' : Rd �! H ; x 7! ' (x); �U�j�X�R�3�V

�;�/�x�B�2H �D�2�b�i �T�`�x�2�b�i�`�x�2�M�B�² �x �B�H�Q�+�x�v�M�2�K �b�F���H���`�M�v�K�- �r �F�i�¦�`�2�D �/�Q�T�B�2�`�Q �x���F�ˆ���/���K�v �B�b�i�M�B�2�M�B�2

�H�B�M�B�Q�r�2�D �?�B�T�2�`�T�ˆ���b�x�+�x�v�x�M�v �`�2�;�`�2�b�v�D�M�2�D�X �C���r�M�2 �Q�#�H�B�+�x���M�B�2' (x) �#�v�r�� �D�2�/�M���F �F�Q�b�x�i�Q�r�M�2 �H�m�#

�r�`� �+�x �M�B�2�r�v�F�Q�M���H�M�2�X

�k�N



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�q �T�`�x�v�T���/�F�m �`�2�;�`�2�b�D�B �r�B�2�H�Q�r�v�K�B���`�Q�r�2�D �F�H�m�+�x�Q�r�2 �D�2�b�i �m�Q�;�¦�H�M�B�2�M�B�2 �i�2�D �B�/�2�B�, �F���Š�/�v �r�2�F�i�Q�`

�r���; �Q�/�T�Q�r�B���/���D�²�+�v �/���M�2�D �b�F�ˆ���/�Q�r�2�D �r�v�D���+�B�� �K�Q�Š�M�� �T�`�x�2�/�b�i���r�B�É �D���F�Q �F�Q�K�#�B�M���+�D� �H�B�M�B�Q�r�²

�r�2�F�i�Q�`�¦�r �x���M�m�`�x�Q�M�v�+�? �/���M�v�+�? �i�`�2�M�B�M�;�Q�r�v�+�?�X �P�x�M���+�x�� �i�Q�- �Š�2 �/�H�� �F���Š�/�2�D �F�Q�H�m�K�M�vwk

�K���+�B�2�`�x�v �r���;W �x���+�?�Q�/�x�B�,

wk =
nX

i =1

� ik ' (x i ); � ik 2 R; k = 1; : : : ; m; �U�j�X�R�N�V

�;�/�x�B�2n �Q�x�M���+�x�� �H�B�+�x�#� �T�`�¦�#�2�F �i�`�2�M�B�M�;�Q�r�v�+�?�- ��m �r�v�K�B���` �T�`�x�2�b�i�`�x�2�M�B �r�v�D���+�B�Q�r�2�D�X �J���+�B�2�`�x

A = [ � ik ] 2 Rn� m �T�`�x�2�+�?�Q�r�m�D�2 �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B �F�Q�K�#�B�M���+�D�B �H�B�M�B�Q�r�v�+�? �/�H�� �r�b�x�v�b�i�F�B�+�? �r�v�D���É

�D�2�/�M�Q�+�x�2���M�B�2�X

�E�H�m�+�x�Q�r�2 �D�2�b�i �i�Q�- �Š�2 �M�B�2 �K�m�b�B�K�v �x�M���É �b���K�2�;�Q �x���M�m�`�x�2�M�B���, �r�v�b�i���`�+�x�v �m�K�B�2�É �Q�#�H�B�+�x���É

�B�H�Q�+�x�v�M�v �b�F���H���`�M�2 �Q�/�r�x�Q�`�Q�r���–�- �i�x�M�X

k(x i ; x j ) = h' (x i ); ' (x j )i : �U�j�X�k�y�V

�S�`�Q�#�H�2�K �Q�T�i�v�K���H�B�x���+�D�B �H�B�M�B�Q�r�2�;�Q �a�o�_�U�j�X�R�d�V�K�Q�Š�M�� �T�`�x�2�F�b�x�i���ˆ�+�B�É �/�Q �T�Q�b�i���+�B �F�2�`�M�2�H�Q�r�2�D�,

J (A; b) = min
A2 Rn � m ; b2 Rm

"
1
2 tr( A> K A) + C

nX

i =1

max
�

0;





 y

i
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� �D�2�/�M�Q�`�Q�/�M�2 �U�F�H���b�v�+�x�M�2�F�@�L�L�V�,

wi (x) =
1
k

; �U�j�X�k�9�V

� �Q�/�H�2�;�ˆ�Q���+�B�Q�r�2�Up > 0�-� > 0 �� �`�2�;�m�H���`�v�x���+�D���V�,

wi (x) =

�
d(x; x i ) + �

� � p

X

j 2N k (x)

�
d(x; x j ) + �

� � p ; �U�j�X�k�8�V

�j�j



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

� �D�²�/�`�Q�r�2 �f �L���/���`���v�����q���i�b�Q�M�,

wi (x) =
K

 
d(x; x i )

h(x)

!

X

j 2N k (x)

K

 
d(x; x j )

h(x)

! ; �U�j�X�k�e�V

�;�/�x�B�2K �D�2�b�i �D�²�/�`�2�K �U�M�T�X �;���m�b�b�Q�r�b�F�B�K�V�- ��h(x) �T�2�ˆ�M�B �`�Q�H� �H�Q�F���H�M�2�D �b�x�2�`�Q�F�Q���+�B �T���@

�b�K���X �S�`�x�v�D� �+�B�2h(x) �`�¦�r�M�2�;�Q �Q�/�H�2�;�ˆ�Q���+�B �/�Qk�@�i�2�;�Q �b�²�b�B���/�� �T�`�Q�r���/�x�B �/�Q ���/���T�i���+�v�D�M�2�D

�ò�b�x�2�`�Q�F�Q���+�B �Q�F�M���ô�X

�q �T�`�x�v�T���/�F�m �r�v�D���+�B�� �r�B�2�H�Q�r�v�K�B���`�Q�r�2�;�Qm > 1 �7�Q�`�K�m�ˆ���U�j�X�k�j�V�/�x�B���ˆ�� �#�2�x �x�K�B���M�,y
i

�b�²

�r�2�F�i�Q�`���K�B�- �� �T�`�2�/�v�F�+�D�� �i�Q �B�+�? �r���Š�Q�M�� �F�Q�K�#�B�M���+�D���X �q �x���T�B�b�B�2 �K���+�B�2�`�x�Q�r�v�K �M�B�2�+�?Y N 2

Rk� m �x���r�B�2�`�� �r�B�2�`�b�x���K�B �r�2�F�i�Q�`�vy>
i

�b�²�b�B���/�¦�r�- ��w 2 Rk �� �r���;�B�X �q�¦�r�+�x���b�,

bf (x) = Y >
N w 2 Rm : �U�j�X�k�d�V

�J�2�i�`�v�F�B �B �b�F���H�Q�r���M�B�2 �+�2�+�?

�L���D�+�x� ���+�B�2�D �b�i�Q�b�m�D�2 �b�B� �`�Q�/�x�B�M� �K�2�i�`�v�F �J�B�M�F�Q�r�b�F�B�2�;�Q

dp(x; z) =

0

@
dX

j =1

jx j � zj jp
1

A

1=p

; p 2 [1; + 1 ); �U�j�X�k�3�V

�r �b�x�+�x�2�;�¦�H�M�Q���+�Bp= 2 �U�2�m�F�H�B�/�2�b�Q�r�²�V �Q�`���xp= 1 �U�J���M�?���i�i���M�V�X �.�H�� �+�2�+�? �Q �`�¦�Š�M�v�+�? �b�F���H���+�?

�F�Q�M�B�2�+�x�M�2 �D�2�b�i �b�i���M�/���`�v�x�Q�r���M�B�2�,~x j = ( x j � � j )=� j �- ���#�v �Š���/�M�� �+�2�+�?�� �M�B�2 �/�Q�K�B�M�Q�r���ˆ�� �K�2�i�`�v�F�B�X

�q �Q�#�2�+�M�Q���+�B �b�F�Q�`�2�H�Q�r���M�v�+�? �+�2�+�? �b�2�M�b�Q�r�M�2 �#�v�r�� �m�Š�v�+�B�2 �K�2�i�`�v�F�B �J���?���H���M�Q�#�B�b��dM (x; z) =
q

(x � z)> � � 1(x � z)�- �;�/�x�B�2� �i�Q �K���+�B�2�`�x �F�Q�r���`�B���M�+�D�B �U�M�T�X �Q�b�x���+�Q�r���M�� �H�Q�F���H�M�B�2�V�X

�q�v�M�B�F�B

���H�;�Q�`�v�i�K�F�@�M���D�#�H�B�Š�b�x�v�+�? �b�²�b�B���/�¦�r �U�F�L�L�V �Q�F���x���ˆ �b�B� �K���ˆ�Q �m�Š�v�i�2�+�x�M�v �r �T�`�x�2�T�`�Q�r���@

�/�x�Q�M�v�+�? �2�F�b�T�2�`�v�K�2�M�i���+�?�X �*�?�Q�+�B���Š ���H�;�Q�`�v�i�K �M���i�m�`���H�M�B�2 �`�Q�x�b�x�2�`�x�� �b�B� �M�� �r�B�2�H�Q�r�v�K�B���`�Q�r�2

�r�v�D���+�B�2�- �+�Q �K�Q�;�ˆ�Q�#�v �#�v�É �x���H�2�i�² �r �T�`�x�2�r�B�/�v�r���M�B�m �r�b�x�v�b�i�F�B�+�? �b�F�ˆ���/�Q�r�v�+�? �i�2�M�b�Q�`�� �M���T�`� �Š�2�@

�M�B���- �x���H�2�i�� �i�� �x�Q�b�i���ˆ�� �T�`�x�v�i�ˆ�m�K�B�Q�M�� �T�`�x�2�x �Q�;�`���M�B�+�x�2�M�B�2 �2�b�i�v�K���+�D�B �H�Q�F���H�M�2�D �@ �T�`�2�/�v�F�+�D�2 �/���ˆ�v

�T�Q�b�x���`�T���M�2 �r�v�F�`�2�b�v �M���T�`� �Š�2�M�B�2���r�v�/�ˆ�m�Š�2�M�B�2 �B �#�v�ˆ�v �x���r�Q�/�M�2 �r �Q�#�b�x���`���+�? �2�F�b�i�`���T�Q�H���+�D�B �U�T�Q�`�X

�`�v�b�X�j�X�9�V

�j�9
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�w���H�2�i�v�,

� �ˆ���i�r�v �r �B�K�T�H�2�K�2�M�i���+�D�B�-

� �ˆ���i�r�v �r �B�M�i�2�`�T�`�2�i���+�D�B�-

� �Q�/�T�Q�`�M�Q���É �M�� �Q�#�b�2�`�r���+�D�2 �Q�/�b�i���D�²�+�2 �T�`�x�v

�Q�/�T�Q�r�B�2�/�M�B�Q �/�m�Š�v�Kk�-

� �M���i�m�`���H�M�� �Q�#�b�ˆ�m�;�� �r�v�D���+�B�� �r�B�2�H�Q�r�v�K�B���`�Q�@

�r�2�;�Q�X

�P�;�`���M�B�+�x�2�M�B���,

� �B�K�T�H�2�K�2�M�i���+�D�� �M�B�2 �r�v�K���;�� �b�7�Q�`�K�m�ˆ�Q�r���@

�M�B�� �Q�;�¦�H�M�2�;�Q �F�b�x�i���ˆ�i�m �7�m�M�F�+�D�B �`�2�;�`�2�b�D�B

�T�`�x�2�x �+�Q �K�Q�/�2�H �M�B�2 �m�D���r�M�B�� �b�i�`�m�F�i�m�`�v �x���@

�H�2�Š�M�Q���+�B �K�B� �/�x�v �x�K�B�2�M�M�v�K�B�-

� �H�Q�F���H�M�� �B�M�i�2�`�T�`�2�i�Q�r���H�M�Q���É �@ ���H�;�Q�`�v�i�K �r�v�@

�D�����M�B�� �b�r�Q�D�2 �T�`�x�2�r�B�/�v�r���M�B�� �M�� �T�Q�/�b�i���r�B�2

�F�@�M���D�#�H�B�Š�b�x�v�+�? �b�²�b�B���/�¦�r�-

� �r�`���Š�H�B�r�v �M�� �b�F���H�Q�r���M�B�2 �x�K�B�2�M�M�v�+�?�-

� �r�`���Š�H�B�r�v �M�� �r�v�#�¦�` �K�2�i�`�v�F�B �Q�/�H�2�;�ˆ�Q���+�B�-

� �r�v�b�Q�F�B �+�x���b �T�`�2�/�v�F�+�D�B �`�Q�b�M�²�+�v �x �`�Q�x�K�B���@

�`�2�K �x�#�B�Q�`�m�-

� �r�v�K���;�� �T�`�x�2�+�?�Q�r�v�r���M�B�� �+���ˆ�2�;�Q �x�#�B�Q�`�m

�i�`�2�M�B�M�;�Q�r�2�;�Q �M�� �2�i���T�B�2 �T�`�2�/�v�F�+�D�B�-

� �T�Q�;�Q�`�b�x�2�M�B�2 �/�x�B���ˆ���M�B�� �r �r�B�2�H�m �r�v�K�B���`���+�?

�U�F�H�²�i�r�� �r�v�K�B���`�Q�r�Q���+�B �(�k�N�)�- �(�j�y�)�V�-

� �M�B�2�K�Q�Š�H�B�r�� �2�F�b�i�`���T�Q�H���+�D���X

�L���H�2�Š�v �x���m�r���Š�v�É�- �Š�2 �ˆ���i�r�Q���É �r �B�K�T�H�2�K�2�M�i���+�D�B �B �B�M�i�2�`�T�`�2�i���+�D�B �K�� �+�?���`���F�i�2�` ���K�#�B�r���H�2�M�i�M�v

�� �#�`���F �x���ˆ�Q�Š�2�– �+�Q �/�Q �7�m�M�F�+�D�B �`�2�;�`�2�b�D�B�- �+�?�Q�É �7�Q�`�K���H�M�B�2 �D�2�b�i �x���H�2�i�²�- �i�Q �r �T�`�x�v�T���/�F�m �K�Q�/�2�@

�H�Q�r���M�B�� �x�r�B�²�x�F�m �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �T�Q�x�#���r�B�� �M���b �K�Q�Š�H�B�r�Q���+�B �;�H�Q�#���H�M�2�D �B�M�i�2�`�T�`�2�i�Q�r���H�M�Q���+�B

�B �K�Q�Š�H�B�r�Q���+�B �2�F�b�i�`���T�Q�H���+�D�B�X �q �i���#�2�H�B�j�X�j�T�`�x�2�/�b�i���r�B�Q�M�Q �x���F�`�2�b �r���`�i�Q���+�B �i�2�b�i�Q�r���M�v�+�? �/�H��

�T�Q�b�x�+�x�2�;�¦�H�M�v�+�? �T���`���K�2�i�`�¦�r�X

�j�8



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�h���#�2�H�� �j�X�j�X�a�i�`�Q�D�2�M�B�2 �?�B�T�2�`�T���`���K�2�i�`�¦�r �K�Q�/�2�H�m�E�L�2�B�;�?�#�Q�`�b�_�2�;�`�2�b�b�Q�`�r �T�`�Q�+�2�b�B�2�:�`�B�/�a�2���`�+�?�*�o�X
�S�Q�;�`�m�#�B�2�M�B�2�K �r�v�`�¦�Š�M�B�Q�M�Q �r���`�i�Q���+�B �Q�T�i�v�K���H�M�2�X

�S���`���K�2�i�` �P�T�B�b �w���F�`�2�b �r���`�i�Q���+�B

�M�n�M�2�B�;�?�#�Q�`�b�H�B�+�x�#�� �b�²�b�B���/�¦�r �m�r�x�;�H� �/�M�B���M�v�+�?

�T�`�x�v �T�`�2�/�v�F�+�D�B

f 1; 3; 5; �d; 9; 11; 15g

�r�2�B�;�?�i�b �b�T�Q�b�¦�# �r���Š�2�M�B�� �b�²�b�B���/�¦�r �&�ö�m�M�B�7�Q�`�K�ö�- �ö�/�B�b�i���M�+�2�ö�'

�K�2�i�`�B�+ �K�2�i�`�v�F�� �Q�/�H�2�;�ˆ�Q���+�B
�&�^�2�m�+�H�B�/�2���M�^�-�^�K�B�M�F�Q�r�b�F�B�^�-

�^�K���M�?���i�i���M�^�'

�T �r�v�F�ˆ���/�M�B�F �r �K�2�i�`�v�+�2

�J�B�M�F�Q�r�b�F�B�2�;�Q

f 1; �k; 3g

���H�;�Q�`�B�i�?�K���H�;�Q�`�v�i�K �r�v�b�x�m�F�B�r���M�B�� �b�²�b�B���/�¦�r
�&�^���m�i�Q�^�-�^�#���H�H�n�i�`�2�2�^�-

�^�F�/�n�i�`�2�2�^�-�^�#�`�m�i�2�^�'

�H�2���7�n�b�B�x�2�`�Q�x�K�B���` �H�B���+�B�� �/�H�� �b�i�`�m�F�i�m�` �/�`�x�2�r��f 10; 20; �j�y; 40; 50g

�U���V�C�2�/�M�Q�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2�U�#�V�.�r�m�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2�U�+�V�*�x�v�b�i�2 ���+�B�M���M�B�2

�_�v�b�m�M�2�F �j�X�9�X�q�v�F�`�2�b�vS11 �r�x�;�H� �/�2�K �r�v�/�ˆ�m�Š�2�M�B��� 1�, �T�`�2�/�v�F�+�D�2 ���H�;�Q�`�v�i�K�m�F�@�M���D�#�H�B�Š�b�x�v�+�?
�b�²�b�B���/�¦�r �x �?�B�T�2�`�T���`���K�2�i�`���K�B �b�i�`�Q�D�Q�M�v�K�B �r�; �i���#�X�j�X�j�M�� �i�H�2 �/���M�v�+�? �2�F�b�T�2�`�v�K�2�M�i���H�M�v�+�? �h�`�2�H�Q���`��

�j�X�9�X�j�X �_�2�;�`�2�b�v�D�M�2 �/�`�x�2�r�Q �/�2�+�v�x�v�D�M�2

�_�2�;�`�2�b�Q�` �/�`�x�2�r�� �/�2�+�v�x�v�D�M�2�;�Q �U���M�;�X�.�2�+�B�b�B�Q�M �h� �̀2�2 �_�2�;� �̀2�b�b�Q�`�V �F�Q�M�b�i�`�m�m�D�2 �b�2�F�r�2�M�+�D� 

�`�2�;�m�ˆ �i�v�T�m�D�2���H�B���i�Q�- �F�i�¦�`�2 �/�x�B�2�H�² �T�`�x�2�b�i�`�x�2�– �+�2�+�? �M�� �`�Q�x�ˆ�²�+�x�M�2 �`�2�;�B�Q�M�v�- �� �M���b�i� �T�M�B�2 �T�`�x�v�T�B�b�m�D�²

�F���Š�/�2�K�m �`�2�;�B�Q�M�Q�r�B �b�i���ˆ�² �r���`�i�Q���É �`�¦�r�M�² ���`�2�/�M�B�2�D �x �T�`�¦�#�2�F �r �H�B���+�B�m�U�T�Q�`�X �`�v�b�X�j�X�8�V�X �J�Q�/�2�H

�D�2�b�i �M�B�2�H�B�M�B�Q�r�v�- �ˆ���i�r�v �/�Q �B�M�i�2�`�T�`�2�i���+�D�B �B �M���i�m�`���H�M�B�2 �m�+�?�r�v�i�m�D�2 �B�M�i�2�`���F�+�D�2 �K�B� �/�x�v �+�2�+�?���K�B

�T�Q�T�`�x�2�x �?�B�2�`���`�+�?�B�+�x�M�2 �T�Q�/�x�B���ˆ�v�X

�j�e



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

x1 � s1

x2 � s2

R1

�v�2�b

R2

�M�Q

�v�2�b

x1 � s3

x2 � s4

R3

�v�2�b

R4

�M�Q

�v�2�b

R5

�M�Q

�M�Q

�U���V�S�`�x�v�F�ˆ���/�Q�r�� �b�i�`�m�F�i�m�`�� �/�`�x�2�r�� �x �Q�x�M���+�x�Q�M�v�K�B �r� �x�ˆ���K�B
�B �H�B���É�K�B

R1

R2

R3

R4

R5

s1

s2

s3

s4

x 1
�

s 1

x2 � s2 x 1
�

s 3

x2 � s4

x1

x2

�U�#�V�S�Q�/�x�B���ˆ �/�r�m�r�v�K�B���`�Q�r�2�D
�T�`�x�2�b�i�`�x�2�M�B �+�2�+�? �M�� �`�2�;�B�Q�M�v �H�B���+�B

�_�v�b�m�M�2�F �j�X�8�X�_�2�;�`�2�b�v�D�M�2 �/�`�x�2�r�Q �/�2�+�v�x�v�D�M�2�, �T�`�x�v�F�ˆ���/ �b�i�`�m�F�i�m�`�v �B �T�Q�/�x�B���ˆ�m �T�`�x�2�b�i�`�x�2�M�B �+�2�+�?

�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �K�Q�/�2�H�m

�L�B�2�+�? �/���M�2 �i�`�2�M�B�M�;�Q�r�2 �i�r�Q�`�x�² �x�#�B�¦�`f (x i ; y
i
)gn

i =1 �- �;�/�x�B�2x i 2 Rd�- ��y
i

2 Rm �X �.�`�x�2�r�Q

�/�2�}�M�B�m�D�2 �`�Q�x�F�ˆ���/ �T�`�x�2�b�i�`�x�2�M�B �+�2�+�? �M�� �`�Q�x�ˆ�²�+�x�M�2 �`�2�;�B�Q�M�vf Rj gJ
j =1 �U�H�B���+�B�2�V�- �x�B�H�m�b�i�`�Q�r���M�2 �M��

�`�v�b�X�j�X�8���B�j�X�8�#�X �6�m�M�F�+�D�� �`�2�;�`�2�b�D�B �K�� �T�Q�b�i���É �b�F�Q�F�Q�r�²�,

f (x) =

8
>>>>>>><

>>>>>>>:

c1; x 2 R1;

�X�X�X

cJ ; x 2 RJ :

�U�j�X�k�N�V

�;�/�x�B�2 �r�2�F�i�Q�` �T�`�x�2�r�B�/�v�r���M�v �r �H�B���+�B�mRj �r�v�x�M���+�x�� �b�B� �D���F�Q ���`�2�/�M�B�² �r�2�F�i�Q�`�¦�r �Q�/�T�Q�r�B�2�/�x�B

�M���H�2�Š�²�+�v�+�? �/�Q �i�2�;�Q �H�B���+�B���,

cj =
1
nj

X

i : x i 2 R j

y
i
; �U�j�X�j�y�V

�;�/�x�B�2nj �Q�x�M���+�x�� �H�B�+�x�#� �T�`�¦�#�2�F �U�Q�#�b�2�`�r���+�D�B�V�- �F�i�¦�`�2 �i�`���}�ˆ�v �/�Q �H�B���+�B��Rj �X

�E�`�v�i�2�`�B�m�K �T�Q�/�x�B���ˆ�m

�L�B�2�+�?y
i

2 Rm �- �� ���`�2�/�M�B�² �r�2�F�i�Q�`�¦�r �r �r� �†�H�2S �Q�x�M���+�x�� �b�B� �D���F�Q�,

�y
S

=
1

nS

X

i 2 S

y
i
; �U�j�X�j�R�V

�j�d



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�Q�`���x �K�B���`� �M�B�2�D�2�/�M�Q�`�Q�/�M�Q���+�B �r �r� �†�H�2 �D���F�Q ���`�2�/�M�B �F�r���/�`���i �Q�/�+�?�v�H�2�– �r�2�F�i�Q�`�Q�r�v�+�?�,

Q(S) =
1

nS

X

i 2 S

�
y

i
� �y

S

� > �
y

i
� �y

S

�
= tr

�
dCovS(y)

�
; �U�j�X�j�k�V

�;�/�x�B�2dCovS(y) �Q�x�M���+�x�� �2�K�T�B�`�v�+�x�M�² �K���+�B�2�`�x �F�Q�r���`�B���M�+�D�B �r�2�F�i�Q�`�¦�r �Q�/�T�Q�r�B�2�/�x�B �r �r� �†�H�2S�X

�.�H�� �r� �x�ˆ��S �B �T�Q�/�x�B���ˆ�m �r�2�/�ˆ�m�; �+�2�+�?�vk �Q�`���x �T�`�Q�;�ms �/�2�}�M�B�m�D�2�K�v

SL = f i 2 S : x ik � sg; SR = S n SL :

�P�T�i�v�K���H�M�² �T���`� (k� ; s� ) �r�v�#�B�2�`���K�v �K�B�M�B�K���H�B�x�m�D�²�+ �r���Š�Q�M�v �#�ˆ�²�/ �r �r� �x�ˆ���+�? �T�Q�i�Q�K�M�v�+�?

�U�T�Q�`�X �`�v�b�X�j�X�8�#�V�,

(k� ; s� ) = arg min
k;s

nSL

nSt

Q(SL ) +
nSR

nSt

Q(SR): �U�j�X�j�j�V

�l�r���;���, �w���b�i�Q�b�Q�r���M�� �K�B���`�� �M�B�2�D�2�/�M�Q�`�Q�/�M�Q���+�B �r� �x�ˆ�� �r�U�j�X�j�k�V�M�B�2 �D�2�b�i �D�2�/�v�M���X �q �x���H�2�Š�M�Q���+�B

�Q�/ �T�`�x�v�D� �i�2�;�Q �F�`�v�i�2�`�B�m�K �K�Q�Š�2 �#�v�É �x�/�2�}�M�B�Q�r���M�� ���H�i�2�`�M���i�v�r�M�B�2 �M�T�X �r �Q�T���`�+�B�m �Q �#�ˆ�²�/

���#�b�Q�H�m�i�M�v�- �7�m�M�F�+�D� �>�m�#�2�`�� �H�m�# �B�M�M�2 �7�m�M�F�+�D�2 �b�i�`���i�X

�w���i�`�x�v�K�v�r���M�B�2 �r�x�`�Q�b�i�m �B �T�`�x�v�+�B�M���M�B�2 �U�`�2�;�m�H���`�v�x���+�D���V

���#�v �Q�;�`���M�B�+�x�v�É �T�`�x�2�m�+�x�2�M�B�2�- �`�2�;�m�H���`�v�x���+�D� �/�`�x�2�r�� �`�2���H�B�x�m�D�2 �b�B� �/�r�Q�D���F�Q�, �T�Q �T�B�2�`�r�b�x�2�-

�T�Q�T�`�x�2�x �r���`�m�M�F�B �b�i�Q�T�m �U�K���F�b�v�K���H�M�² �;�ˆ� �#�Q�F�Q���É�- �K�B�M�B�K���H�M�² �H�B�+�x�#� �T�`�¦�#�2�F �r �r� �†�H�2 �H�m�#

�H�B���+�B�m �Q�`���x �K�B�M�B�K���H�M�² �T�Q�T�`���r� �F�`�v�i�2�`�B�m�K �T�Q�/�x�B���ˆ�m�V�- �F�i�¦�`�2 �Q�;�`���M�B�+�x���D�² �x�ˆ�Q�Š�Q�M�Q���É �D�m�Š �M��

�2�i���T�B�2 �r�x�`�Q�b�i�m�c �T�Q �/�`�m�;�B�2�- �T�Q�T�`�x�2�x �T�`�x�v�+�B�M���M�B�2 �r�2�/�ˆ�m�; �K�B�M�B�K�m�K �F�Q�b�x�i�m �B �x�ˆ�Q�Š�Q�M�Q���+�B �U���M�;�X

�+�Q�b�i���+�Q�K�T�H�2�t�B�i�v �T�`�m�M�B�M�;�V�- �F�i�¦�`�2 �/�H�� �/�`�x�2�r��T �B �T���`���K�2�i�`�m� � 0 �T�Q�H�2�;�� �M�� �r�v�x�M���+�x�2�M�B�m

�T�Q�/�/�`�x�2�r��

T � = arg min
T � Tmax

h
R(T) + � j ~Tj

i
�U�j�X�j�9�V

�;�/�x�B�2Tmax �Q�x�M���+�x�� �T�2�ˆ�M�2 �U�M�B�2�b�F�`�¦�+�Q�M�2�V �/�`�x�2�r�Q�-R(T) �D�2�b�i �ˆ�²�+�x�M�v�K �#�ˆ� �/�2�K �/�`�x�2�r�� �U�M�T�X

�b�m�K�² �#�ˆ� �/�¦�r �r �H�B���+�B���+�?�V�- ��j ~Tj �H�B�+�x�#�² �D�2�;�Q �H�B���+�B�X �.�`�m�;�B �b�F�ˆ���/�M�B�F �T�2�ˆ�M�B �`�Q�H� �F���`�v �x�� �x�ˆ�Q�Š�Q�M�Q���É

�K�Q�/�2�H�m�- �� �?�B�T�2�`�T���`���K�2�i�`� �F�Q�M�i�`�Q�H�m�D�2 �F�Q�K�T�`�Q�K�B�b �T�Q�K�B� �/�x�v �/�Q�T���b�Q�r���M�B�2�K �� �x�ˆ�Q�Š�Q�M�Q�@

���+�B�²�X �q �T�`���F�i�v�+�2 �r���`�i�Q���É� �/�Q�#�B�2�`�� �b�B� �K�2�i�Q�/�² �r���H�B�/���+�D�B �F�`�x�v�Š�Q�r�2�D�- �r�v�#�B�2�`���D�²�+ �/�`�x�2�r�Q

�Q �K�B�M�B�K���H�M�v�K �#�ˆ� �/�x�B�2 �r���H�B�/���+�v�D�M�v�K�X

�j�3
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�q�v�M�B�F�B

�q �#���/���M�B���+�? �T�`�x�2�T�`�Q�r���/�x�Q�M�v�+�? �M�� �`�Q�x�T���i�`�v�r���M�v�+�? �i�2�b�i���+�? �K���i�2�`�B���ˆ�Q�r�v�+�? �K�Q�/�2�H

�`�2�;�`�2�b�v�D�M�v �/�`�x�2�r�� �/�2�+�v�x�v�D�M�2�;�Q �U�.�2�+�B�b�B�Q�M �i� �̀2�2 � �̀2�;� �̀2�b�b�Q�`�V �`�¦�r�M�B�2�Š �Q�F���x���ˆ �b�B� �T�`���F�i�v�+�x�M�B�2 �K���ˆ�Q

�T�`�x�v�/���i�M�v�X �*�?�Q�É �/�`�x�2�r�� �/�Q�#�`�x�2 �Q�/�r�x�Q�`�Q�r�m�D�² �M�B�2�H�B�M�B�Q�r�2 �x���H�2�Š�M�Q���+�B �B �H�Q�F���H�M�2 �B�M�i�2�`���F�+�D�2 �+�2�+�?�-

�i�Q �T�`�x�v �M�B�2�r�B�2�H�F�B�+�? �x�#�B�Q�`���+�? �T�Q�K�B���`�Q�r�v�+�? �r�v�F���x�m�D�² �i�2�M�/�2�M�+�D� �/�Q �M���/�K�B�2�`�M�2�;�Q �/�Q�T���b�Q�r���M�B��

�U���M�;�X�Q�p�2�`�}�i�i�B�M�;�V �H�m�#���T�Q �b�B�H�M�2�D �`�2�;�m�H���`�v�x���+�D�B���/�Q �M�B�2�/�Q�b�x���+�Q�r���M�B�� �U���M�;�X�m�M�/�2�`�}�i�i�B�M�;�V�X

�S�`�x�2�r�B�/�v�r���M�2 �+�?���`���F�i�2�`�v�b�i�v�F�B �M���T�`� �Š�2�M�B�2���r�v�/�ˆ�m�Š�2�M�B�2 �b�² �M�B�2�+�B�²�;�ˆ�2�- �b�+�?�Q�/�F�Q�r�2 �B �b�i���ˆ�2

�r �Q�#�b�x���`�x�2 �2�F�b�i�`���T�Q�H���+�D�B �U�T�Q�`�X �`�v�b�X�j�X�e�V�- �+�Q �/�v�b�F�r���H�B�}�F�m�D�2 �D�2 �/�Q �m�Š�v�+�B�� �T�Q�/�+�x���b �K�Q�/�2�H�Q�r���M�B��

�x�r�B�²�x�F�¦�r �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�?�X

�w���H�2�i�v�,

� �ˆ���i�r�v �r �B�K�T�H�2�K�2�M�i���+�D�B�-

� �ˆ���i�r�v �r �B�M�i�2�`�T�`�2�i���+�D�B�-

� �M���i�m�`���H�M�� �Q�#�b�ˆ�m�;�� �r�v�D���+�B�� �r�B�2�H�Q�r�v�K�B���`�Q�@

�r�2�;�Q�X

�P�;�`���M�B�+�x�2�M�B���,

� �r�`���Š�H�B�r�Q���É �M�� �r���`�i�Q���+�B �Q�/�b�i���D�²�+�2�-

� �H�Q�F���H�M�� �B�M�i�2�`�T�`�2�i�Q�r���H�M�Q���É �B �M�B�2�+�B�²�;�ˆ�Q���É

�7�m�M�F�+�D�B �`�2�;�`�2�b�D�B �U�b�+�?�Q�/�F�Q�r�Q���É�V�-

� �b�B�H�M�� �x���H�2�Š�M�Q���É �D���F�Q���+�B �Q�/ �/�Q�#�Q�`�m �T���`���@

�K�2�i�`�¦�r �`�2�;�m�H���`�v�x���+�v�D�M�v�+�?�-

� �T�Q�;�Q�`�b�x�2�M�B�2 �/�x�B���ˆ���M�B�� �r �r�B�2�H�m �r�v�K�B���@

�`���+�?�-

� �M�B�2�K�Q�Š�H�B�r�� �2�F�b�i�`���T�Q�H���+�D���X

�S�Q�K�B�K�Q �`�¦�Š�M�v�+�? �K�2�+�?���M�B�x�K�¦�r �T�`�x�2�r�B�/�v�r���M�B���- �/�`�x�2�r�Q �/�2�+�v�x�v�D�M�2 �B ���H�;�Q�`�v�i�K�F�@�L�L

�K���D�² �r�B�2�H�2 �r�b�T�¦�H�M�2�;�Q�X �P�#�� �b�² �T�`�Q�b�i�2 �r �B�K�T�H�2�K�2�M�i���+�D�B �Q�`���x �B�M�i�2�`�T�`�2�i�Q�r���H�M�Q���+�B �B �x �Q�;�`���M�B�+�x�2�–

�x �i�2�;�Q �r�v�M�B�F���D�²�+�v�+�? �U�M�B�2�+�B�²�;�ˆ�Q���É�- �H�Q�F���H�M�� �B�M�i�2�`�T�`�2�i�Q�r���H�M�Q���É �B �M�B�2�K�Q�Š�H�B�r�Q���É �2�F�b�i�`���T�Q�H���+�D�B�V

�M�B�2 �T�Q�r�B�M�M�v �#�v�É �m�Š�v�r���M�2 �/�Q �K�Q�/�2�H�Q�r���M�B�� �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�?�X �q �i���#�X�j�X�9�x�2�b�i���r�B�Q�M�Q

�x���F�`�2�b �i�2�b�i�Q�r���M�v�+�? �?�B�T�2�`�T���`���K�2�i�`�¦�r�X

�j�N
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�h���#�2�H�� �j�X�9�X�a�i�`�Q�D�2�M�B�2 �?�B�T�2�`�T���`���K�2�i�`�¦�r �K�Q�/�2�H�m�.�2�+�B�b�B�Q�M�h�`�2�2�_�2�;�`�2�b�b�Q�`�r �T�`�Q�+�2�b�B�2
�:�`�B�/�a�2���`�+�?�*�o�X �S�Q�;�`�m�#�B�2�M�B�2�K �r�v�`�¦�Š�M�B�Q�M�Q �r���`�i�Q���+�B �Q�T�i�v�K���H�M�2�X

�S���`���K�2�i�` �P�T�B�b �w���F�`�2�b �r���`�i�Q���+�B

�+�`�B�i�2�`�B�Q�M �7�m�M�F�+�D�� �F�`�v�i�2�`�B�m�K �T�Q�/�x�B���ˆ�m �&�b�[�m���`�2�/�n�2�`�`�Q�`�-

�7�`�B�2�/�K���M�n�K�b�2�'

�K���t�n�/�2�T�i�? �K���F�b�v�K���H�M�� �;�ˆ� �#�Q�F�Q���É

�/�`�x�2�r��

f 3; �8; 8; 12g

�K�B�M�n�b���K�T�H�2�b�n�b�T�H�B�i�K�B�M�X �T�`�¦�#�2�F �/�Q �T�Q�/�x�B���ˆ�m

�r� �x�ˆ��

f �k; 5g

�K�B�M�n�b���K�T�H�2�b�n�H�2���7�K�B�M�X �T�`�¦�#�2�F �r �H�B���+�B�mf �R; 2; 5g

�K�B�M�n�B�K�T�m�`�B�i�v�n�/�2�+�`�2���b�2�K�B�M�X �b�T���/�2�F �M�B�2�+�x�v�b�i�Q���+�B

�r�v�K���;���M�v �/�Q �T�Q�/�x�B���ˆ�m

f �y�X�y; 10� 7; 10� 5g

�+�+�T�n���H�T�?�� �b�B�ˆ�� �T�`�x�v�+�B�M���M�B�� �Q �x�ˆ�Q�Š�Q�M�Q���+�B

�F�Q�b�x�i�m

f �y�X�y; 10� 7; 10� 5g

�U���V�C�2�/�M�Q�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2�U�#�V�.�r�m�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2�U�+�V�*�x�v�b�i�2 ���+�B�M���M�B�2

�_�v�b�m�M�2�F �j�X�e�X�q�v�F�`�2�b�vS11 �r�x�;�H� �/�2�K �r�v�/�ˆ�m�Š�2�M�B��� 1�, �T�`�2�/�v�F�+�D�2 �`�2�;�`�2�b�v�D�M�2�;�Q �/�`�x�2�r�� �/�2�+�v�x�v�D�M�2�;�Q
�x �?�B�T�2�`�T���`���K�2�i�`���K�B �b�i�`�Q�D�Q�M�v�K�B �r�; �i���#�X�j�X�9�M�� �i�H�2 �/���M�v�+�? �2�F�b�T�2�`�v�K�2�M�i���H�M�v�+�? �h�`�2�H�Q���`��

�j�X�9�X�9�X �G���b �H�Q�b�Q�r�v

�_�2�;�`�2�b�Q�` �H���b�m �H�Q�b�Q�r�2�;�Q �U���M�;�X� �̀��M�/�Q�K �7�Q� �̀2�b�i � �̀2�;� �̀2�b�b�Q�`�V �i�Q �x�2�b�T�¦�ˆ �U���M�;�X�2�M�b�2�K�#�H�2�V

�ˆ�²�+�x�²�+�vnt �/�`�x�2�r �/�2�+�v�x�v�D�M�v�+�?�X �E���Š�/�2 �/�`�x�2�r�Q �r �H�2�b�B�2 �D�2�b�i �b�x�F�Q�H�Q�M�2 �M�� �H�Q�b�Q�r�2�D �T�`�¦�#�+�2

�/���M�v�+�? �U���M�;�X�#�Q�Q�i�b�i� �̀��T �b���K�T�H�B�M�;�V �B �T�Q�/�+�x���b �/�Q�F�Q�M�v�r���M�B�� �T�Q�/�x�B���ˆ�m �#�B�2�`�x�2 �T�Q�/ �m�r���;� �i�v�H�F�Q

�H�Q�b�Q�r�v �T�Q�/�x�#�B�¦�` �+�2�+�? �U���M�;�X�7�2���i�m� �̀2 � �̀��M�/�Q�K�B�x���i�B�Q�M�V�X �q �T�`�x�v�T���/�F�m �x���/���– �`�2�;�`�2�b�v�D�M�v�+�? �H���b

�m���`�2�/�M�B�� �T�`�x�2�r�B�/�v�r���M�B�� �r�b�x�v�b�i�F�B�+�? �/�`�x�2�r�X �a�B�ˆ�� �K�Q�/�2�H�m �r�v�M�B�F�� �x �T�Q�/�2�D���+�B�� �Q�T���`�i�2�;�Q �M��

�K�²�/�`�Q���+�B �i�ˆ�m�K�¦�r �U���M�;�X�r�B�b�/�Q�K �Q�7 �+� �̀Q�r�/�V �� �+�?�Q�+�B���Š �T�Q�D�2�/�v�M�+�x�2 �/�`�x�2�r�� �K�Q�;�² �T�Q�T�2�ˆ�M�B���É
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�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�#�ˆ� �/�v�- �x�#�B�Q�`�Q�r�v �T�`�Q�+�2�b �/�2�+�v�x�v�D�M�v �K�� �i�2�M�/�2�M�+�D� �/�Q �m���`�2�/�M�B���M�B�� �i�v�+�? �#�ˆ� �/�¦�r �B �m�x�v�b�F�B�r���M�B��

�#���`�/�x�B�2�D �r�B���`�v�;�Q�/�M�v�+�? �T�`�x�2�r�B�/�v�r���–�X

�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �K�Q�/�2�H�m

�L�B�2�+�? �/���M�2 �i�`�2�M�B�M�;�Q�r�2 �i�r�Q�`�x�² �x�#�B�¦�`f (x i ; y
i
)gn

i =1 �- �;�/�x�B�2x i 2 Rd�- ��y
i

2 Rm �X �G���b �H�Q�b�Q�r�v

�D�2�b�i ���`�2�/�M�B�²B �M�B�2�x���H�2�Š�M�B�2 �i�`�2�M�Q�r���M�v�+�? �/�`�x�2�r �`�2�;�`�2�b�v�D�M�v�+�?f f bgB
b=1 �,

f (x) =
1
B

BX

b=1

f b(x): �U�j�X�j�8�V

�E���Š�/�2 �/�`�x�2�r�Qf b �D�2�b�i �m�+�x�Q�M�2 �M�� �T�`�¦�#�+�2B (b) �H�Q�b�Q�r���M�2�D �x�2 �x�r�`���+���M�B�2�K �x �/���M�v�+�? �i�`�2�M�B�M�;�Q�r�v�+�?�X

�S�`�x�v �F���Š�/�v�K �F���M�/�v�/���+�B�2 �T�Q�/�x�B���ˆ�m �`�Q�x�r���Š�� �b�B� �H�Q�b�Q�r�v �T�Q�/�x�#�B�¦�` �+�2�+�?F (b)
t � f 1; : : : ; dg

�Q �`�Q�x�K�B���`�x�2m�i�`�v�X �q �H�B���+�B�mR(b)
j �T�`�2�/�v�F�+�D� �,

c(b)
j =

1

n(b)
j

X

i : x i 2 R ( b)
j

y
i
; f b(x) =

8
>>>>>>><

>>>>>>>:

c(b)
1 ; x 2 R(b)

1 ;

�X�X�X

c(b)
J ; x 2 R(b)

J

�U�j�X�j�e�V

�B �F���Š�/�v�K �r� �†�H�2t �T�Q�/�x�B���ˆ(k; s)�,

(k� ; s� ) = arg min
k2F ( b)

t ; s

nSL

nSt

Q(SL ) +
nSR

nSt

Q(SR) �U�j�X�j�d�V

�Q�i�`�x�v�K�m�D�2�K�v �i���F �D���F �/�H�� �T�Q�D�2�/�v�M�+�x�2�;�Q �/�`�x�2�r�� �U�T�Q�`�X �U�j�X�k�N�V �B �U�j�X�j�j�V�V�X

�1�b�i�v�K���+�D�� �P�P�"

�*�x� ���É �Q�#�b�2�`�r���+�D�B �M�B�2 �i�`���}�� �/�QB (b) �U�Q�m�i�@�Q�7�@�#���;�- �P�P�"�V�X �E���Š�/�2 �/�`�x�2�r�Q �D�2�b�i �i�2�b�i�Q�r���M�2 �M��

�r�ˆ���b�M�v�+�? �/���M�v�+�? �P�"�" �U�/���M�v�+�?�- �F�i�¦�`�2 �M�B�2 �b�² �r�v�F�Q�`�x�v�b�i�v�r���M�2 �r �D�2�;�Q �b�x�F�Q�H�2�M�B�m�V�X �l���`�2�/�M�B���D�²�+

�i�2 �B�M�/�v�r�B�/�m���H�M�2 �r�v�M�B�F�B �#�ˆ� �/�m �M�� �x�#�B�Q�`�x�2 �P�P�"�- �H���b �H�Q�b�Q�r�v �x���T�2�r�M�B�� �r�#�m�/�Q�r���M�v �b�T�Q�b�¦�#

�T�Q�K�B���`�m �r�v�/���D�M�Q���+�B �#�2�x �F�Q�M�B�2�+�x�M�Q���+�B �b�i�Q�b�Q�r���M�B�� �Q�b�Q�#�M�2�;�Q �x�2�b�i���r�m �i�2�b�i�¦�r �U�M�T�X �r���H�B�/���+�D�B

�F�`�x�v�Š�Q�r�2�D�V�X
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�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�_�2�;�m�H���`�v�x���+�D�� �B �F�Q�K�T�`�Q�K�B�b�v

�G���b �H�Q�b�Q�r�v �`�2�;�m�H�m�D�2 �b�B� �T�`�x�2�x�, �H�B�+�x�#� �/�`�x�2�rB �U�r�B� �F�b�x�2B ) �K�M�B�2�D�b�x�� �r���`�B���M�+�D���- �r�B� �F�b�x�v

�F�Q�b�x�i�V�- �Q�;�`���M�B�+�x�2�M�B�� �x�ˆ�Q�Š�Q�M�Q���+�B �/�`�x�2�r �U�;�ˆ� �#�Q�F�Q���É�- �K�B�M�B�K���H�M�2 �`�Q�x�K�B���`�v �H�B���+�B�V �Q�`���xm�i�`�v �U�B�K

�K�M�B�2�D�b�x�v�- �i�v�K �r�B� �F�b�x�� �/�2�F�Q�`�`�2�H���+�D�� �/�`�x�2�r �B �x�r�v�F�H�2 �H�2�T�b�x�� �;�2�M�2�`���H�B�x���+�D���V�X �q �T�`�x�2�+�B�r�B�2�–�b�i�r�B�2

�/�Q �T�Q�D�2�/�v�M�+�x�2�;�Q �/�`�x�2�r���- �T�`�x�v�+�B�M���M�B�2 �i�v�T�m �+�Q�b�i���+�Q�K�T�H�2�t�B�i�v �x�r�v�F�H�2 �M�B�2 �D�2�b�i �F�Q�M�B�2�+�x�M�2

�U�#���;�;�B�M�; �Y �H�Q�b�Q�r�Q���É �+�2�+�? �T�2�ˆ�M�B�² �`�Q�H� �`�2�;�m�H���`�v�x���+�D�B�V�X

�q�v�M�B�F�B

�L�� �`�Q�x�T���i�`�v�r���M�v�+�? �i�2�b�i���+�? �K���i�2�`�B���ˆ�Q�r�v�+�?�_���M�/�Q�K�6�Q�`�2�b�i�_�2�;�`�2�b�b�Q�`�/���r���ˆ �T�`�x�2�r�B�/�v�@

�r���M�B�� �b�i���#�B�H�M�B�2�D�b�x�2 �Q�/ �T�Q�D�2�/�v�M�+�x�2�;�Q �/�`�x�2�r���, �m���`�2�/�M�B�2�M�B�2 �r�B�2�H�m �#���x �r�v�;�ˆ���/�x�� �b�+�?�Q�/�F�Q�r�Q���É

�B �Q�#�M�B�Š�� �r���`�B���M�+�D� �- �T�Q�`�X�`�v�b�X�j�X�d�X �6�m�M�F�+�D�� �`�2�;�`�2�b�D�B �T�Q�x�Q�b�i���D�2 �D�2�/�M���F �b�m�K�² �7�m�M�F�+�D�B �b�F�Q�F�Q�r�v�+�?�-

�r�B� �+ �F�`�x�v�r�2 �M���T�`� �Š�2�M�B�2���r�v�/�ˆ�m�Š�2�M�B�2 �K���D�² �H�Q�F���H�M�2 �x���ˆ���K���M�B���- �� �2�F�b�i�`���T�Q�H���+�D�� �T�Q�x�� �x���F�`�2�b

�i�`�2�M�B�M�;�Q�r�v �D�2�b�i �M�B�2�K�Q�Š�H�B�r���X �S�`�x�v �K���ˆ�v�+�? �x�#�B�Q�`���+�? �B �#���`�/�x�Q �;�ˆ� �#�Q�F�B�+�? �/�`�x�2�r���+�? �K�Q�Š�H�B�r�2

�D�2�b�i �H�2�F�F�B�2 �T�`�x�2�m�+�x�2�M�B�2�- �+�?�Q�É �K�M�B�2�D �M���b�B�H�Q�M�2 �M�B�Š �r �T�Q�D�2�/�v�M�+�x�v�K �/�`�x�2�r�B�2�X

�w���H�2�i�v�,

� �M�B�b�F�� �r���`�B���M�+�D�� �T�`�x�2�r�B�/�v�r���– �r�x�;�H� �/�2�K

�T�Q�D�2�/�v�M�+�x�2�;�Q �/�`�x�2�r�� �/�x�B� �F�B �#���;�;�B�M�;�Q�r�B

�B �H�Q�b�Q�r�Q���+�B �+�2�+�?�-

� �Q�/�T�Q�`�M�Q���É �M�� �r���`�i�Q���+�B �Q�/�b�i���D�²�+�2�-

� �M���i�m�`���H�M�� �Q�#�b�ˆ�m�;�� �r�v�D���+�B�� �r�B�2�H�Q�r�v�K�B���`�Q�@

�r�2�;�Q�-

� �r�#�m�/�Q�r���M�v �K�2�+�?���M�B�x�K �Q�+�2�M�v �r�T�ˆ�v�r�m

�+�2�+�?�X

�P�;�`���M�B�+�x�2�M�B���,

� �M�B�2�+�B�²�;�ˆ�Q���É �7�m�M�F�+�D�B �`�2�;�`�2�b�D�B�-

� �M�B�2�K�Q�Š�H�B�r�� �2�F�b�i�`���T�Q�H���+�D���-

� �T�Q�;�Q�`�b�x�2�M�B�2 �/�x�B���ˆ���M�B�� �r �r�B�2�H�m �r�v�K�B���@

�`���+�?�-

� �K�M�B�2�D�b�x�� �B�M�i�2�`�T�`�2�i�Q�r���H�M�Q���É �;�H�Q�#���H�M��

�r�x�;�H� �/�2�K �T�Q�D�2�/�v�M�+�x�2�;�Q �/�`�x�2�r���-

� �r�v�b�Q�F�B �F�Q�b�x�i �Q�#�H�B�+�x�2�– �`�Q�b�M�²�+�v �r�`���x

�x �H�B�+�x�#�² �B �;�ˆ� �#�Q�F�Q���+�B�² �/�`�x�2�r�X

�w���F�`�2�b �r���`�i�Q���+�B �i�2�b�i�Q�r���M�v�+�? �T���`���K�2�i�`�¦�r �B �r�v�#�¦�` �Q�T�i�v�K���H�M�v�+�? �x �M�B�+�? �x���K�B�2�b�x�+�x�Q�M�Q

�r �i���#�X�j�X�8�X
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�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�h���#�2�H�� �j�X�8�X�a�i�`�Q�D�2�M�B�2 �?�B�T�2�`�T���`���K�2�i�`�¦�r�_���M�/�Q�K�6�Q�`�2�b�i�_�2�;�`�2�b�b�Q�`�r �:�`�B�/�a�2���`�+�?�*�o�X �S�Q�;�`�m�#�B�2�@
�M�B�2�K �r�v�`�¦�Š�M�B�Q�M�Q �r���`�i�Q���+�B �Q�T�i�v�K���H�M�2�X

�S���`���K�2�i�` �P�T�B�b �w���F�`�2�b �r���`�i�Q���+�B

�M�n�2�b�i�B�K���i�Q�`�b �H�B�+�x�#�� �/�`�x�2�r �r �H�2�b�B�2f 100; 300; 600; 1000g

�+�`�B�i�2�`�B�Q�M �F�`�v�i�2�`�B�m�K �T�Q�/�x�B���ˆ�m

�r �/�`�x�2�r���+�?

�&�b�[�m���`�2�/�n�2�`�`�Q�`�-

�7�`�B�2�/�K���M�n�K�b�2�'

�K���t�n�/�2�T�i�? �K���F�b�X �;�ˆ� �#�Q�F�Q���É �/�`�x�2�rf �L�Q�M�2; 8; 12; 20g

�K�B�M�n�b���K�T�H�2�b�n�b�T�H�B�i�K�B�M�X �T�`�¦�#�2�F �/�Q �T�Q�/�x�B���ˆ�mf 2; 5; 10g

�K�B�M�n�b���K�T�H�2�b�n�H�2���7�K�B�M�X �T�`�¦�#�2�F �r �H�B���+�B�mf 1; 2; 5g

�K���t�n�7�2���i�m�`�2�b �H�B�+�x�#�� �+�2�+�? �T�`�x�v �T�Q�/�x�B���H�2 �&�b�[�`�i�-�H�Q�;�k�-0:5�-�L�Q�M�2�'

�#�Q�Q�i�b�i�`���T �H�Q�b�Q�r���M�B�2 �x�2 �x�r�`���+���M�B�2�K �&�h�`�m�2�-�6���H�b�2�'

�Q�Q�#�n�b�+�Q�`�2 �2�b�i�v�K���+�D�� �#�ˆ� �/�m �P�P�" �&�6���H�b�2�-�h�`�m�2�'

�K�B�M�n�B�K�T�m�`�B�i�v�n�/�2�+�`�2���b�2�K�B�M�X �b�T���/�2�F �M�B�2�+�x�v�b�i�Q���+�Bf 0; 10� 7; 10� 5g

�U���V�C�2�/�M�Q�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2�U�#�V�.�r�m�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2�U�+�V�*�x�v�b�i�2 ���+�B�M���M�B�2

�_�v�b�m�M�2�F �j�X�d�X�q�v�F�`�2�b�vS11 �r�x�;�H� �/�2�K �r�v�/�ˆ�m�Š�2�M�B��� 1�, �T�`�2�/�v�F�+�D�2�_���M�/�Q�K�6�Q�`�2�b�i�_�2�;�`�2�b�b�Q�`�x�2
�b�i�`�Q�D�2�M�B�2�K �r�; �i���#�X�j�X�8�M�� �i�H�2 �/���M�v�+�? �2�F�b�T�2�`�v�K�2�M�i���H�M�v�+�? �h�`�2�H�Q���`��

�j�X�9�X�8�X �G�B�M�B�Q�r�� �`�2�;�`�2�b�D��

�_�2�;�`�2�b�D�� �H�B�M�B�Q�r�� �D�2�b�i �D�2�/�M�² �x �M���D�r���Š�M�B�2�D�b�x�v�+�? �B �M���D�b�x�2�`�x�2�D �b�i�Q�b�Q�r���M�v�+�? �K�2�i�Q�/ �b�i���i�v�b�i�v�+�x�@

�M�v�+�? �Q�`���x �F�H���b�v�+�x�M�v�+�? �K�2�i�Q�/ �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q �r ���M���H�B�x�B�2 �/���M�v�+�?�X �C�2�D �x���b�i�Q�b�Q�r���M�B��

�b�² �b�x�2�`�Q�F�B�2�, �Q�/ �2�F�Q�M�Q�K�B�B �B �B�M�Š�v�M�B�2�`�B�B �T�Q �K�2�/�v�+�v�M� �+�x�v �M���m�F�B �b�T�Q�ˆ�2�+�x�M�2�- �+�Q �/�Q�r�Q�/�x�B �D�2�D

�r�b�x�2�+�?�b�i�`�Q�M�M�Q���+�B �B �T�`�x�v�/���i�M�Q���+�B �r �T�`���F�i�v�+�2 �#���/���r�+�x�2�D�X �_�2�;�`�2�b�D�� �H�B�M�B�Q�r�� �b�i���M�Q�r�B �T�Q�/�b�i���r� 

�r�B�2�H�m �#���`�/�x�B�2�D �x�����r���M�b�Q�r���M�v�+�? ���H�;�Q�`�v�i�K�¦�r �r �m�+�x�2�M�B�m �K���b�x�v�M�Q�r�v�K�- �i�v�K �b���K�v�K �K�Q�Š�M��

�D�² �r�v�`�¦�Š�M�B�É �D���F�Q �D�2�/�M�Q �x �B�b�i�Q�i�M�v�+�? �M���`�x� �/�x�B �r �b�x�i�m�+�x�M�2�D �B�M�i�2�H�B�;�2�M�+�D�B�X
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�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�6�Q�`�K���H�M�2 �M���r�B�²�x���M�B�2 �/�Q �F�Q�M�+�2�T�+�D�B �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �T�`�x�v�T�B�b�m�D�2 �b�B� �6�`���M�+�B�b�Q�r�B �:���H�i�Q�M�Q�r�B�-

�F�i�¦�`�v �r �s�A�s �r�B�2�F�m�- �#���/���D�²�+ �x�r�B�²�x�2�F �r�x�`�Q�b�i�m �`�Q�/�x�B�+�¦�r �B �B�+�? �/�x�B�2�+�B�- �x�r�`�¦�+�B�ˆ �m�r���;� �M��

�x�D���r�B�b�F�Q �ò�`�2�;�`�2�b�D�B �/�Q ���`�2�/�M�B�2�D�ô �(�j�R�)�X �C�2�;�Q �#���/���M�B�� �r �x���F�`�2�b�B�2 ���M�i�`�Q�T�Q�K�2�i�`�B�B �b�i���ˆ�v �b�B� 

�T�Q�/�b�i���r�² �/�Q �Q�T�`���+�Q�r���M�B�� �K�2�i�Q�/ �`�2�;�`�2�b�D�B�- �� �i�2�`�K�B�M �ò�`�2�;�`�2�b�D���ô �x�Q�b�i���ˆ �x���T�Q�Š�v�+�x�Q�M�v �Q�/ �i�2�;�Q

�x�D���r�B�b�F���X �.���H�b�x�2�;�Q �`�Q�x�r�Q�D�m �i�v�+�? �T�Q�D� �É �K���i�2�K���i�v�+�x�M�v�+�? �/�Q�F�Q�M���ˆ �E���`�H �S�2���`�b�Q�M�- �F�i�¦�`�v

�T�Q�/���ˆ �7�Q�`�K���H�M�² �/�2�}�M�B�+�D� �r�b�T�¦�ˆ�+�x�v�M�M�B�F�� �F�Q�`�2�H���+�D�B �B �b�F�Q�M�F�`�2�i�v�x�Q�r���ˆ �K�Q�/�2�H �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D

�r �`���K���+�? �b�i���i�v�b�i�v�F�B �K���i�2�K���i�v�+�x�M�2�D �(�j�k�)�X

�*�2�H�2�K ���M���H�B�x�v �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �D�2�b�i �b�i�r�Q�`�x�2�M�B�2 �K�Q�/�2�H�m �Q�T�B�b�m�D�²�+�2�;�Q �T�Q�i�2�M�+�D���H�M�² �H�B�M�B�Q�r�²

�x���H�2�Š�M�Q���É �K�B� �/�x�v �x�K�B�2�M�M�v�K�B �Q�#�D�����M�B���M�v�K�B �� �x�K�B�2�M�M�v�K�B �Q�#�D�����M�B���D�²�+�v�K�B�- �T�Q�`�X �U�j�X�R�V�,

f W ;b(x) = b+ W > x; W 2 Rd� m ; b2 Rm ; �U�j�X�j�3�V

�;�/�x�B�2W �D�2�b�i �K���+�B�2�`�x�² �r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�r�- ��b �r�2�F�i�Q�`�2�K �r�v�`���x�¦�r �r�Q�H�M�v�+�?�(�k�R�)�X

�S���`���K�2�i�`�v �K�Q�/�2�H�m �Q�F�`�2���H���K�v �M�� �T�Q�/�b�i���r�B�2 �x�#�B�Q�`�m �i�`�2�M�B�M�;�Q�r�2�;�Q�- �T�Q�b�x�m�F�m�D�²�+ �i���F�B�+�?

�r���`�i�Q���+�B �r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�r �K���+�B�2�`�x�vW �Q�`���xb�- �F�i�¦�`�2 �b�T�`���r�B���D�²�- �Š�2 �r�v�x�M���+�x�Q�M�2 �?�B�T�2�`�T�ˆ���b�x�@

�+�x�v�x�M�v �U�T�Q �D�2�/�M�2�D �M�� �F���Š�/�² �b�F�ˆ���/�Q�r�² �x�K�B�2�M�M�2�D �Q�#�D�����M�B���M�2�D�V �M���D�H�2�T�B�2�D ���T�`�Q�F�b�v�K�m�D�² �D�2�D

�r���`�i�Q���+�B�X �L���D�+�x� ���+�B�2�D �T�`�Q�#�H�2�K �i�2�M �`�Q�x�r�B�²�x�m�D�2�K�v�- �r�v�F�Q�`�x�v�b�i�m�D�²�+ �b�m�K� �F�r���/�`���i�¦�r �#�ˆ� �/�¦�r

�U���M�;�X� �̀2�b�B�/�m���H �b�m�K �Q�7 �b�[�m��� �̀2�b�V �D���F�Q �K�B���`� �/�Q�T���b�Q�r���M�B�� �K�Q�/�2�H�m�- �r�v�`���Š�Q�M�² �r�x�Q�`�2�K�,

RSS(W; b) =
nX

i =1






 y(i ) � f W ;b(x(i ))








2

2
: �U�j�X�j�N�V

�q �i���F�B�K �T�`�x�v�T���/�F�m �K�2�i�Q�/�� �M���D�K�M�B�2�D�b�x�v�+�? �F�r���/�`���i�¦�r �U�J�L�E�- ���M�;�X�H�2���b�i �b�[�m��� �̀2�b�V �T�Q�H�2�;��

�M�� �r�v�x�M���+�x�2�M�B�m�,

(Ŵ ; b̂) = arg min
W ; b

RSS(W; b): �U�j�X�9�y�V

�q�v�M�B�F�B

�G�B�M�B�Q�r�� �`�2�;�`�2�b�D�� �Q�F���x���ˆ�� �b�B� �M���D�H�2�T�b�x�² �x �F�H���b�v�+�x�M�v�+�? �K�2�i�Q�/ �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q �/�Q

�K�Q�/�2�H�Q�r���M�B�� �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q�X �C�2�D �;�ˆ�¦�r�M�v�K ���i�m�i�2�K �D�2�b�i �T�`�Q�b�i�Q�i���- �K�Q�Š�H�B�r�Q���É �b�i�r�Q�`�x�2�@

�M�B�� �7�m�M�F�+�D�B �`�2�;�`�2�b�v�D�M�2�D �B �K�Q�Š�H�B�r�Q���É �#�m�/�Q�r���M�B�� �r�v�`���Š�2�– ���H�;�2�#�`���B�+�x�M�v�+�? �D���F�Q �x�K�B�2�M�M�v�+�?

�r�2�D���+�B�Q�r�v�+�? �� �D���F �T�`�x�2�/�b�i���r�B�Q�M�Q �r �i���#�X�j�X�e�Q�T�i�v�K���H�M�v �b�i�Q�T�B�2�– �r�B�2�H�Q�K�B���M�m �r�v�M�B�¦�b�ˆ �j�X

�q �i�v�K �F�Q�M�i�2�F���+�B�2 �r �/���H�b�x�2�D �+�x� ���+�B �T�`���+�v �M���T�`�x�2�K�B�2�M�M�B�2 �m�Š�v�r���M�Q �i�2�`�K�B�M�¦�r�, �#���x�� �r�v�`���Š�2�–

���H�;�2�#�`���B�+�x�M�v�+�?�- �#���x�� �+�2�+�?�- �#���x�� �7�m�M�F�+�v�D�M���- �7�m�M�F�+�D�2 �#���x�Q�r�2 �+�x�v �K���+�B�2�`�x�v �+�2�+�?�X �.�x�B� �F�B �i�2�K�m

�x���#�B�2�;�Q�r�B �K�Q�Š�2�K�v �K�Q�/�2�H�Q�r���É �M�B�2�H�B�M�B�Q�r�2 �x���H�2�Š�M�Q���+�B �T�`�x�v �x���+�?�Q�r���M�B�m �H�B�M�B�Q�r�Q���+�B �r�x�;�H� �@

�9�9



�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�/�2�K �#���x�v �7�m�M�F�+�v�D�M�2�D�X �J�Q�/�2�H �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �x�Q�b�i���ˆ �r�x�#�Q�;���+�Q�M�v �Q �r�v�K���;���M�B�� �K�2�+�?���M�B�F�B

�Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�? �x�2�b�i���r�B�Q�M�2 �r �`�Q�x�/�x�B���H�2�8�X�3�Q�`���x �`�2�;�m�H���`�v�x���+�D� �B �x �i�v�K�B �m�r�x�;�H� �/�M�B�2�M�B���K�B

�x�Q�b�i���ˆ �`�Q�x�r�B�M�B� �i�v �r �`�Q�x�/�x�B���H�2�e�X �q�v�M�B�F�B �T�`�2�/�v�F�+�D�B �T�`�x�2�/�b�i���r�B�Q�M�Q �M�� �`�v�b�X�j�X�3�X �l�x�v�b�F���M��

�7�m�M�F�+�D�� �`�2�;�`�2�b�D�B �D�2�b�i �+�B�²�;�ˆ�� �B �K�Q�M�Q�i�Q�M�B�+�x�M�B�2 �`�Q�b�M�²�+�� �Q�`���x �x�/�Q�H�M�� �/�Q �2�F�b�i�`���T�Q�H���+�D�B�X �q�B�/�Q�+�x�M�²

�M�B�2�/�Q�+�B�²�;�M�B� �+�B�2�K �D�2�b�i �#�`���F �x���ˆ�Q�Š�2�M�B�� �x�2�`�Q�r���M�B�� �b�B� �b�F�ˆ���/�Q�r�v�+�? �M���T�`� �Š�2�– �r �F�Q�M�}�;�m�`���M�+�D�B

�`�2�7�2�`�2�M�+�v�D�M�2�D�- �F�i�¦�`�2 �ˆ���i�r�Q �K�Q�;�ˆ�Q�#�v �#�v�É �T�Q�T�`���r�B�Q�M�2 �T�`�x�2�x �Q�T�+�D� �7�B�i�n�B�M�i�2�`�+�2�T�i �4 �6���H�b�2�-

�D�2�/�M���F �M�� �i�v�K �2�i���T�B�2 �+�2�H�Q�r�Q �i�Q �T�Q�K�B�M�B� �i�Q�- �`�2�x�2�`�r�m�D�²�+ �r�T�`�Q�r���/�x�2�M�B�2 �Q�;�`���M�B�+�x�2�– �}�x�v�+�x�M�v�+�?

�/�Q �`�Q�x�/�x�B���ˆ�m�e�X

�w���H�2�i�v�,

� �ˆ���i�r�� �r �B�K�T�H�2�K�2�M�i���+�D�B �B �B�M�i�2�`�T�`�2�i���+�D�B�-

� �;�H�Q�#���H�M�� �B�M�i�2�`�T�`�2�i�Q�r���H�M�Q���É �@ �Q�i�`�x�v�K�m�@

�D�2�K�v �x�2�b�i���r �T���`���K�2�i�`�¦�r �Q�/�T�Q�r�B���/���D�²�@

�+�v�K �B�K �7�m�M�F�+�D�Q�K �r�2�D���+�B�Q�r�v�K�-

� �K�Q�Š�H�B�r�Q���É �2�F�b�i�`���T�Q�H���+�D�B�-

� �M���i�m�`���H�M�� �Q�#�b�ˆ�m�;�� �r�v�D���+�B�� �r�B�2�H�Q�r�v�K�B���`�Q�@

�r�2�;�Q�-

� �M�B�b�F�B �F�Q�b�x�i �Q�#�H�B�+�x�2�M�B�Q�r�v�X

�P�;�`���M�B�+�x�2�M�B���,

� �H�B�M�B�Q�r�Q���É �T���`���K�2�i�`�¦�r �r�x�;�H� �/�2�K �#���x�v

�7�m�M�F�+�v�D�M�2�D�-

� �D���F�Q���É �K�Q�/�2�H�m �x���H�2�Š�M�� �Q�/ �r�v�#�Q�`�m �#���x�v

�7�m�M�F�+�v�D�M�2�D�-

� �r�`���Š�H�B�r�Q���É �M�� �r���`�i�Q���+�B �Q�/�b�i���D�²�+�2�-

� �r�`���Š�H�B�r�Q���É �M�� �r�b�T�¦�ˆ�H�B�M�B�Q�r�Q���É �x�K�B�2�M�M�v�+�?�X

�h�2�b�i�Q�r���M�2 �?�B�T�2�`�T���`���K�2�i�`�v �B �B�+�? �r���`�i�Q���+�B �Q�T�i�v�K���H�M�2 �x�2�b�i���r�B�Q�M�Q �r �i���#�X�j�X�e�X

�h���#�2�H�� �j�X�e�X�a�i�`�Q�D�2�M�B�2 �?�B�T�2�`�T���`���K�2�i�`�¦�r �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �r�:�`�B�/�a�2���`�+�?�*�o�X �S�Q�;�`�m�#�B�2�M�B�2�K �r�v�`�¦�Š�@
�M�B�Q�M�Q �r���`�i�Q���+�B �Q�T�i�v�K���H�M�2�X

�S���`���K�2�i�` �P�T�B�b �w���F�`�2�b �r���`�i�Q���+�B

�T�Q�H�v�n�n�/�2�;�`�2�2 �b�i�Q�T�B�2�– �r�B�2�H�Q�K�B���M�m �+�2�+�?f 1; 2; 3; 4g

�T�Q�H�v�n�n�B�M�+�H�m�/�2�n�#�B���b�+�x�ˆ�Q�M �b�i���ˆ�v �r �2�F�b�T���M�b�D�B

�r�B�2�H�Q�K�B���M�Q�r�2�D

�&�h�`�m�2�-�6���H�b�2�'

�7�B�i�n�B�M�i�2�`�+�2�T�i �r�v�`���x �r�Q�H�M�v �K�Q�/�2�H�m �&�h�`�m�2�-�6���H�b�2�'

�T�Q�b�B�i�B�p�2 �r�v�K�m�b�x�2�M�B�2 �M�B�2�m�D�2�K�M�Q���+�B

�r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�r

�&�h�`�m�2�-�6���H�b�2�'
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�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�U���V�C�2�/�M�Q�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2�U�#�V�.�r�m�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2�U�+�V�*�x�v�b�i�2 ���+�B�M���M�B�2

�_�v�b�m�M�2�F �j�X�3�X�q�v�F�`�2�b�vS11 �r�x�;�H� �/�2�K �r�v�/�ˆ�m�Š�2�M�B��� 1�, �T�`�2�/�v�F�+�D�2�G�B�M�2���`�_�2�;�`�2�b�b�B�Q�M�x�2 �b�i�`�Q�D�2�M�B�2�K
�r�; �i���#�X�j�X�e�M�� �i�H�2 �/���M�v�+�? �2�F�b�T�2�`�v�K�2�M�i���H�M�v�+�? �h�`�2�H�Q���`��

�j�X�9�X�e�X �q�2�`�b�D�Q�M�Q�r���M�B�2 �T�`�Q�D�2�F�i�m

�q�2�`�b�D�Q�M�Q�r���M�B�2 �D�2�b�i �F�H�m�+�x�Q�r�v�K ���b�T�2�F�i�2�K �x���`�x�²�/�x���M�B�� �T�`�Q�D�2�F�i���K�B �m�+�x�2�M�B�� �K���b�x�v�M�Q�@

�r�2�;�Q�- �m�K�Q�Š�H�B�r�B���D�²�+�v�K ���H�2�/�x�2�M�B�2 �x�K�B���M �r �K�Q�/�2�H���+�?�- �x�2�b�i���r���+�? �/���M�v�+�? �B ���`�+�?�B�i�2�F�i�m�`���+�?�X

�S�`�x�v�D� �+�B�2 �b�T�¦�D�M�2�D �F�Q�M�r�2�M�+�D�B �r�2�`�b�D�Q�M�Q�r���M�B�� �m�ˆ���i�r�B�� �m�i�`�x�v�K���M�B�2 �F�Q�/�m�- �x���T�2�r�M�B�� �+�x�v�i�2�H�M�Q���É

�B �T�`�x�2�D�`�x�v�b�i�Q���É�- �T�`���+�v �� �i���F�Š�2 �T�Q�x�r���H�� �x�`�Q�x�m�K�B�2�É �x���F�`�2�b �r�T�`�Q�r���/�x���M�v�+�? ���F�i�m���H�B�x���+�D�B�X

�q �i�v�K �`�Q�x�/�x�B���H�2 �T�`�x�2�/�b�i���r�B�K�v �b�i���M�/���`�/�Q�r�v �b�+�?�2�K���i �r�2�`�b�D�Q�M�Q�r���M�B�� �Q�T���`�i�v �M�� �F�Q�M�r�2�M�+�D�B

�K���D�Q�`�X�K�B�M�Q�`�X�T���i�+�?�X�#�m�B�H�/�- �T�Q�+�x�²�r�b�x�v �Q�/ �r�2�`�b�D�B �R�X�y�X�y�X�y�X

�J���D�Q�` �@ �x�M���+�x�²�+�2 �x�K�B���M�v

���F�i�m���H�B�x���+�D�2 �r�2�`�b�D�B �T�Q�/�b�i���r�Q�r�2�D �b�² �x���`�2�x�2�`�r�Q�r���M�2 �/�H�� �B�b�i�Q�i�M�v�+�? �x�K�B���M�- �F�i�¦�`�2 �K�Q�;�²

�K�B�2�É �r�T�ˆ�v�r �M�� �F�Q�K�T���i�v�#�B�H�M�Q���É �Q�`���x �T�Q�/�b�i���r�Q�r�² �7�m�M�F�+�D�Q�M���H�M�Q���É �K�Q�/�2�H�m�X �S�`�x�v�F�ˆ���/�v �x�K�B���M�-

�F�i�¦�`�2 �m�x���b���/�M�B���D�² ���F�i�m���H�B�x���+�D� �r�2�`�b�D�B �T�Q�/�b�i���r�Q�r�2�D �Q�#�2�D�K�m�D�²�,

� �K�Q�/�v�}�F���+�D�2 �x�2�b�i���r�m �/���M�v�+�?�@ �T�`�x�2�D���+�B�2 �M�� �+���ˆ�F�Q�r�B�+�B�2 �B�M�M�v �x�2�b�i���r �/���M�v�+�?�- �F�i�¦�`�v

�K�Q�Š�2 �r�v�K���;���É �/�Q�b�i�Q�b�Q�r���M�B�� �r�b�i� �T�M�2�;�Q �T�`�x�2�i�r���`�x���M�B�� �/���M�v�+�? �B �x�M���+�x�²�+�Q �r�T�ˆ�v�M�²�É �M��

�r�v�/���D�M�Q���É �K�Q�/�2�H�m�-

� �x�K�B���M� �x���/���M�B���@ �x�K�B���M�� �;�ˆ�¦�r�M�2�;�Q �+�2�H�m �K�Q�/�2�H�m�- �M�T�X �T�`�x�2�D���+�B�2 �Q�/ �x���/���M�B�� �`�2�;�`�2�b�D�B �/�Q

�x���/���M�B�� �F�H���b�v�}�F���+�D�B�X

�J�B�M�Q�` �@ �m�H�2�T�b�x�2�M�B�� �7�m�M�F�+�D�Q�M���H�M�2

���F�i�m���H�B�x���+�D�2 �r�2�`�b�D�B �/�`�m�;�Q�`�x� �/�M�2�D �r�T�`�Q�r���/�x���D�² �m�H�2�T�b�x�2�M�B�� �H�m�# �`�Q�x�b�x�2�`�x�2�M�B���- �F�i�¦�`�2 �/�Q�/���D�²

�M�Q�r�2 �K�Q�Š�H�B�r�Q���+�B �#�2�x �x�K�B���M�v �T�Q�/�b�i���r�Q�r�2�D �7�m�M�F�+�D�Q�M���H�M�Q���+�B �K�Q�/�2�H�m�X �S�`�x�v�F�ˆ���/�v �Q�#�2�D�K�m�D�²�,
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�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

� �x�K�B���M� �i�v�T�m ���`�+�?�B�i�2�F�i�m�`�v�@ �r�/�`�Q�Š�2�M�B�2 �B�M�M�2�D ���`�+�?�B�i�2�F�i�m�`�v �K�Q�/�2�H�m �r �+�2�H�m �T�Q�T�`���r�v

�r�v�/���D�M�Q���+�B �H�m�# �2�7�2�F�i�v�r�M�Q���+�B �M�T�X �T�`�x�2�D���+�B�2 �x �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �M�� �b�B�2�É �M�2�m�`�Q�M�Q�r�²�X

�S���i�+�? �� �F�Q�M�b�2�`�r���+�D�� �B �Q�T�i�v�K���H�B�x���+�D�2

�S�`�x�v�`�Q�b�i�v �r�2�`�b�D�B �T�Q�T�`���r�2�F �Q�#�2�D�K�m�D�² �/�`�Q�#�M�2 �T�Q�T�`���r�F�B�- �Q�T�i�v�K���H�B�x���+�D�2 �B �m�H�2�T�b�x�2�M�B���- �F�i�¦�`�2

�M�B�2 �K���D�² �x�M���+�x�²�+�2�;�Q �r�T�ˆ�v�r�m �M�� �7�m�M�F�+�D�Q�M���H�M�Q���É �K�Q�/�2�H�m�X �S�`�x�v�F�ˆ���/�v �Q�#�2�D�K�m�D�²�,

� �/�Q�b�i�Q�b�Q�r���M�B�2 ���`�+�?�B�i�2�F�i�m�`�v�@ �r�T�`�Q�r���/�x���M�B�2 �M�B�2�r�B�2�H�F�B�+�? �K�Q�/�v�}�F���+�D�B �/�Q �B�b�i�M�B�2�D�²�+�2�D

���`�+�?�B�i�2�F�i�m�`�v �r �+�2�H�m �x�r�B� �F�b�x�2�M�B�� �r�v�/���D�M�Q���+�B �H�m�# �b�i���#�B�H�M�Q���+�B �M�T�X �x�K�B���M�� �x �`�2�;�`�2�b�D�B �_�B�/�;�2

�M�� �`�2�;�`�2�b�D� �G���b�b�Q �r �+�2�H�m �T�Q�T�`���r�v �b�2�H�2�F�+�D�B �+�2�+�? �B �K�Q�Š�H�B�r�Q���+�B �B�M�i�2�`�T�`�2�i���+�D�B �K�Q�/�2�H�m�-

� �T�Q�T�`���r�F�B �#�ˆ� �/�¦�r�@ �`�Q�x�r�B�²�x�v�r���M�B�2 �T�`�Q�#�H�2�K�¦�r �r �F�Q�/�x�B�2 �H�m�# �T�`�Q�+�2�b�B�2 �m�+�x�2�M�B�� �r �+�2�H�m

�x���T�2�r�M�B�2�M�B�� �T�`���r�B�/�ˆ�Q�r�2�;�Q �/�x�B���ˆ���M�B�� �K�Q�/�2�H�m�X

�"�m�B�H�/ �@ �x�K�B���M�v �F�Q�M�}�;�m�`���+�D�B �B �?�B�T�2�`�T���`���K�2�i�`�¦�r

�S�`�x�v�`�Q�b�i�v �r�2�`�b�D�B �F�Q�K�T�B�H���+�D�B �Q�/�M�Q�b�x�² �b�B� �/�Q �x�K�B���M �r �F�Q�M�}�;�m�`���+�D�B �K�Q�/�2�H�m�- �;�ˆ�¦�r�M�B�2

�Q�#�2�D�K�m�D�²�+�v�+�? �?�B�T�2�`�T���`���K�2�i�`�v�- �F�i�¦�`�2 �r�T�ˆ�v�r���D�² �M�� �D�2�;�Q �r�v�/���D�M�Q���É �#�2�x �x�K�B���M�v �D�2�;�Q �b�i�`�m�F�i�m�`�v�X

�S�`�x�v�F�ˆ���/�v �Q�#�2�D�K�m�D�²�,

� �/�Q�b�i�`���D���M�B�2 �?�B�T�2�`�T���`���K�2�i�`�¦�r�@ �/�Q�b�i�Q�b�Q�r�v�r���M�B�2 �T���`���K�2�i�`�¦�r�- �i���F�B�+�? �D���F �M�T�X �r�B�2�H�F�Q���É

�F�`�Q�F�m �m�+�x�2�M�B���- �H�B�+�x�#�� �r���`�b�i�r �r �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D �+�x�v �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B �`�2�;�m�H���`�v�x���+�D�B�- �+�x�v

�x�K�B���M�� ���H�;�Q�`�v�i�K�¦�r �Q�T�i�v�K���H�B�x���+�D�B �r �+�2�H�m �Q�b�B�²�;�M�B� �+�B�� �H�2�T�b�x�2�D �x�#�B�2�Š�M�Q���+�B�X

�P�T�B�b���M�v �b�+�?�2�K���i �r�2�`�b�D�Q�M�Q�r���M�B�� �x�Q�b�i���M�B�2 �T�`���F�i�v�+�x�M�B�2 �x���b�i�Q�b�Q�r���M�v �r �`�Q�x�/�x�B���H�2�e�- �r �F�i�¦�@

�`�v�K �`�Q�x�r�B�M�B� �i�Q �/�r�� �K�Q�/�2�H�2 �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q �� �H�B�M�B�Q�r�² �`�2�;�`�2�b�D� �Q�`���x �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2 ��

�b�ˆ�m�Š�²�+�2 �x���`�¦�r�M�Q �/�Q �r�v�x�M���+�x���M�B�� �T���`���K�2�i�`�¦�r �F�H���b�v�+�x�M�v�+�? �K�Q�/�2�H�B �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�@

�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �U�C�1�a�V�- �D���F �B �/�Q �Q�/�F�`�v�r���M�B�� �M�Q�r�v�+�? �T�Q�b�i���+�B �i�v�+�? �7�m�M�F�+�D�B�X �P�#�� �K�Q�/�2�H�2 �#�v�ˆ�v

�i�2�b�i�Q�r���M�2 �B�i�2�`���+�v�D�M�B�2�- �m�r�x�;�H� �/�M�B���ˆ�v �r�B�2�H�2 �F�H���b�v�+�x�M�v�+�? �K�Q�/�2�H�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �r �`�¦�Š�M�v�+�?

�F�Q�M�}�;�m�`���+�D���+�? ���`�+�?�B�i�2�F�i�m�`�X �q �x�r�B�²�x�F�m �x �i�v�K �T�`�x�v�D� �i�� �F�Q�M�r�2�M�+�D���K���D�Q�`�X�K�B�M�Q�`�X�T���i�+�?�X�#�m�B�H�/

�r�2�`�b�D�Q�M�Q�r���M�B�� �T�`�Q�D�2�F�i�m �x���T�2�r�M�B�� �x�/�Q�H�M�Q���É �/�Q ���H�2�/�x�2�M�B�� �F�Q�H�2�D�M�v�+�? �2�i���T�¦�r �`�Q�x�r�Q�D�m �K�Q�/�2�H�B

�B �B�/�2�M�i�v�}�F�Q�r���É �x���F�`�2�b �r�T�`�Q�r���/�x�Q�M�2�D �x�K�B���M�v�X

�j�X�8�X �S�Q�/�b�m�K�Q�r���M�B�2

�S�`�x�2�i�2�b�i�Q�r���M�Q �ˆ�²�+�x�M�B�2 �R�j ���H�;�Q�`�v�i�K�¦�r �F�H���b�v�+�x�M�2�;�Q �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q�- �x �F�i�¦�`�v�+�?

�Š���/�2�M �M�B�2 �b�T�2�ˆ�M�B�ˆ �r���`�m�M�F�¦�r �K�Q�/�2�H�Q�r���M�B�� �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q�X �C���F �m�/�Q�r�Q�/�M�B�Q�M�Q �r �`�Q�x�/�x�B���H�2�e

�M�B�2 �D�2�b�i �i�Q �K�Q�Š�H�B�r�2 �#�2�x �r�B�2�/�x�v �F�B�2�`�m�M�F�Q�r�2�D�X �S�Q�M���/�i�Q �i�v�T�Q�r�2 �/�H�� �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q
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�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�K�2�i�`�v�F�B �U�_�J�a�1�-R2�V �M�B�2 �m�r�x�;�H� �/�M�B���D�² �b�T�2�ˆ�M�B�2�M�B�� �r�B� �x�¦�r �}�x�v�+�x�M�v�+�? �B �F�Q�M�B�2�+�x�M�Q���+�B �2�F�b�@

�i�`���T�Q�H���+�D�B�- �+�Q �r�b�F���x�m�D�2 �M�� �F�B�2�`�m�M�2�F �/���H�b�x�v�+�? �#���/���– �r �i�2�D �T�ˆ���b�x�+�x�v�†�M�B�2�X �A�M�i�2�`�2�b�m�D�²�+�v�K

�T�Q�/�2�D���+�B�2�K �#�v�ˆ�Q�#�v �T�Q�x�Q�b�i���r�B�2�M�B�2 �D�2�/�M�2�D �T�`�¦�#�v �r�v�i�`�x�v�K���ˆ�Q���+�B�Q�r�2�D �r �x�#�B�Q�`�x�2 �i�2�b�i�Q�r�v�K

�B �r�v�x�M���+�x�2�M�B�2 �T���`���K�2�i�`�¦�r �M�� �T�Q�x�Q�b�i���ˆ�v�+�?�X �q �T�`�x�v�T���/�F�m �/���M�v�+�? �h�`�2�H�Q���`�� �(�j�j�) �B�K�T�H�B�F�m�D�2

�i�Q �m�i�`���i� 1
3 �/���M�v�+�?�X �q �T�`���F�i�v�+�2 �2�F�b�T�2�`�v�K�2�M�i���H�M�2�D �`�x���/�F�Q �/�v�b�T�Q�M�m�D�2�K�v �r�B� �F�b�x�² �B�H�Q���+�B�²

�i�2�b�i�¦�r �B �+�?�+�2�K�v �x �M�B�+�? �m�x�v�b�F���É �D���F �M���D�r�B� �+�2�D �B�M�7�Q�`�K���+�D�B �� �B�K �r�B� �+�2�D �i�2�b�i�¦�r �r�v�i�`�x�v�K���ˆ�Q�@

���+�B�Q�r�v�+�? �m�r�x�;�H� �/�M�B�K�v�- �i�v�K ���T�`�Q�F�b�v�K���+�D�� �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �#� �/�x�B�2

�T�2�ˆ�M�B�2�D�b�x���X �w �T�m�M�F�i�m �r�B�/�x�2�M�B�� �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q �i���F�� �b�i�`���i�� �D�2�b�i �`�¦�r�M�B�2�Š �#���`�/�x�Q �/�m�Š��

�U�i�v�T�Q�r�Q �M�� �x�#�B�¦�` �i�2�b�i�Q�r�v �`�2�x�2�`�r�m�D�2 �b�B� �R�y�@�k�y�W �/���M�v�+�?�V�X �q�Q�#�2�+ �T�Q�r�v�Š�b�x�2�;�Q�- �r �M�B�M�B�2�D�b�x�2�D

�T�`���+�v �x���M�B�2�+�?���M�Q �i���F�B�2�;�Q �T�Q�/�x�B���ˆ�m �B �b�F�m�T�B�Q�M�Q �b�B� �M�� �D���F �M���D�H�2�T�b�x�2�D ���T�`�Q�F�b�v�K���+�D�B �T�`�x�v

�r�v�F�Q�`�x�v�b�i���M�B�m �r�b�x�v�b�i�F�B�+�? �/�Q�b�i� �T�M�v�+�? �T�`�¦�# �r�v�i�`�x�v�K���ˆ�Q���+�B�Q�r�v�+�?�X

�w�2�b�i���r�B�2�M�B�2 �K�2�i�`�v�F �M�� �x�#�B�Q�`�x�2 �i�2�b�i�Q�r�v�K �T�`�x�2�/�b�i���r�B�Q�M�Q �r �i���#�2�H�B�j�X�d�- �� �T�2�ˆ�M�v �F�Q�/

�†�`�¦�/�ˆ�Q�r�v �B �r�v�M�B�F�B �/�Q�b�i� �T�M�2 �b�² �r �`�2�T�Q�x�v�i�Q�`�B�m�K�?�i�i�T�b�,�f�f�;�B�i�?�m�#�X�+�Q�K�f�J�B�2�+�x�K�B�F�f�2�H���b�i�Q

�K�2�`�@�`�2�;�`�2�b�b�B�Q�M�X �E�Q�K�T�H�2�i�M�v �T�`�x�2�r�Q�/�M�B�F �x���b�i�Q�b�Q�r���M�B�� �`�Q�x�T���i�`�v�r���M�v�+�? �K�2�i�Q�/ �/�Q �x���/���–

�F�H���b�v�}�F���+�D�B �/�Q�b�i� �T�M�v �D�2�b�i �T�Q�/ ���/�`�2�b�2�K�?�i�i�T�b�,�f�f�;�B�i�?�m�#�X�+�Q�K�f�J�B�2�+�x�K�B�F�f�i�B�i���M�B�+�@�F���;�;�H

�2�@�+�Q�K�T�2�i�B�i�B�Q�M�X

�w�2 �r�b�x�v�b�i�F�B�+�? �b�T�`���r�/�x�Q�M�v�+�? �K�2�i�Q�/ �M���D�H�2�T�b�x�v�K�B �K�2�i�Q�/���K�B �/�Q �K�Q�/�2�H�Q�r���M�B�� �x�r�B�²�x�F�¦�r

�F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �b�² �`�2�;�`�2�b�D�� �H�B�M�B�Q�r�� �B �`�2�;�`�2�b�Q�` �K���b�x�v�M�v �r�2�F�i�Q�`�¦�r �M�Q���M�v�+�?

�x �D�²�/�`�2�K �H�B�M�B�Q�r�v�K �U�G�B�M�2���`�a�o�_�V�- �F�i�¦�`�2 �;�2�M�2�`�m�D�² �+�B�²�;�ˆ�2 �7�m�M�F�+�D�2 �`�2�;�`�2�b�D�B�- �b�² �x�/�Q�H�M�2 �/�Q

�2�F�b�i�`���T�Q�H���+�D�B �B �/���D�² �b�B� �B�M�i�2�`�T�`�2�i�Q�r���É�X �*�Q �T�`���r�/�� �M���D�H�2�T�b�x�2 �K�2�i�`�v�F�B �Q�b�B�²�;�M�²�ˆ ���H�;�Q�`�v�i�K

�K���b�x�v�M�v �r�2�F�i�Q�`�¦�r �M�Q���M�v�+�? �x �D�²�/�`�2�K �r�B�2�H�Q�K�B���M�Q�r�v�K�- ���H�2 �D�2�;�Q �;�H�Q�#���H�M�� �B�M�i�2�`�T�`�2�i���+�D��

�D�2�b�i �M�B�2�K�Q�Š�H�B�r���X �.�`�m�;�B�2 �K�B�2�D�b�+�2 �x���D� �ˆ�� �b�B�2�É �M�2�m�`�Q�M�Q�r���J�G�S�_�2�;�`�2�b�b�Q�`�- �F�i�¦�`�2�D �T�Q�/�b�i���r�Q�K

�i�2�Q�`�2�i�v�+�x�M�v�K �T�Q���r�B� �+�Q�M�Q �`�Q�x�/�x�B���ˆ�9�- �� �D�2�D �r�v�F�Q�`�x�v�b�i���M�B�m �r �K�Q�/�2�H�Q�r���M�B�m �F�Q�M�b�i�v�i�m�i�v�r�M�v�K

�`�Q�x�/�x�B���ˆ�v�e�B�3�X �L���D�b�ˆ���#�b�x�2 �r�v�M�B�F�B �Q�b�B�²�;�M� �ˆ�v ���H�;�Q�`�v�i�K�v �/�`�x�2�r�B���b�i�2 �U�T�Q�`�X �i���#�X�j�X�R�V�- �F�i�¦�`�2

�M�B�2 �T�Q�`���/�x�B�ˆ�v �b�Q�#�B�2 �x �B�M�i�2�`�T�Q�H���+�D�² �r���`�i�Q���+�B �x�2 �x�#�B�Q�`�m �i�`�2�M�B�M�;�Q�r�2�;�Q �M�� �i�2�b�i�Q�r�v�X
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�l�+�x�2�M�B�2 �K���b�x�v�M�Q�r�2

�h���#�2�H�� �j�X�d�X�S�Q�`�¦�r�M���M�B�2 �K�2�i�Q�/ �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q �M�� �x�#�B�Q�`�x�2 �i�2�b�i�Q�r�v�K

�J�Q�/�2�H �_�J�a�1 �J�a�1 �J���1 R2

�a�o�_ �y�X�y�e�d�9 �y�X�y�y�9�8 �y�X�y�9�d�y �y�X�N�N�3�R

�J�G�S�_�2�;�`�2�b�b�Q�` �y�X�y�3�N�d �y�X�y�y�3�y �y�X�y�e�9�R �y�X�N�N�e�d

�E�L�2�B�;�?�#�Q�`�b�_�2�;�`�2�b�b�Q�` �y�X�R�R�3�R �y�X�y�R�j�N �y�X�R�y�R�3 �y�X�N�N�9�j

�:�`���/�B�2�M�i�"�Q�Q�b�i�B�M�;�_�2�;�`�2�b�b�Q�`�y�X�R�j�k�R �y�X�y�R�d�9 �y�X�R�y�8�k �y�X�N�N�k�N

�G�B�M�2���`�_�2�;�`�2�b�b�B�Q�M �y�X�R�j�e�y �y�X�y�R�3�8 �y�X�R�R�k�k �y�X�N�N�k�9

�o�Q�i�B�M�;�_�2�;�`�2�b�b�Q�` �y�X�R�9�9�y �y�X�y�k�y�d �y�X�R�y�d�k �y�X�N�N�R�8

�G�B�M�2���`�a�o�_ �y�X�R�8�N�k �y�X�y�k�8�9 �y�X�R�R�k�d �y�X�N�3�N�e

�_���M�/�Q�K�6�Q�`�2�b�i�_�2�;�`�2�b�b�Q�`�y�X�R�N�8�d �y�X�y�j�3�j �y�X�R�9�3�9 �y�X�N�3�9�j

�s�:�"�_�2�;�`�2�b�b�Q�` �y�X�k�j�9�N �y�X�y�8�8�k �y�X�R�N�k�y �y�X�N�d�d�8

�"���;�;�B�M�;�_�2�;�`�2�b�b�Q�` �y�X�j�e�y�8 �y�X�R�k�N�N �y�X�k�d�y�3 �y�X�N�9�e�N

�1�t�i�`���h�`�2�2�_�2�;�`�2�b�b�Q�` �y�X�9�R�k�3 �y�X�R�d�y�9 �y�X�j�k�9�8 �y�X�N�j�y�9

�.�2�+�B�b�B�Q�M�h�`�2�2�_�2�;�`�2�b�b�Q�`�y�X�9�8�e�e �y�X�k�y�3�8 �y�X�j�j�j�k �y�X�N�R�9�3

���/���"�Q�Q�b�i�_�2�;�`�2�b�b�Q�` �y�X�9�d�R�y �y�X�k�k�R�3 �y�X�j�8�y�e �y�X�N�y�N�j
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�9�X �a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�9�X�R�X �q�b�i� �T

�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �#�v�r���D�² �T�Q�b�i�`�x�2�;���M�2 �D���F�Q �M���`�x� �/�x�B�2 �b�F�Q�K�T�H�B�F�Q�r���M�2 �B �i�`�m�/�M�Q �/�Q�b�i� �T�M�2�-

�i�v�K�+�x���b�2�K �B�+�? �F�Q�M�b�i�`�m�F�+�D�� �Q�T�B�2�`�� �b�B� �M�� �F�B�H�F�m �T�`�Q�b�i�v�+�?�- �r�B�2�H�Q�F�`�Q�i�M�B�2 �T�Q�r�i���`�x���M�v�+�? �Q�T�2�`���@

�+�D���+�?�X �S�Q�D�2�/�v�M�+�x�v �2�H�2�K�2�M�i �b�B�2�+�B �r�v�F�Q�M�m�D�2 �D�2�/�v�M�B�2 �r���Š�Q�M�² �b�m�K� �b�r�Q�B�+�? �r�2�D���É �B �r�v�x�M���+�x��

�r���`�i�Q���É �T�`�Q�b�i�2�D �7�m�M�F�+�D�B�X �w�/�Q�H�M�Q���É �/�Q �Q�/�r�x�Q�`�Q�r�v�r���M�B�� �x�ˆ�Q�Š�Q�M�v�+�? �x���H�2�Š�M�Q���+�B �#�B�2�`�x�2 �b�B� 

�/�Q�T�B�2�`�Q �x �x�2�b�i���r�B�2�M�B�� �r�B�2�H�m �i���F�B�+�? �2�H�2�K�2�M�i�¦�r �Q�`���x �x �/�Q�#�Q�`�m �B�+�? �T���`���K�2�i�`�¦�r �M�� �T�Q�/�b�i���r�B�2

�/���M�v�+�?�X �*�2�H�2�K �M�B�M�B�2�D�b�x�2�;�Q �`�Q�x�/�x�B���ˆ�m �D�2�b�i �T�`�x�2�/�b�i���r�B�2�M�B�2 �i�v�+�? �T�Q�/�b�i���r �r �b�T�Q�b�¦�# �T�`�x�v�b�i� �T�M�v

�`�¦�r�M�B�2�Š �/�H�� �+�x�v�i�2�H�M�B�F�� �M�B�2�x���x�M���D�Q�K�B�Q�M�2�;�Q �x �m�+�x�2�M�B�2�K �K���b�x�v�M�Q�r�v�K�- �i���F ���#�v �/�x�B���ˆ���M�B�2 �b�B�2�+�B

�r�v�F�Q�`�x�v�b�i�v�r���M�v�+�? �r �/���H�b�x�2�D �+�x� ���+�B �T�`���+�v �#�v�ˆ�Q �/�H�� �M�B�2�;�Q �x�`�Q�x�m�K�B���ˆ�2�X

�q�v�r�¦�/ �T�`�Q�r���/�x�Q�M�v �D�2�b�i �Q�/ �M���D�T�`�Q�b�i�b�x�2�D �D�2�/�M�Q�b�i�F�B �/�Q �F�Q�K�T�H�2�i�M�2�D �T�`�Q�+�2�/�m�`�v �m�+�x�2�M�B�� �(�R�)�-

�(�j�9�)�- �(�j�8�)�X �_�Q�x�T�Q�+�x�v�M�� �b�B� �Q�/ �T�Q�D�2�/�v�M�+�x�2�;�Q �M�2�m�`�Q�M�m�- �+�x�v�H�B �T�2�`�+�2�T�i�`�Q�M�m �U�T�Q�/�`�Q�x�/�x�B���ˆ�9�X�k�V�-

�M���b�i� �T�M�B�2 �Q�K���r�B�� �D�2�;�Q �`�Q�x�b�x�2�`�x�2�M�B�2 �/�Q �b�B�2�+�B �r�B�2�H�Q�r���`�b�i�r�Q�r�2�D �U�T�Q�/�`�Q�x�/�x�B���ˆ�9�X�9�V�- �7�m�M�F�+�D�2

���F�i�v�r���+�D�B �Q�`���x �B�M�B�+�D���H�B�x���+�D� �r���; �U�T�Q�/�`�Q�x�/�x�B���ˆ�9�X�j�V�- �� �F�Q�–�+�x�v �M�� �T�`�Q�+�2�/�m�`�x�2 �i�`�2�M�Q�r���M�B�� �b�B�2�+�B

�r�`���x �x �i�2�+�?�M�B�F���K�B �r�b�T�Q�K���;���D�²�+�v�K�B �D�2�D �x�#�B�2�Š�M�Q���É �U�T�Q�/�`�Q�x�/�x�B���ˆ�9�X�8�V�X

�9�X�k�X �S�2�`�+�2�T�i�`�Q�M

�S�Q�D�2�/�v�M�+�x�v �M�2�m�`�Q�M�- �x�r���M�v �T�2�`�+�2�T�i�`�Q�M�2�K�- �b�i���M�Q�r�B �M���D�T�`�Q�b�i�b�x�² �D�2�/�M�Q�b�i�F� �Q�#�H�B�+�x�2�M�B�Q�r�²

�b�x�i�m�+�x�M�2�D �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D�X �A�/�2�� �b�B� �;�� �T�`���+�v �_�Q�b�2�M�#�H���i�i�� �x �R�N�8�3 �`�X�(�j�e�)�- �r �F�i�¦�`�2�D �x���T�`�Q�T�Q�@

�M�Q�r���M�Q �K�Q�/�2�H �B�M�b�T�B�`�Q�r���M�v �/�x�B���ˆ���M�B�2�K �F�Q�K�¦�`�F�B �M�2�`�r�Q�r�2�D�, �M�� �T�Q�/�b�i���r�B�2 �F�B�H�F�m �b�v�;�M���ˆ�¦�r

�r�2�D���+�B�Q�r�v�+�? �D�2�/�M�Q�b�i�F�� �;�2�M�2�`�m�D�2 �T�Q�D�2�/�v�M�+�x�² �r���`�i�Q���É �r�v�D���+�B�Q�r�²�- �`�2�;�m�H�m�D�²�+ �b�B�ˆ� �Q�/�T�Q�r�B�2�/�x�B

�T�`�x�2�x �r���;�B �T�`�x�v�T�B�b���M�2 �T�Q�b�x�+�x�2�;�¦�H�M�v�K �r�2�D���+�B�Q�K �Q�`���x �T�`�x�2�x �7�m�M�F�+�D� ���F�i�v�r���+�D�B �`�Q�x�b�i�`�x�v�;���D�²�+�²�-

�+�x�v �T�`�¦�; �T�Q�#�m�/�x�2�M�B�� �x�Q�b�i���ˆ �T�`�x�2�F�`�Q�+�x�Q�M�v�X

�L�B�2�+�?x = ( x1; x2; : : : ; xn )T �Q�x�M���+�x�� �r�2�F�i�Q�` �r�2�D���+�B�Q�r�v �x���r�B�2�`���D�²�+�vn �b�F���H���`�M�v�+�? �b�v�;�M���@

�ˆ�¦�r�X �S�Q�D�2�/�v�M�+�x�2�K�m �M�2�m�`�Q�M�Q�r�B �T�`�x�v�T�Q�`�x�²�/�F�Q�r�m�D�2 �b�B� �r�2�F�i�Q�` �r���;w = ( w1; w2; : : : ; wn)T

�Q�`���x �b�F���H���`�M�v �r�v�`���x �r�Q�H�M�vb�- �M���x�v�r���M�v �Q�#�+�B�²�Š�2�M�B�2�K �U���M�;�X�#�B���b�V�X �.�x�B���ˆ���M�B�2 �M�2�m�`�Q�M�m �`�Q�x�@

�F�ˆ���/�� �b�B� �M�� �/�r�� �2�i���T�v�X �L���D�T�B�2�`�r �r�v�x�M���+�x�� �b�B� �F�Q�K�#�B�M���+�D� �H�B�M�B�Q�r�² �r�2�D���É �T�Q�r�B� �F�b�x�Q�M�²

�Q �Q�#�+�B�²�Š�2�M�B�2�,

z = wT x + b; �U�9�X�R�V
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�� �M���b�i� �T�M�B�2 �/�Q �i���F �Q�i�`�x�v�K���M�2�D �r���`�i�Q���+�B �b�i�Q�b�m�D�2 �b�B� �M�B�2�H�B�M�B�Q�r�² �7�m�M�F�+�D� ���F�i�v�r���+�D�B� : R ! R�,

ŷ = � (z) = �
�
wT x + b

�
: �U�9�X�k�V

�q���`�i�Q���É̂y �b�i���M�Q�r�B �b�F���H���`�M�2 �r�v�D���+�B�2 �M�2�m�`�Q�M�m�X �a�+�?�2�K���i �/�x�B���ˆ���M�B�� �T�Q�D�2�/�v�M�+�x�2�D �D�2�/�M�Q�b�i�F�B

�T�`�x�2�/�b�i���r�B�Q�M�Q �M�� �`�v�b�m�M�F�m�9�X�R�X

1

x1

x2

�X�X�X

xm

P
� (�) �Q�m�i�T�m�i

b

w1

w2

wm

z

�_�v�b�m�M�2�F �9�X�R�X�a�+�?�2�K���i �T�Q�D�2�/�v�M�+�x�2�;�Q �T�2�`�+�2�T�i�`�Q�M�m

�E�Q�M�b�i�`�m�F�+�D�� �i�� �m�Q�;�¦�H�M�B�� �b�B� �r �M���i�m�`���H�M�v �b�T�Q�b�¦�# �M�� �r���`�b�i�r� �x���r�B�2�`���D�²�+�² �r�B�2�H�2 �M�2�m�`�Q�M�¦�r

�Q�T�2�`�m�D�²�+�v�+�? �M�� �i�v�K �b���K�v�K �r�2�F�i�Q�`�x�2 �r�2�D���+�B�Q�r�v�K�X �C�2�Š�2�H�B �r���`�b�i�r�� �x���r�B�2�`��m �D�2�/�M�Q�b�i�2�F�-

�B�+�? �r���;�B �x�2�b�i���r�B�� �b�B� �r �K���+�B�2�`�xW 2 Rn� m �- �F�i�¦�`�2�D �F�Q�H�2�D�M�2 �F�Q�H�m�K�M�v �Q�/�T�Q�r�B���/���D�² �F�Q�H�2�D�M�v�K

�M�2�m�`�Q�M�Q�K�- �� �r�v�`���x�v �r�Q�H�M�2 �r �r�2�F�i�Q�`b2 Rm �X �q�v�D���+�B�2 �r���`�b�i�r�v �b�i���M�Q�r�B �r�¦�r�+�x���b �r�2�F�i�Q�`ŷ 2

Rm �,

ŷ = �
�
W T x + b

�
; �U�9�X�j�V

�T�`�x�v �+�x�v�K �7�m�M�F�+�D� ���F�i�v�r���+�D�B �b�i�Q�b�m�D�2 �b�B� �b�F�ˆ���/�Q�r�Q�- �M�B�2�x���H�2�Š�M�B�2 �/�Q �F���Š�/�2�D �r�b�T�¦�ˆ�`�x� �/�M�2�D�X

�h���F�� �r���`�b�i�r���- �r �F�i�¦�`�2�D �F���Š�/�v �x �M�2�m�`�Q�M�¦�r �T�Q�ˆ�²�+�x�Q�M�v �D�2�b�i �x�2 �r�b�x�v�b�i�F�B�K�B �r�2�D���+�B���K�B�- �M�Q�b�B

�M���x�r� �r���`�b�i�r�v �r �T�2�ˆ�M�B �T�Q�ˆ�²�+�x�Q�M�2�D �U���M�;�X�7�m�H�H�v �+�Q�M�M�2�+�i�2�/�H�m�#�/�2�M�b�2�V�X

�E�H�m�+�x�Q�r�v�K �2�H�2�K�2�M�i�2�K �F�Q�M�b�i�`�m�F�+�D�B �T�2�`�+�2�T�i�`�Q�M�m �D�2�b�i �Q�#�2�+�M�Q���É �7�m�M�F�+�D�B ���F�i�v�r���+�D�B� �X �"�2�x

�M�B�2�D�- �i�x�M�X �T�`�x�v� (z) = z�- �x�ˆ�Q�Š�2�M�B�2 �F�Q�H�2�D�M�v�+�? �r���`�b�i�r �`�2�/�m�F�Q�r���ˆ�Q�#�v �b�B� �/�Q �T�Q�D�2�/�v�M�+�x�2�D �i�`���M�b�@

�7�Q�`�K���+�D�B �H�B�M�B�Q�r�2�D�- �M�B�2�x���H�2�Š�M�B�2 �Q�/ �B�+�? �H�B�+�x�#�v�X �E���Š�/�� �7�m�M�F�+�D�� �+���ˆ�2�D �b�B�2�+�B �#�v�ˆ���#�v �r�i�2�/�v �T�Q�b�i���+�B

W T x + b�- �� �K�Q�/�2�H �M�B�2 �r�v�F�`���+�x���ˆ�#�v �T�Q�x�� �F�H���b� �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D�X �.�Q�T�B�2�`�Q �r�T�`�Q�r���/�x�2�M�B�2

�M�B�2�H�B�M�B�Q�r�Q���+�B �r �F���Š�/�2�D �r���`�b�i�r�B�2 �T�Q�x�r���H�� �b�B�2�+�B ���T�`�Q�F�b�v�K�Q�r���É �b�x�2�`�Q�F�B�2 �F�H���b�v �7�m�M�F�+�D�B �+�B�²�;�ˆ�v�+�?�X

�a�x�+�x�2�;�¦�ˆ�Q�r�2 �Q�K�¦�r�B�2�M�B�2 �7�m�M�F�+�D�B ���F�i�v�r���+�D�B�- �B�+�? �r�ˆ���b�M�Q���+�B �Q�`���x �r�T�ˆ�v�r�m �M�� �x���+�?�Q�r���M�B�2 �b�B�2�+�B

�b�i���M�Q�r�B �T�`�x�2�/�K�B�Q�i �T�Q�/�`�Q�x�/�x�B���ˆ�m�9�X�j�X
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�9�X�j�X �6�m�M�F�+�D�2 ���F�i�v�r���+�D�B �B �B�M�B�+�D���H�B�x���+�D�� �r���;

�E���Š�/�� �D�2�/�M�Q�b�i�F�� �H�B�M�B�Q�r�� �r �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D �x���F�Q�–�+�x�Q�M�� �D�2�b�i �7�m�M�F�+�D�² ���F�i�v�r���+�D�B�- �F�i�¦�@

�`�2�D �x���/���M�B�2�K �D�2�b�i �r�b�T�Q�K���;���M�B�2 �T�`�Q�+�2�b�m �m�+�x�2�M�B�� �K�X�B�M�X �T�`�x�2�x �r�v�;���b�x���M�B�2 �B �r�x�K���+�M�B���M�B�2

�b�v�;�M���ˆ�¦�r�X

� 4 � 2 2 4

0:5

1

z

� �b�B�;(z)

�U���V�7�m�M�F�+�D�� �b�B�;�K�Q�B�/���H�M��

� 4 � 2 2 4

� 1

1

z

tanh(z)

�U�#�V�i���M�;�2�M�b �?�B�T�2�`�#�Q�H�B�+�x�M�v

� 4 � 2 2 4

2

4

z

ReLU(z)

�U�+�V�7�m�M�F�+�D�� �_�2�G�l

�_�v�b�m�M�2�F �9�X�k�X�a�i���M�/���`�/�Q�r�2 �7�m�M�F�+�D�2 ���F�i�v�r���+�D�B �b�i�Q�b�Q�r���M�2 �r �b�B�2�+�B���+�? �M�2�m�`�Q�M�Q�r�v�+�?

�>�B�b�i�Q�`�v�+�x�M�B�2 �M���D�r�+�x�2���M�B�2�D �b�i�Q�b�Q�r���M�Q �7�m�M�F�+�D� �b�B�;�K�Q�B�/���H�M�² �(�R�)�,

� �b�B�;(z) =
1

1 + e� z
2 (0; 1): �U�9�X�9�V

�S�Q�F�`�2�r�M�² �7�m�M�F�+�D�² �D�2�b�i �i���M�;�2�M�b �?�B�T�2�`�#�Q�H�B�+�x�M�v�,

tanh(z) =
ez � e� z

ez + e� z
2 (� 1; 1) �U�9�X�8�V

�Q �r���`�i�Q���+�B���+�? �r�v�+�2�M�i�`�Q�r���M�v�+�? �r�Q�F�¦�ˆ �x�2�`���X �6�m�M�F�+�D�2�U�9�X�8�V�B�U�9�X�9�V�r�v�T�ˆ���b�x�+�x���D�² �b�B� ���b�v�K�T�i�Q�@

�i�v�+�x�M�B�2 �/�H�� �/�m�Š�v�+�? �+�Q �/�Q �K�Q�/�m�ˆ�m ���`�;�m�K�2�M�i�¦�r�- �/�H�� �F�i�¦�`�v�+�? �B�+�? �T�Q�+�?�Q�/�M�2 �/�²�Š�² �/�Q �x�2�`���X �S�`�x�v

�x�ˆ�Q�Š�2�M�B�m �r�B�2�H�m �r���`�b�i�r �T�`�Q�r���/�x�B �i�Q �/�Q �T�`�Q�#�H�2�K�m �x���M�B�F���D�²�+�v�+�? �;�`���/�B�2�M�i�¦�r �U���M�;�X�p���M�B�b�?�B�M�;

�;� �̀��/�B�2�M�i�b �(�R�)�V�, �b�v�;�M���ˆ �T�`�Q�T���;�Q�r���M�v �r�b�i�2�+�x �T�`�x�2�x �F�Q�H�2�D�M�2 �r���`�b�i�r�v �x�Q�b�i���D�2 �r�B�2�H�Q�F�`�Q�i�M�B�2

�T�`�x�2�K�M�Q�Š�Q�M�v �T�`�x�2�x �r���`�i�Q���+�B �#�H�B�b�F�B�2 �x�2�`�� �B �r�v�F�ˆ���/�M�B�+�x�Q �x���M�B�F���- �m�M�B�2�K�Q�Š�H�B�r�B���D�²�+ ���F�i�m���H�B�x���+�D� 

�r���; �r �r���`�b�i�r���+�? �M���D�;�ˆ� �#�b�x�v�+�?�X �h���M�;�2�M�b �?�B�T�2�`�#�Q�H�B�+�x�M�v �D�2�b�i �M���D�b�B�H�M�B�2�D �M�B�2�H�B�M�B�Q�r�v �r �Q�F�Q�H�B�+���+�?

�x�2�`�� �U�`�v�b�m�M�2�F�9�X�k�V�- �+�Q �b�i���M�Q�r�B �7�m�M�/���K�2�M�i���H�M�² �F�Q�M�b�2�F�r�2�M�+�D� �T�`���F�i�v�+�x�M�² �/�H�� �b�B�2�+�B �Q�K���r�B���@

�M�v�+�? �r �`�Q�x�/�x�B���ˆ���+�?�d�B�3�, ���`�;�m�K�2�M�i�v �7�m�M�F�+�D�Btanh �K�m�b�x�² �x���r�B�2�`���É �b�B� �r �Q�#�b�x���`�x�2 ���F�i�v�r�M�v�K

�U�`�x� �/�m �D�2�/�M�Q���+�B�V�- �r �T�`�x�2�+�B�r�M�v�K �`���x�B�2 �M�2�m�`�Q�M�v �T�`���+�m�D�² �r �Q�#�b�x���`�x�2 �r�v�T�ˆ���b�x�+�x�2�M�B���- �;�/�x�B�2

�`�¦�r�M�B�2�Š �r�v�b�i� �T�m�D�2 �x���M�B�F���M�B�2 �;�`���/�B�2�M�i�¦�r�X �q�v�K���;���M�B�2 �i�Q �b�i���M�Q�r�B �#�2�x�T�Q���`�2�/�M�B�² �K�Q�i�v�r���+�D� 

�/�H�� �M�Q�`�K���H�B�x���+�D�B �x�K�B�2�M�M�v�+�? �r�2�D���+�B�Q�r�v�+�?�- �Q�T�B�b���M�2�D �r �T�Q�/�`�Q�x�/�x�B���H�2�9�X�8�X�8�X

�8�k



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�L���D�T�Q�T�m�H���`�M�B�2�D�b�x�² �7�m�M�F�+�D�² ���F�i�v�r���+�D�B �r �F�H���b�v�+�x�M�v�+�? �x���b�i�Q�b�Q�r���M�B���+�? �D�2�b�i �D�2�/�M�Q�b�i�F��

�H�B�M�B�Q�r�� �x �T�`�Q�;�Q�r���M�B�2�K �U���M�;�X� �̀2�+�i�B�}�2�/ �H�B�M�2���` �m�M�B�i�- �_�2�G�l �(�j�d�)�V�,

ReLU(z) = max(0 ; z): �U�9�X�e�V

�C�2�b�i �Q�M�� �T�`�Q�b�i�b�x�� �B �b�x�v�#�b�x�� �Q�#�H�B�+�x�2�M�B�Q�r�Q �M�B�Š �7�m�M�F�+�D�2 �M���b�v�+�Q�M�2�- �� �b�B�2�+�B �xReLU �x�r�v�F�H�2

�x�#�B�2�;���D�² �b�x�v�#�+�B�2�D�X �q���/�² �D�2�b�i �M���i�Q�K�B���b�i �T�`�Q�#�H�2�K �K���`�i�r�v�+�? �M�2�m�`�Q�M�¦�r �� �D�2�/�M�Q�b�i�F���- �F�i�¦�`�2�D

�r�2�D���+�B�2 �b�i���H�2 �T�`�x�v�D�K�m�D�2 �r���`�i�Q���+�B �m�D�2�K�M�2�- �;�2�M�2�`�m�D�2 �M�� �r�v�D���+�B�m �x�2�`�Q�- �� �;�`���/�B�2�M�i �r�x�;�H� �/�2�K �D�2�D

�r���; �i���F�Š�2 �x�M�B�F���X �q �Q�/�T�Q�r�B�2�/�x�B �M�� �i�Q �Q�;�`���M�B�+�x�2�M�B�2 �x���T�`�Q�T�Q�M�Q�r���M�Q �r���`�B���M�i�v �x���+�?�Q�r�m�D�²�+�2

�M�B�2�x�2�`�Q�r�2 �M���+�?�v�H�2�M�B�2 �r �Q�#�b�x���`�x�2 �m�D�2�K�M�v�K �U�G�2���F�v �_�2�G�l�- �S�_�2�G�l�- �1�G�l�V�X �q �M�B�M�B�2�D�b�x�2�D

�T�`���+�vReLU ���M�B �D�2�D �K�Q�/�v�}�F���+�D�2 �M�B�2 �b�² �r�v�F�Q�`�x�v�b�i�v�r���M�2�X �q �b�B�2�+�B���+�? �S�A�L�L �F�Q�M�B�2�+�x�M�2 �D�2�b�i

�Q�#�H�B�+�x���M�B�2 �r�v�Š�b�x�v�+�? �T�Q�+�?�Q�/�M�v�+�? �r�v�D���+�B�� �r�x�;�H� �/�2�K �r�2�D���É�- �+�Q �r�v�K���;�� �;�ˆ���/�F�B�+�? �7�m�M�F�+�D�B

���F�i�v�r���+�D�B�- �b�i�²�/ �r�v�#�¦�` �7�m�M�F�+�D�Btanh�X

�a�T�Q�b�¦�# �H�Q�b�Q�r���M�B�� �r���; �b�i���`�i�Q�r�v�+�? �B�b�i�Q�i�M�B�2 �r�T�ˆ�v�r�� �M�� �x�#�B�2�Š�M�Q���É �i�`�2�M�B�M�;�m�X �:�H�Q�`�Q�i

�B �"�2�M�;�B�Q �(�j�3�) �r�v�F���x���H�B�- �Š�2 �B�M�B�+�D���H�B�x���+�D�� �x �`�Q�x�F�ˆ���/�m �Q �b�i���ˆ�2�D �r���`�B���M�+�D�B �T�`�Q�r���/�x�B �/�Q �x���M�B�F���M�B��

�H�m�# �2�F�b�T�H�Q�/�Q�r���M�B�� �;�`���/�B�2�M�i�¦�r �r �;�ˆ� �#�Q�F�B�+�? �b�B�2�+�B���+�?�- �� �x���T�`�Q�T�Q�M�Q�r���M�� �T�`�x�2�x �M�B�+�? �K�2�i�Q�/��

�/�Q�#�B�2�`�� �r���`�B���M�+�D� �r���; �i���F�- �#�v �r���`�B���M�+�D�� �b�v�;�M���ˆ�m �Q�`���x �;�`���/�B�2�M�i�m �#�v�ˆ�� �x���+�?�Q�r���M�� �T�Q�K�B� �/�x�v

�r���`�b�i�r���K�B�X ���#�v �x�`�Q�x�m�K�B�2�É�- �b�F�²�/ �#�B�Q�`�² �b�B� �F�Q�M�F�`�2�i�M�2 �r���`�i�Q���+�B�- �r���`�i�Q �T�`�x�2���H�2�/�x�B�É �T�`�Q�T���@

�;���+�D� �r���`�B���M�+�D�B �T�`�x�2�x �T�Q�D�2�/�v�M�+�x�² �r���`�b�i�r� �H�B�M�B�Q�r�²�X �S�`�x�v �r�2�D���+�B���+�? �Q �D�2�/�M���F�Q�r�2�D �r���`�B���M�+�D�B

�B �r���;���+�? �H�Q�b�Q�r���M�v�+�? �M�B�2�x���H�2�Š�M�B�2 �x�2 ���`�2�/�M�B�² �x�2�`�Q�- �r���`�B���M�+�D�� �F���Š�/�2�D �b�F�ˆ���/�Q�r�2�D �r�v�D���+�B�� �D�2�b�i

n�B�M�@�F�`�Q�i�M�Q���+�B�² �B�H�Q�+�x�v�M�m �r���`�B���M�+�D�B �r���;�B �B �r���`�B���M�+�D�B �r�2�D���+�B���X �w���+�?�Q�r���M�B�2 �b�F���H�B �b�v�;�M���ˆ�m �r �T�`�x�¦�/

�r�v�K���;�� �x���i�2�K�- �#�vn�B�MVar(W) � 1�- �T�Q�/�+�x���b �;�/�v ���M���H�Q�;�B�+�x�M�v �r���`�m�M�2�F �/�H�� �T�`�Q�T���;�Q�r���M�2�;�Q

�r�b�i�2�+�x �;�`���/�B�2�M�i�m �/���D�2n�Q�m�iVar(W) � 1�X �P�#�m �r�v�K���;���– �M�B�2 �/�� �b�B� �b�T�2�ˆ�M�B�É �D�2�/�M�Q�+�x�2���M�B�2�-

�r�B� �+ �:�H�Q�`�Q�i �B �"�2�M�;�B�Q �T�`�x�v�D�K�m�D�² �F�Q�K�T�`�Q�K�B�b �m���`�2�/�M�B���D�²�+�v �Q�#�� �K�B���M�Q�r�M�B�F�B�,

Var(W) =
2

n�B�M+ n�Q�m�i
: �U�9�X�d�V

�q �r���`�B���M�+�B�2 �`�¦�r�M�Q�K�B�2�`�M�v�K �r���;�B �F���Š�/�2�D �r���`�b�i�r�v �Qn�B�M�r�2�D���+�B���+�? �Bn�Q�m�i�r�v�D���+�B���+�? �H�Q�b�m�D�2

�b�B� �x �`�Q�x�F�ˆ���/�m �D�2�/�M�Q�b�i���D�M�2�;�Q�,

W � U
h
�

q
6

n �B�M+ n �Q�m�i
; +

q
6

n �B�M+ n �Q�m�i

i
: �U�9�X�3�V

�8�j



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�a�i���ˆ�� �e �T�Q�/ �T�B�2�`�r�B���b�i�F�B�2�K �r�v�M�B�F�� �r�T�`�Q�b�i �x �r���`�m�M�F�m�U�9�X�d�V�X �.�H�� �`�Q�x�F�ˆ���/�m �D�2�/�M�Q�b�i���D�M�2�;�Q �M��

�T�`�x�2�/�x�B���H�2[� a; a] �r���`�B���M�+�D�� �r�v�M�Q�b�Ba2=3�- �r�B� �+ �T�`�x�v�`�¦�r�M���M�B�2a2=3 = 2=(n�B�M+ n�Q�m�i) �/���D�2

a =
q

6=(n�B�M+ n�Q�m�i)�X �A�M�B�+�D���H�B�x���+�D�� �i�� �D�2�b�i �/�Q�b�i�Q�b�Q�r���M�� �/�Q �7�m�M�F�+�D�B ���F�i�v�r���+�D�B �b�v�K�2�i�`�v�+�x�M�v�+�?

�r�x�;�H� �/�2�K �x�2�`���- �i���F�B�+�? �D���Ftanh �+�x�v �b�B�;�K�Q�B�/ �B �b�i���M�Q�r�B �b�i���M�/���`�/�Q�r�v �r�v�#�¦�` �r �b�B�2�+�B���+�?

�S�A�L�L �r�v�F�Q�`�x�v�b�i�v�r���M�v�+�? �r �T�`���+�v �� �x���`�¦�r�M�Q �r �`�Q�x�/�x�B���H�2�d�- �D���F �B �r �`�Q�x�/�x�B���H�2�3�r���;�B �b�B�2�+�B

�B�M�B�+�D���H�B�x�Q�r���M�2 �b�² �x�;�Q�/�M�B�2 �x �r���`�B���M�i�2�K�:�H�Q�`�Q�i �m�M�B�7�Q�`�K�X

�w���ˆ�Q�Š�2�M�B�2 �Q �b�v�K�2�i�`�B�B ���F�i�v�r���+�D�B �M�B�2 �D�2�b�i �D�2�/�M���F �b�T�2�ˆ�M�B�Q�M�2 �/�H�� �7�m�M�F�+�D�BReLU�- �F�i�¦�`��

�r�v�;���b�x�� �+���ˆ�² �m�D�2�K�M�² �T�Q�ˆ�Q�r� �/�x�B�2�/�x�B�M�v�X �q �2�7�2�F�+�B�2 �T�Q�ˆ�Q�r�� �M�2�m�`�Q�M�¦�r �r���`�b�i�r�v �T�`�x�2�F���x�m�D�2

�M�� �r�v�D���+�B�m �x�2�`�Q�- �� �r���`�B���M�+�D�� �b�v�;�M���ˆ�m �T�Q ���F�i�v�r���+�D�B �b�T���/�� �Q �T�Q�ˆ�Q�r� �r�x�;�H� �/�2�K �T�`�x�2�r�B�/�v�r���–

���M���H�B�x�v �H�B�M�B�Q�r�2�D�X �.�H�� �i���F�B�+�? �b�B�2�+�B �Q�T�`���+�Q�r���M�Q �Q�b�Q�#�M�v �b�+�?�2�K���i �B�M�B�+�D���H�B�x���+�D�B �>�2 �(�j�N�)�- �r �F�i�¦�`�v�K

�r���;�B �H�Q�b�m�D�2 �b�B� �x �`�Q�x�F�ˆ���/�m �M�Q�`�K���H�M�2�;�Q�- �� �r���`�B���M�+�D� �/�Q�#�B�2�`�� �b�B� �D�2�/�v�M�B�2 �M�� �T�Q�/�b�i���r�B�2 �H�B�+�x�#�v

�r�2�D���É�,

W � N
�

0;
2

n�B�M

�

: �U�9�X�N�V

�a�i���ˆ�� �k �r �H�B�+�x�M�B�F�m �F�Q�K�T�2�M�b�m�D�2 �r�v�;���b�x�2�M�B�2 �T�Q�ˆ�Q�r�v �b�v�;�M���ˆ�m �T�`�x�2�xReLU�, �;�/�v�#�v ���F�i�v�r���+�D��

�x���+�?�Q�r�v�r���ˆ�� �+���ˆ�² �/�x�B�2�/�x�B�M� �- �r�v�b�i���`�+�x�v�ˆ���#�v �r���`�B���M�+�D��1=n�B�M�- �H�2�+�x ���#�v �m�i�`�x�v�K���É �b�F���H� 

�b�v�;�M���ˆ�m�- �M���H�2�Š�v �D�² �T�Q�/�r�Q�B�É�X �S�Q�K�B�M�B� �+�B�2n�Q�m�i�Q�/�x�r�B�2�`�+�B�2�/�H�� �x �F�Q�H�2�B �M���+�B�b�F �K�2�i�Q�/�v �>�2 �M��

�x���+�?�Q�r���M�B�2 �b�F���H�B �b�v�;�M���ˆ�m �T�`�Q�T���;�Q�r���M�2�;�Q �r �T�`�x�¦�/�X

�9�X�9�X �q�B�2�H�Q�r���`�b�i�r�Q�r�v �T�2�`�+�2�T�i�`�Q�M

�S�Q�D�2�/�v�M�+�x�� �r���`�b�i�r�� �M�2�m�`�Q�M�¦�r �Q�K�¦�r�B�Q�M�� �r �`�Q�x�/�x�B���H�2�9�X�k�Q�#�H�B�+�x�� �r���Š�Q�M�² �b�m�K� �r�2�D���É

�T�Q�r�B� �F�b�x�Q�M�² �Q �Q�#�+�B�²�Š�2�M�B�2�- �� �M���b�i� �T�M�B�2 �T�Q�/���D�2 �r�v�M�B�F �T�Q �x���b�i�Q�b�Q�r���M�B�m �7�m�M�F�+�D�B ���F�i�v�r���+�D�B�X

���#�v �K�Q�/�2�H �T�Q�i�`���}�ˆ �Q�/�r�x�Q�`�Q�r�v�r���É �x���H�2�Š�M�Q���+�B �M�B�2�H�B�M�B�Q�r�2�- �r���`�b�i�r�v �i���F�B�2 �x�2�b�i���r�B�� �b�B� �D�2�/�M��

�x�� �/�`�m�;�²�- �i�x�M�X �r�v�D���+�B�2 �D�2�/�M�2�D �b�i���D�2 �b�B� �r�2�D���+�B�2�K �F�Q�H�2�D�M�2�D�X �h���F �x�#�m�/�Q�r���M�² �b�B�2�É �M���x�v�r�� �b�B� 

�r�B�2�H�Q�r���`�b�i�r�Q�r�v�K �T�2�`�+�2�T�i�`�Q�M�2�K �U���M�;�X�K�m�H�i�B�H���v�2�` �T�2� �̀+�2�T�i� �̀Q�M�- �J�G�S�V �H�m�# �b�B�2�+�B�² �D�2�/�M�Q�F�B�2�@

�`�m�M�F�Q�r�² �U���M�;�X�7�2�2�/�7�Q�`�r��� �̀/ �M�2�m� �̀��H �M�2�i�r�Q�`�F�- �6�L�L�V�X �:�/�v �F���Š�/�v �M�2�m�`�Q�M �r���`�b�i�r�v �T�Q�ˆ�²�+�x�Q�M�v

�D�2�b�i �x�2 �r�b�x�v�b�i�F�B�K�B �M�2�m�`�Q�M���K�B �r���`�b�i�r�v �T�Q�T�`�x�2�/�M�B�2�D�- �b�B�2�É �D�2�b�i �r �T�2�ˆ�M�B �T�Q�ˆ�²�+�x�Q�M�� �U���M�;�X�7�m�H�H�v

�+�Q�M�M�2�+�i�2�/ �7�2�2�/�7�Q�`�r��� �̀/ �M�2�m� �̀��H �M�2�i�r�Q�`�F�- �6�6�L�L�V�X �w���H�2�i�² �i���F�B�2�D �F�Q�M�b�i�`�m�F�+�D�B �D�2�b�i �i�Q�- �Š�2 �b�B�2�É

�b���K�Q�/�x�B�2�H�M�B�2 �#�m�/�m�D�2 �`�2�T�`�2�x�2�M�i���+�D� �/���M�v�+�? �Q�/�T�Q�r�B�2�/�M�B�² �/�H�� �`�Q�x�r�B�²�x�v�r���M�2�;�Q �T�`�Q�#�H�2�K�m�- �#�2�x

�`� �+�x�M�2�;�Q �/�Q�#�B�2�`���M�B�� �+�2�+�? �r�v�K���;���M�2�;�Q �r �F�H���b�v�+�x�M�v�+�? �K�2�i�Q�/���+�? �H�B�M�B�Q�r�v�+�? �(�R�)�X �S�`�x�v�F�ˆ���/�Q�r�²

�b�B�2�É �T�`�x�2�/�b�i���r�B�Q�M�Q �M�� �`�v�b�m�M�F�m�9�X�j�X
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

x1

x2

x3

ŷ

�B�M�T�m�i �H���v�2�` �?�B�/�/�2�M �H���v�2�`�b �Q�m�i�T�m�i �H���v�2�`

�_�v�b�m�M�2�F �9�X�j�X�a�+�?�2�K���i �r �T�2�ˆ�M�B �T�Q�ˆ�²�+�x�Q�M�2�D �b�B�2�+�B �D�2�/�M�Q�F�B�2�`�m�M�F�Q�r�2�D �6�6�L�L �x �/�r�B�2�K�� �r���`�b�i�r���K�B
�m�F�`�v�i�v�K�B

�q �b�B�2�+�B �r�v�`�¦�Š�M�B�� �b�B� �i�`�x�v �`�Q�/�x���D�2 �r���`�b�i�r�X �q���`�b�i�r�� �r�2�D���+�B�Q�r�� �U���M�;�X�B�M�T�m�i �H���v�2�`�V �M�B�2

�r�v�F�Q�M�m�D�2 �Š���/�M�v�+�? �Q�#�H�B�+�x�2�–�X �q�T�`�Q�r���/�x�� �/�Q �b�B�2�+�B �r�2�F�i�Q�` �/���M�v�+�? �Q�T�B�b�m�D�²�+�v�+�? �T�Q�D�2�/�v�M�+�x�²

�Q�#�b�2�`�r���+�D� �- �� �D�2�D �b�x�2�`�Q�F�Q���É �`�¦�r�M�� �D�2�b�i �H�B�+�x�#�B�2 �x�K�B�2�M�M�v�+�? �r�2�D���+�B�Q�r�v�+�?�X �q���`�b�i�r�v �m�F�`�v�i�2

�U���M�;�X�?�B�/�/�2�M �H���v�2�`�b�V �H�2�Š�² �T�Q�K�B� �/�x�v �r�2�D���+�B�2�K �� �r�v�D���+�B�2�K �B �F�Q�H�2�D�M�Q �T�`�x�2�i�r���`�x���D�² �b�v�;�M���ˆ�-

�#�m�/�m�D�²�+ �+�Q�`���x �#�Q�;���i�b�x�² �`�2�T�`�2�x�2�M�i���+�D� �/���M�v�+�?�X �A�+�? �H�B�+�x�#���- �M���x�v�r���M�� �;�ˆ� �#�Q�F�Q���+�B�² �b�B�2�+�B �Q�`���x

�H�B�+�x�#�� �M�2�m�`�Q�M�¦�r �r �F���Š�/�2�D �x �M�B�+�?�- �+�x�v�H�B �b�x�2�`�Q�F�Q���É�- �b�² �?�B�T�2�`�T���`���K�2�i�`���K�B �/�Q�#�B�2�`���M�v�K�B �M��

�2�i���T�B�2 �/�Q�b�i�`���D���M�B�� ���`�+�?�B�i�2�F�i�m�`�v�X �q���`�b�i�r�� �r�v�D���+�B�Q�r�� �U���M�;�X�Q�m�i�T�m�i �H���v�2�`�V �x�r�`���+�� �F�Q�–�+�Q�r�v

�r�v�M�B�F�- �T�`�x�v �+�x�v�K �D�2�D �b�x�2�`�Q�F�Q���É �B �7�m�M�F�+�D�� ���F�i�v�r���+�D�B �x���H�2�Š�² �Q�/ �`�Q�/�x���D�m �x���/���M�B���- �+�Q �Q�K�¦�r�B�Q�M�Q

�T�Q�M�B�Š�2�D�X

�L�B�2�+�? �b�B�2�É �b�F�ˆ���/�� �b�B� �xD �r���`�b�i�r �Q �b�x�2�`�Q�F�Q���+�B���+�?n0; n1; : : : ; nD �- �;�/�x�B�2n0 �D�2�b�i �r�v�K�B���`�2�K

�r�2�D���+�B���- ��nD �� �r�v�D���+�B���X �E���Š�/�2�D �r���`�b�i�r�B�2d �T�`�x�v�T�B�b�m�D�2 �b�B� �r���;�BW (d) 2 Rnd� 1 � nd �Q�`���x

�Q�#�+�B�²�Š�2�M�B��b(d) 2 Rnd �X �P�/�T�Q�r�B�2�/�† �b�B�2�+�B �r�v�x�M���+�x�� �b�B� �r���`�b�i�r�� �T�Q �r���`�b�i�r�B�2�- �+�Q �M���x�v�r�� �b�B� 

�T�`�Q�T���;���+�D�² �r �T�`�x�¦�/ �U���M�;�X�7�Q�`�r��� �̀/ �T���b�b�V�,

a(0) = x; �U�9�X�R�y���V

a(d) = �
�
W (d)T a(d� 1) + b(d)

�
; d = 1; : : : ; D � 1; �U�9�X�R�y�#�V

ŷ = g
�
W (D )T a(D � 1) + b(D )

�
: �U�9�X�R�y�+�V

�q���`�b�i�r�v �Q �B�M�/�2�F�b���+�?d = 1; : : : ; D � 1 �i�Q �r���`�b�i�r�v �m�F�`�v�i�2 �U���M�;�X�?�B�/�/�2�M �H���v�2�`�b�V�X �A�+�?

�r���`�i�Q���+�B �M�B�2 �b�² �Q�#�b�2�`�r�Q�r���M�2 �#�2�x�T�Q���`�2�/�M�B�Q�- �H�2�+�x �r�v�F�Q�`�x�v�b�i�v�r���M�2 �D�2�/�v�M�B�2 �r�2�r�M�²�i�`�x �b�B�2�+�B�X

�q �r���`�b�i�r���+�? �i�v�+�? �b�i�Q�b�m�D�2 �b�B� �D�2�/�M���F�Q�r�² �7�m�M�F�+�D� ���F�i�v�r���+�D�B� �U�r �M�B�M�B�2�D�b�x�2�D �T�`���+�v �i���M�;�2�M�b

�?�B�T�2�`�#�Q�H�B�+�x�M�v�- �T�Q�/�`�Q�x�/�x�B���ˆ�9�X�j�V�X �C�2�D �Q�#�2�+�M�Q���É �D�2�b�i �M�B�2�x�#� �/�M���, �#�2�x �M�B�2�H�B�M�B�Q�r�Q���+�B �x�ˆ�Q�Š�2�M�B�2

�F�Q�H�2�D�M�v�+�? �r���`�b�i�r �b�T�`�Q�r���/�x���ˆ�Q�#�v �b�B� �/�Q �x�r�v�F�ˆ�2�;�Q �T�`�x�2�F�b�x�i���ˆ�+�2�M�B�� �H�B�M�B�Q�r�2�;�Q �B �b�B�2�É �M�B�2

�r�v�F�`���+�x���ˆ���#�v �T�Q�x�� �K�Q�/�2�H �H�B�M�B�Q�r�v�- �+�Q �r�v�F���x���M�Q �r �T�Q�/�`�Q�x�/�x�B���H�2�9�X�k�X
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�A�M���+�x�2�D �i�`���F�i�m�D�2 �b�B� �7�m�M�F�+�D� �r�v�D���+�B�Q�r�²g �r �`�¦�r�M���M�B�m�U�9�X�R�y�+�V�- �F�i�¦�`�² �/�Q�#�B�2�`�� �b�B� �/�Q

�`�Q�/�x���D�m �x���/���M�B���,

� �`�2�;�`�2�b�D���U�T�`�x�2�r�B�/�v�r���M�B�2 �x�K�B�2�M�M�2�D �+�B�²�;�ˆ�2�D�V ��g �D�2�b�i �7�m�M�F�+�D�² �i�Q�Š�b���K�Q���+�B�Q�r�²�- �/�x�B� �F�B

�+�x�2�K�m �r�v�D���+�B�2 �K�Q�Š�2 �T�`�x�v�D�²�É �/�Q�r�Q�H�M�² �r���`�i�Q���É �`�x�2�+�x�v�r�B�b�i�²�- �� �H�B�+�x�#�� �M�2�m�`�Q�M�¦�r �Q�/�T�Q�@

�r�B���/�� �H�B�+�x�#�B�2 �T�`�x�2�r�B�/�v�r���M�v�+�? �r�B�2�H�F�Q���+�B�X �h�2�M �T�`�x�v�T���/�2�F �r�v�b�i� �T�m�D�2 �r �b�B�2�+�B���+�? �*���L�L

�B �S�A�L�L �`�Q�x�r���Š���M�v�+�? �r �M�B�M�B�2�D�b�x�2�D �T�`���+�v�-

� �F�H���b�v�}�F���+�D�� �#�B�M���`�M���� g �D�2�b�i �7�m�M�F�+�D�² �b�B�;�K�Q�B�/���H�M�²�U�9�X�9�V�- �� �T�Q�D�2�/�v�M�+�x�2 �r�v�D���+�B�2

�B�M�i�2�`�T�`�2�i�m�D�2 �b�B� �D���F�Q �T�`���r�/�Q�T�Q�/�Q�#�B�2�–�b�i�r�Q �T�`�x�v�M���H�2�Š�M�Q���+�B �/�Q �D�2�/�M�2�D �x �/�r�¦�+�? �F�H���b�-

� �F�H���b�v�}�F���+�D�� �r�B�2�H�Q�F�H���b�Q�r���� g �D�2�b�i �7�m�M�F�+�D�²�b�Q�7�i�K���t�- �/���D�²�+�² �`�Q�x�F�ˆ���/ �T�`���r�/�Q�T�Q�/�Q�@

�#�B�2�–�b�i�r�� �T�QK �F�H���b���+�? �U�i�v�H�2 �i�2�Š �D�2�b�i �M�2�m�`�Q�M�¦�r �r�v�D���+�B�Q�r�v�+�?�V�,

softmax(z) i =
ezi

P K
j =1 ezj

: �U�9�X�R�R�V

�G�B�+�x�#�� �T���`���K�2�i�`�¦�r �T�Q�/�H�2�;���D�²�+�v�+�? �m�+�x�2�M�B�m �r�v�M�B�F�� �r�T�`�Q�b�i �x �T�`�x�v�D� �i�2�D ���`�+�?�B�i�2�F�i�m�`�v�X

�w�#�B�2�`���D�²�+ �r�b�x�v�b�i�F�B�2 �r���;�B �B �Q�#�+�B�²�Š�2�M�B�� �r �D�2�/�2�M �r�2�F�i�Q�`� = f W (d) ; b(d)gD
d=1 �- �� �B�+�? �ˆ�²�+�x�M�²

�H�B�+�x�#� n� �r�v�`���Š�� �r�x�¦�`�,

n� =
DX

d=1

(nd� 1 nd + nd) : �U�9�X�R�k�V

�G�B�+�x�#�� �T���`���K�2�i�`�¦�r �`�Q���M�B�2 �r�B� �+ �r�`���x �x �b�x�2�`�Q�F�Q���+�B�² �r���`�b�i�r �U�B�H�Q�+�x�v�Mnd� 1 nd�V �Q�`���x �x �B�+�? �H�B�+�x�#�²�-

�+�x�v�H�B �;�ˆ� �#�Q�F�Q���+�B�² �b�B�2�+�B�X �q�B� �F�b�x�� �b�B�2�É �K�� �r�B� �F�b�x�² �x�/�Q�H�M�Q���É �/�Q �/�Q�T���b�Q�r���M�B���- �H�2�+�x �T�Q�/�M�Q�b�B

�F�Q�b�x�i �Q�#�H�B�+�x�2�– �B �`�v�x�v�F�Q �T�`�x�2�m�+�x�2�M�B�� �U���M�;�X�Q�p�2�`�}�i�i�B�M�;�V�- �Q�K���r�B���M�2�;�Q �r �T�Q�/�`�Q�x�/�x�B���H�2�9�X�8�X

�h�2�Q�`�2�i�v�+�x�M�2 �m�x���b���/�M�B�2�M�B�2 �x�/�Q�H�M�Q���+�B ���T�`�Q�F�b�v�K���+�v�D�M�v�+�? �b�B�2�+�B �/���D�2 �i�r�B�2�`�/�x�2�M�B�2 �Q �m�M�B�@

�r�2�`�b���H�M�2�D ���T�`�Q�F�b�v�K���+�D�B �>�Q�`�M�B�F���- �a�i�B�M�+�?�+�Q�K�#�2�ö�� �B �q�?�B�i�2�ö�� �(�9�)�- �(�9�y�)�- �x�;�Q�/�M�B�2 �x �F�i�¦�`�v�K

�D�m�Š �b�B�2�É �x �D�2�/�M�² �r���`�b�i�r�² �m�F�`�v�i�² �T�Q�i�`���} �T�`�x�v�#�H�B�Š�v�É �/�Q�r�Q�H�M�² �7�m�M�F�+�D� �+�B�²�;�ˆ�²f �M�� �x�#�B�Q�`�x�2

�x�r���`�i�v�K �x �/�Q�r�Q�H�M�² �/�Q�F�ˆ���/�M�Q���+�B�²" > 0�- �i�Q �D�2�b�isupx kf (x) � ŷ(x)k < " �X �h�r�B�2�`�/�x�2�M�B�2 �i�Q

�/�Q�r�Q�/�x�B �D�2�/�M���F �D�2�/�v�M�B�2 �B�b�i�M�B�2�M�B�� �i���F�B�2�D �b�B�2�+�B �B �M�B�2 �r�b�F���x�m�D�2�- �D���F �/�Q�#�`���É �D�2�D �T���`���K�2�i�`�v

���M�B �B�H�2 �M�2�m�`�Q�M�¦�r �D�2�b�i �T�Q�i�`�x�2�#�M�v�+�?�X �S�Q�M�B�2�r���Š �H�B�+�x�#�� �M�2�m�`�Q�M�¦�r �r �T�Q�D�2�/�v�M�+�x�2�D �r���`�b�i�r�B�2

�m�F�`�v�i�2�D �T�Q�i�`���} �`�Q�b�M�²�É �r�v�F�ˆ���/�M�B�+�x�Q �r�`���x �x�2 �x�ˆ�Q�Š�Q�M�Q���+�B�² �T�`�Q�#�H�2�K�m�- �r �T�`���F�i�v�+�2 �x���K�B���b�i

�D�2�/�M�2�D �#���`�/�x�Q �b�x�2�`�Q�F�B�2�D �r���`�b�i�r�v �#�m�/�m�D�2 �b�B� �b�B�2�+�B �;�ˆ� �#�Q�F�B�2�- �F�i�¦�`�2 �T�`�x�v �T�Q�`�¦�r�M�v�r���H�M�2�D �H�B�+�x�#�B�2

�T���`���K�2�i�`�¦�r �Q�b�B�²�;���D�² �H�2�T�b�x�2 �r�v�M�B�F�B �B �b�x�v�#�+�B�2�D �x�#�B�2�;���D�² �T�Q�/�+�x���b �i�`�2�M�B�M�;�m �(�R�)�- �(�j�8�)�X

���`�+�?�B�i�2�F�i�m�`�� �r �T�2�ˆ�M�B �T�Q�ˆ�²�+�x�Q�M�� �M�B�2 �D�2�b�i �D�2�/�v�M�v�K �K�Q�Š�H�B�r�v�K �r�v�#�Q�`�2�K�X �q �M�B�M�B�2�D�b�x�2�D

�T�`���+�v �r�v�F�Q�`�x�v�b�i�v�r���M�v �D�2�b�i �`�¦�r�M�B�2�Š �r���`�B���M�i �`�¦�r�M�Q�H�2�;�ˆ�2�D �b�B�2�+�B �D�2�/�M�Q�F�B�2�`�m�M�F�Q�r�2�D �U���M�;�X�T��� �̀��H�@

�H�2�H �7�2�2�/�7�Q�`�r��� �̀/ �M�2�m� �̀��H �M�2�i�r�Q�`�F�- �S�6�L�L�V �(�9�R�)�- �r �F�i�¦�`�v�K �F���Š�/�² �b�F�ˆ���/�Q�r�² �r�v�D���+�B�� �Q�#�H�B�+�x��
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�Q�/�/�x�B�2�H�M�� �T�Q�/�b�B�2�É �T�`�x�2�i�r���`�x���D�²�+�� �r�b�T�¦�H�M�2 �r�2�D���+�B�2�- �� �B�+�? �r�v�M�B�F�B �b�B� �ˆ�²�+�x�v �U���M�;�X�+�Q�M�+���i�2�M���@

�i�B�Q�M�V�U�`�v�b�X�9�X�9�V�X �_�Q�x�r�B�²�x���M�B�2 �i�Q �b�i�Q�b�m�D�2 �b�B� �r �r���`�B���M�+�B�2 �q�j �b�B�2�+�B �S�A�L�L �x �`�Q�x�/�x�B���ˆ�m�d�- �;�/�x�B�2

�Q�b�Q�#�M�2 �;���ˆ� �x�B�2 ���T�`�Q�F�b�v�K�m�D�² �T�Q�b�x�+�x�2�;�¦�H�M�2 �b�F�ˆ���/�Q�r�2 �T�Q�H�� �T�`�x�2�K�B�2�b�x�+�x�2�– �Q�`���x �r �b�B�2�+�B���+�?

�i�v�T�m �*���L�L �x �`�Q�x�/�x�B���ˆ�m�e�- �r �F�i�¦�`�v�+�? �F���Š�/�v �M�B�2�x�K�B�2�M�M�B�F �i�2�M�b�Q�`�� �/�2�7�Q�`�K���+�D�B �T�`�x�2�i�r���`�x��

�r�ˆ���b�M�� �;���ˆ�²�†�X

x

�b�m�#�M�2�i1

�b�m�#�M�2�i2

�b�m�#�M�2�iK

�X�X�X

ŷ

�+�Q�M�+���i�2�M���i�B�Q�M

�_�v�b�m�M�2�F �9�X�9�X�a�+�?�2�K���i �`�¦�r�M�Q�H�2�;�ˆ�2�D �b�B�2�+�B �D�2�/�M�Q�F�B�2�`�m�M�F�Q�r�2�D �U�S�6�L�L�V�X �q�b�T�¦�H�M�2 �r�2�D���+�B�2 �T�`�x�2�i�r���`�x��
K �M�B�2�x���H�2�Š�M�v�+�? �T�Q�/�b�B�2�+�B�- �F�i�¦�`�v�+�? �r�v�D���+�B�� �ˆ�²�+�x�v �b�B� �r �D�2�/�2�M �r�2�F�i�Q�` �r�v�D���+�B�Q�r�v�X

�9�X�8�X �h�`�2�M�Q�r���M�B�2 �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�h�`�2�M�Q�r���M�B�2�K �b�B�2�+�B �M���x�v�r�� �b�B� �T�`�Q�+�2�/�m�`� �/�Q�#�Q�`�m �T���`���K�2�i�`�¦�r� = f W (d) ; b(d)gD
d=1 �- �K�B�M�B�@

�K���H�B�x�m�D�²�+�² �7�m�M�F�+�D� �F�Q�b�x�i�mL(� ) �r�v�x�M���+�x�Q�M�² �M�� �/�Q�b�i� �T�M�v�K �x�#�B�Q�`�x�2 �/���M�v�+�?�X �A�M�B�+�D���H�B�x���+�D� �r���;�-

�m�b�i���H���D�²�+�² �T�m�M�F�i �b�i���`�i�Q�r�v �Q�T�i�v�K���H�B�x���+�D�B�- �Q�K�¦�r�B�Q�M�Q �r �`�Q�x�/�x�B���H�2�9�X�j�r �F�Q�M�i�2�F���+�B�2 �Q�/�T�Q�r�B���@

�/���D�²�+�v�+�? �D�2�D �7�m�M�F�+�D�B ���F�i�v�r���+�D�B�X �q �M�B�M�B�2�D�b�x�v�K �`�Q�x�/�x�B���H�2 �T�`�x�2�/�b�i���r�B�� �b�B� �T�Q�b�i���É �7�m�M�F�+�D�B �F�Q�b�x�i�m�-

���H�;�Q�`�v�i�K �r�v�x�M���+�x���M�B�� �D�2�D �;�`���/�B�2�M�i�m�- �;�`���/�B�2�M�i�Q�r�2 �K�2�i�Q�/�v �Q�T�i�v�K���H�B�x���+�D�B �r�v�F�Q�`�x�v�b�i�v�r���M�2

�r �T�`���+�v �Q�`���x �i�2�+�?�M�B�F�B �r�b�T�Q�K���;���D�²�+�2 �x�#�B�2�Š�M�Q���É�, �M�Q�`�K���H�B�x���+�D� �r�2�D���É�- �`�2�;�m�H���`�v�x���+�D� �B �r�+�x�2�b�M�2

�x���i�`�x�v�K���M�B�2�X

�A�i�2�`���+�v�D�M�� �T�`�Q�+�2�/�m�`�� �i�`�2�M�B�M�;�m �b�B�2�+�B�- �F�i�¦�`�2�D �T�Q�b�x�+�x�2�;�¦�H�M�2 �b�F�ˆ���/�Q�r�2 �Q�K���r�B���D�² �F�Q�H�2�D�M�2

�T�Q�/�b�2�F�+�D�2 �M�B�M�B�2�D�b�x�2�;�Q �`�Q�x�/�x�B���ˆ�m�- �b�F�ˆ���/�� �b�B� �x �M���b�i� �T�m�D�²�+�v�+�? �F�`�Q�F�¦�r �(�j�8�)�,

�R�X�l�b�i���H�2�M�B�2 �?�B�T�2�`�T���`���K�2�i�`�¦�r ���H�;�Q�`�v�i�K�m�- �r �i�v�K �F�`�Q�F�m �m�+�x�2�M�B��� �B �K���F�b�v�K���H�M�2�D �H�B�+�x�#�v

�B�i�2�`���+�D�Bn�- �x�r���M�v�+�? �2�T�Q�F���K�B �U���M�;�X�2�T�Q�+�?�b�V�-

�k�X�A�M�B�+�D���H�B�x���+�D�� �T���`���K�2�i�`�¦�r� 0 �x�;�Q�/�M�B�2 �x�2 �b�+�?�2�K���i�2�K �/�Q�#�`���M�v�K �/�Q �7�m�M�F�+�D�B ���F�i�v�r���+�D�B

�U�`�Q�x�/�x�B���ˆ�9�X�j�V�- �r �S�v�h�Q�`�+�? �(�9�k�) �`�2���H�B�x�Q�r���M�� ���m�i�Q�K���i�v�+�x�M�B�2 �T�`�x�v �F�Q�M�b�i�`�m�F�+�D�B �r���`�b�i�r

�F�H���b�v�i�Q�`�+�?�X�M�M�X�J�Q�/�m�H�2�X

�j�X�S�Q�r�i���`�x���M�B�2 �/�H��k = 0; 1; : : : ; n � 1�,

���V�r�v�x�M���+�x�2�M�B�2 �r���`�i�Q���+�B �7�m�M�F�+�D�B �F�Q�b�x�i�mL(� k) �M�� �T�Q�/�b�i���r�B�2 �T�`�Q�T���;���+�D�B �r �T�`�x�¦�/�U�9�X�R�y�V�-

�r �S�v�h�Q�`�+�? �`�2���H�B�x�Q�r���M�2�D �r�v�r�Q�ˆ���M�B�2�K �Q�#�B�2�F�i�m �b�B�2�+�B �M�� �/���M�v�+�? �r�2�D���+�B�Q�r�v�+�?�-
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�#�V�r�v�x�M���+�x�2�M�B�2 �;�`���/�B�2�M�i�mr � L(� k) ���H�;�Q�`�v�i�K�2�K �T�`�Q�T���;���+�D�B �r�b�i�2�+�x�M�2�D�- �r �S�v�h�Q�`�+�?

�m�`�m�+�?���K�B���M�2�D �K�2�i�Q�/�²�H�Q�b�b�X�#���+�F�r���`�/�U�V�F�Q�`�x�v�b�i���D�²�+�² �x �K�Q�/�m�ˆ�m���m�i�Q�;�`���/�X �S�`�x�2�/

�F���Š�/�v�K �r�v�x�M���+�x�2�M�B�2�K �M�Q�r�2�;�Q �;�`���/�B�2�M�i�m �F�Q�M�B�2�+�x�M�2 �D�2�b�i �r�v�x�2�`�Q�r���M�B�2 �T�Q�T�`�x�2�/�@

�M�B�+�? �r���`�i�Q���+�B �K�2�i�Q�/�²�Q�T�i�B�K�B�x�2�`�X�x�2�`�Q�n�;�`���/�U�V�- �T�Q�M�B�2�r���Š���m�i�Q�;�`���/���F�m�K�m�H�m�D�2

�;�`���/�B�2�M�i�v �x �F�Q�H�2�D�M�v�+�? �r�v�r�Q�ˆ���–�-

�+�V���F�i�m���H�B�x���+�D�� �T���`���K�2�i�`�¦�r� k+1 = � k � � r � L(� k)�- �r �S�v�h�Q�`�+�? �r�v�F�Q�M�v�r���M�� �T�`�x�2�x

�K�2�i�Q�/� �b�i�2�T�U�V�r�v�#�`���M�2�;�Q �Q�#�B�2�F�i�m �F�H���b�v�i�Q�`�+�?�X�Q�T�i�B�K�X�P�T�i�B�K�B�x�2�`�X

�S�Q�r�v�Š�b�x�v �x���`�v�b �Q�/�T�Q�r�B���/�� �M���D�T�`�Q�b�i�b�x�2�D�- �F�H���b�v�+�x�M�2�D �r�2�`�b�D�B ���H�;�Q�`�v�i�K�m�X �a�i�Q�b�Q�r���M�2 �r �T�`���F�i�v�+�2

�r���`�B���M�i�v �K�Q�/�v�}�F�m�D�² �T�`�x�2�/�2 �r�b�x�v�b�i�F�B�K �Q�b�i���i�M�B �F�`�Q�F�- �r�T�`�Q�r���/�x���D�²�+ �T� �/�- ���/���T�i���+�v�D�M�v �F�`�Q�F

�m�+�x�2�M�B�� �H�m�# ���T�`�Q�F�b�v�K���+�D� �/�`�m�;�B�+�? �T�Q�+�?�Q�/�M�v�+�?�- �+�Q �Q�K���r�B�� �`�Q�x�/�x�B���ˆ�9�X�8�X�j�X �S�`�x�v�F�ˆ���/�Q�r�²

�B�K�T�H�2�K�2�M�i���+�D� �Q�T�B�b���M�2�D �T� �i�H�B �i�`�2�M�B�M�;�Q�r�2�D �r ���`�Q�/�Q�r�B�b�F�m �S�v�h�Q�`�+�? �x���K�B�2�b�x�+�x�Q�M�Q �r �x���ˆ�²�+�x�@

�M�B�F�m�d�X

�9�X�8�X�R�X �6�m�M�F�+�D�� �F�Q�b�x�i�m

�6�m�M�F�+�D�� �F�Q�b�x�i�m �K�B�2�`�x�v �`�Q�x�#�B�2�Š�M�Q���É �T�Q�K�B� �/�x�v �Q�/�T�Q�r�B�2�/�x�B���K�B �b�B�2�+�Bŷ(i ) �� �r���`�i�Q���+�B���K�B

�/�Q�+�2�H�Q�r�v�K�By(i ) �r�v�x�M���+�x�Q�M�v�K�B �M�� �x�#�B�Q�`�x�2 �i�`�2�M�B�M�;�Q�r�v�K �Q �H�B�+�x�2�#�M�Q���+�BN �,

L(� ) =
1
N

NX

i =1

`
�
ŷ(i )(� ); y(i )

�
; �U�9�X�R�j�V

�;�/�x�B�2` �D�2�b�i �T�Q�D�2�/�v�M�+�x�v�K �+�x�ˆ�Q�M�2�K �b�i�`���i �/�Q�#�`���M�v�K �/�Q �`�Q�/�x���D�m �x���/���M�B���X �q �x���/���M�B���+�?

�`�2�;�`�2�b�D�B �b�i���M�/���`�/�Q�r�v�K �r�v�#�Q�`�2�K �D�2�b�i ���`�2�/�M�B �#�ˆ�²�/ �F�r���/�`���i�Q�r�v �U�J�a�1�- �T�Q�`�X�U�j�X�d�V�V�- �F�i�¦�`�v �D�2�b�i

�;�ˆ���/�F�B �B �`�¦�Š�M�B�+�x�F�Q�r���H�M�v �r �+���ˆ�2�D �/�x�B�2�/�x�B�M�B�2�- �+�Q �m�K�Q�Š�H�B�r�B�� �b�i�Q�b�Q�r���M�B�2 �K�2�i�Q�/ �;�`���/�B�2�M�i�Q�r�v�+�?�-

�� �/�x�B� �F�B �x���H�2�Š�M�Q���+�B �F�r���/�`���i�Q�r�2�D �b�B�H�M�B�2 �F���`�x�2 �/�m�Š�2 �Q�/�+�?�v�H�2�M�B�� �(�9�j�)�X ���`�2�/�M�B �#�ˆ�²�/ �F�r���/�`���i�Q�r�v

�M�B�2 �D�2�b�i �D�2�/�M���F �D�2�/�v�M�v�K �K�Q�Š�H�B�r�v�K �r�v�#�Q�`�2�K�- �T�Q�M�B�2�r���Š �T�Q�b�i���É �+�x�ˆ�Q�M�m` �K�Q�Š�M�� �7�Q�`�K�m�ˆ�Q�r���É

�/�Q�r�Q�H�M�B�2�- �r �x���H�2�Š�M�Q���+�B �Q�/ �`�Q�x�r���Š���M�2�;�Q �x���;���/�M�B�2�M�B�� �B �T�`�x�v�D� �i�2�D �F�Q�M�+�2�T�+�D�B �K�Q�/�2�H�m�X �.�H��

�T�Q�`�¦�r�M���M�B���- �r �x���/���M�B���+�? �F�H���b�v�}�F���+�D�B�- �M�B�2�r�v�b�i� �T�m�D�²�+�v�+�? �r�T�`���r�/�x�B�2 �r �M�B�M�B�2�D�b�x�2�D �T�`���+�v�-

�b�i�Q�b�m�D�2 �b�B� �x�r�v�F�H�2 �2�M�i�`�Q�T�B� �F�`�x�v�Š�Q�r�²�- �H�2�T�B�2�D �/�Q�T���b�Q�r���M�² �/�Q �B�M�i�2�`�T�`�2�i���+�D�B �r�v�D���+�B�� �b�B�2�+�B �D���F�Q

�`�Q�x�F�ˆ���/�m �T�`���r�/�Q�T�Q�/�Q�#�B�2�–�b�i�r�� �(�9�j�)�X

�9�X�8�X�k�X ���H�;�Q�`�v�i�K �T�`�Q�T���;���+�D�B �r�b�i�2�+�x�M�2�D

�J�B�M�B�K���H�B�x���+�D���U�9�X�R�j�V�K�2�i�Q�/���K�B �;�`���/�B�2�M�i�Q�r�v�K�B �r�v�K���;�� �r�v�x�M���+�x�2�M�B�� �T�Q�+�?�Q�/�M�v�+�?

�7�m�M�F�+�D�B �F�Q�b�x�i�m �r�x�;�H� �/�2�K �F���Š�/�2�D �r���;�B �B �Q�#�+�B�²�Š�2�M�B�� �b�B�2�+�B�X �G�B�+�x�#�� �T���`���K�2�i�`�¦�r �`�Q���M�B�2 �x�;�Q�/�@

�M�B�2 �x �x���H�2�Š�M�Q���+�B�²�U�9�X�R�k�V�- �� �B�+�? �`� �+�x�M�2 �r�v�T�`�Q�r���/�x���M�B�2 �Q�/�`� �#�M�B�2 �/�H�� �F���Š�/�2�D ���`�+�?�B�i�2�F�i�m�`�v

�8�3



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�#�v�ˆ�Q�#�v �M�B�2�T�`���F�i�v�+�x�M�2�X �a�i���M�/���`�/�Q�r�v�K �`�Q�x�r�B�²�x���M�B�2�K �D�2�b�i ���H�;�Q�`�v�i�K �T�`�Q�T���;���+�D�B �r�b�i�2�+�x�M�2�D

�U���M�;�X�#���+�F�T� �̀Q�T���;���i�B�Q�M�V�- �r�v�F�Q�`�x�v�b�i�m�D�²�+�v �`�2�;�m�ˆ� �ˆ���–�+�m�+�?�Q�r�² �/�Q �`�2�F�m�`�2�M�+�v�D�M�2�;�Q �r�v�x�M���+�x���M�B��

�T�Q�+�?�Q�/�M�v�+�? �r���`�b�i�r�� �T�Q �r���`�b�i�r�B�2�- �T�`�x�2�+�?�Q�/�x�²�+ �T�`�x�2�x �b�B�2�É �Q�/ �r�v�D���+�B�� �F�m �r�2�D���+�B�m �U�`�v�b�X�9�X�8�V�X

�E���Š�/�� �r���`�b�i�r�� �Q�i�`�x�v�K�m�D�2 �;�`���/�B�2�M�i �F�Q�b�x�i�m �r�x�;�H� �/�2�K �b�r�Q�D�2�;�Q �r�v�D���+�B�� �Q�#�H�B�+�x�Q�M�v �r �r���`�b�i�r�B�2

�M���b�i� �T�M�2�D �B �r�v�F�Q�`�x�v�b�i�m�D�2 �;�Q �/�Q �r�v�x�M���+�x�2�M�B�� �;�`���/�B�2�M�i�m �r�x�;�H� �/�2�K �r�ˆ���b�M�v�+�? �T���`���K�2�i�`�¦�r

�Q�`���x �r�2�D���+�B���- �F�i�¦�`�2 �D�2�b�i �D�2�/�M�Q�+�x�2���M�B�2 �r�v�D���+�B�2�K �r���`�b�i�r�v �T�Q�T�`�x�2�/�M�B�2�D�X

x �H���v�2�` �R �H���v�2�` �k ŷ L

�#���+�F�T�`�Q�T���;���i�B�Q�M�,@L=@W(d)

�7�Q�`�r���`�/ �T���b�b

�_�v�b�m�M�2�F �9�X�8�X�a�+�?�2�K���i �T�`�Q�T���;���+�D�B �r �T�`�x�¦�/ �Q�`���x �T�`�Q�T���;���+�D�B �r�b�i�2�+�x�M�2�D

�6�Q�`�K���H�M�B�2�- �Q�x�M���+�x���D�²�+z(d) = W (d)T a(d� 1) + b(d) ���`�;�m�K�2�M�i �7�m�M�F�+�D�B ���F�i�v�r���+�D�B �r���`�b�i�r�vd

�Q�`���x� (d) = @L=@z(d) �i�x�r�X �#�ˆ�²�/ �r���`�b�i�r�v�- �Q�i�`�x�v�K�m�D�2 �b�B� �/�H�� �r���`�b�i�r �m�F�`�v�i�v�+�? �x���H�2�Š�M�Q���É

�`�2�F�m�`�2�M�+�v�D�M�²�,

� (d) =
�
W (d+1) � (d+1)

�
� � 0

�
z(d)

�
; �U�9�X�R�9�V

�;�/�x�B�2� 0 �Q�x�M���+�x�� �T�Q�+�?�Q�/�M�² �7�m�M�F�+�D�B ���F�i�v�r���+�D�B�- ��� �B�H�Q�+�x�v�M �>���/���K���`�/�� �/�r�¦�+�? �K���+�B�2�`�x�v

�i�v�+�? �b���K�v�+�? �r�v�K�B���`�¦�rA = [ A ij ]�-B = [ B ij ] 2 Rm� n �Q�F�`�2���H�Q�M�v �r�x�Q�`�2�K�,

C = A � B = [ Cij ]; �r�b�F���†�M�B�F�Q�r�QCij = A ij B ij ;
i = 1; : : : ; m;

j = 1; : : : ; n:
�U�9�X�R�8�V

�l�r���;���, �q�v�D�²�i�F�Q�r�Q �M�B�2 �Q�#�Q�r�B�²�x�m�D�2 �i�m �F�Q�M�r�2�M�+�D�� �b�m�K���+�v�D�M�� �� �K�B�K�Q �T�Q�r�i�¦�`�x�Q�M�v�+�? �r�b�F���†�@

�M�B�F�¦�ri; j �M�B�2 �b�m�K�m�D�2�K�v �T�Q �M�B�+�?�- �H�2�+�x �Q�i�`�x�v�K�m�D�2�K�v �K���+�B�2�`�x �B�H�Q�+�x�v�M�¦�r �Q�/�T�Q�r�B���/���D�²�+�v�+�?

�b�Q�#�B�2 �b�F�ˆ���/�Q�r�v�+�?�X

�:�`���/�B�2�M�i�v �r�x�;�H� �/�2�K �T���`���K�2�i�`�¦�r �r���`�b�i�r�vd �r�v�`���Š���D�² �b�B� �r�¦�r�+�x���b �r�T�`�Q�b�i�,

@L

@W(d) = a(d� 1) � (d)T ;
@L

@b(d) = � (d) : �U�9�X�R�e�V

�q�v�x�M���+�x�Q�M�2 �T�Q�+�?�Q�/�M�2�U�9�X�R�e�V�/�H�� �r�b�x�v�b�i�F�B�+�? �r���`�b�i�r �x�2�b�i���r�B�� �b�B� �r �D�2�/�2�M �r�2�F�i�Q�`r � L�-

�F�i�¦�`�2�;�Q �b�F�ˆ���/�Q�r�2 �Q�/�T�Q�r�B���/���D�² �F�Q�H�2�D�M�v�K �b�F�ˆ���/�M�B�F�Q�K� = f W (d) ; b(d)gD
d=1 �B �b�i���M�Q�r�B�² �r�2�D���+�B�2

�B�i�2�`���+�v�D�M�2�D �T�`�Q�+�2�/�m�`�v �K�B�M�B�K���H�B�x���+�D�B �7�m�M�F�+�D�B �F�Q�b�x�i�m�X

�8�N



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�‡�²�+�x�M�v �F�Q�b�x�i �Q�#�H�B�+�x�2�M�B�� �;�`���/�B�2�M�i�m �D�2�b�i �i�2�;�Q �b���K�2�;�Q �`�x� �/�m �+�Q �F�Q�b�x�i �T�`�Q�T���;���+�D�B �r �T�`�x�¦�/�-

�+�Q �+�x�v�M�B ���H�;�Q�`�v�i�K �r�v�F�Q�M���H�M�v�K �M���r�2�i �/�H�� �b�B�2�+�B �Q �K�B�H�B�Q�M���+�? �T���`���K�2�i�`�¦�r�X �q �b�i�Q�b�Q�r���M�v�K

�r �T�`���+�v ���`�Q�/�Q�r�B�b�F�m �S�v�h�Q�`�+�? �T�`�Q�T���;���+�D�� �r�b�i�2�+�x�M�� �`�2���H�B�x�Q�r���M�� �D�2�b�i �T�`�x�2�x �K�Q�/�m�ˆ���m�i�Q�;�`���/�-

�F�i�¦�`�v ���m�i�Q�K���i�v�+�x�M�B�2 �#�m�/�m�D�2 �;�`���7 �Q�#�H�B�+�x�2�– �B �r�v�x�M���+�x�� �T�Q�+�?�Q�/�M�2 �/�Q�r�Q�H�M�2�;�Q �r�v�D���+�B�� �r�x�;�H� �@

�/�2�K �/�Q�r�Q�H�M�v�+�? �x�K�B�2�M�M�v�+�? �T�Q���`�2�/�M�B�+�?�X �J�2�+�?���M�B�x�K �i�2�M �T�Q�x�r���H�� �`�¦�Š�M�B�+�x�F�Q�r���É �r�v�D���+�B�2 �b�B�2�+�B

�M�B�2 �i�v�H�F�Q �r�x�;�H� �/�2�K �D�2�D �T���`���K�2�i�`�¦�r�- ���H�2 �`�¦�r�M�B�2�Š �r�x�;�H� �/�2�K �r�2�D���É�- �M�� �+�x�v�K �Q�T�B�2�`�� �b�B� �7�Q�`�K�m�@

�ˆ�Q�r���M�B�2 �`�2�b�x�i �`�¦�r�M���– �`�¦�Š�M�B�+�x�F�Q�r�v�+�? �r �b�B�2�+�B���+�? �S�A�L�L �x �`�Q�x�/�x�B���ˆ�¦�r�d�B�3�Q�`���x �r�v�x�M���+�x���M�B�2

�T�Q�+�?�Q�/�M�v�+�? �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �r �b�B�2�+�B���+�? �*���L�L �x �`�Q�x�/�x�B���ˆ�m�e�X

�9�X�8�X�j�X �:�`���/�B�2�M�i�Q�r�2 ���H�;�Q�`�v�i�K�v �Q�T�i�v�K���H�B�x���+�D�B

���H�;�Q�`�v�i�K �T�`�Q�T���;���+�D�B �r�b�i�2�+�x�M�2�D �/�Q�b�i���`�+�x�� �;�`���/�B�2�M�i�m �7�m�M�F�+�D�B �F�Q�b�x�i�m�- �� �x���i�2�K �B�M�7�Q�`�K���+�D�B

�Q �F�B�2�`�m�M�F�m�- �r �F�i�¦�`�v�K �M���H�2�Š�v �K�Q�/�v�}�F�Q�r���É �T���`���K�2�i�`�v�- ���#�v �D�² �x�K�M�B�2�D�b�x�v�É�X �S�Q�x�Q�b�i���D�2 �r�v�F�Q�@

�`�x�v�b�i���É �i� �B�M�7�Q�`�K���+�D� �r �B�i�2�`���+�v�D�M�2�D �T�`�Q�+�2�/�m�`�x�2 �T�Q�b�x�m�F�m�D�²�+�2�D �K�B�M�B�K�m�K�X �S�m�M�F�i�2�K �r�v�D���+�B��

�r�B� �F�b�x�Q���+�B �b�i�Q�b�Q�r���M�v�+�? �r �T�`���F�i�v�+�2 �K�2�i�Q�/ �D�2�b�i �b�i�Q�+�?���b�i�v�+�x�M�v �b�T���/�2�F �r�x�/�ˆ�m�Š �;�`���/�B�2�M�i�m

�U���M�;�X�b�i�Q�+�?���b�i�B�+ �;� �̀��/�B�2�M�i �/�2�b�+�2�M�i�- �a�:�.�V�X ���F�i�m���H�B�x���+�D�� �T���`���K�2�i�`�¦�r �r �F�`�Q�F�mk �T�`�x�v�D�K�m�D�2

�T�Q�b�i���É�,

� k+1 = � k � � r � L(� k); �U�9�X�R�d�V

�;�/�x�B�2� > 0 �D�2�b�i �F�`�Q�F�B�2�K �m�+�x�2�M�B�� �U���M�;�X�H�2���`�M�B�M�; � �̀��i�2�V�X �.�Q�#�¦�`� �K�� �B�b�i�Q�i�M�v �r�T�ˆ�v�r �M��

�x�#�B�2�Š�M�Q���É �U�`�v�b�X�9�X�e�V�, �x�#�v�i �K���ˆ�2 �r���`�i�Q���+�B �b�F�m�i�F�m�D�² �T�Q�r�Q�H�M�v�K �i�`�2�M�B�M�;�B�2�K �B �T�Q�/���i�M�Q���+�B�² �M��

�m�i�F�M�B� �+�B�2 �r �Q�#�b�x���`���+�? �T�ˆ���b�F�B�+�?�- �x�#�v�i �/�m�Š�2 �� �Q�b�+�v�H���+�D���K�B �r�Q�F�¦�ˆ �K�B�M�B�K�m�K�- �� �M�B�2�F�B�2�/�v �`�Q�x�@

�#�B�2�Š�M�Q���+�B�²�X �S�Q�D���r�B���D�²�+�� �b�B� �r �M���x�r�B�2 �b�i�Q�+�?���b�i�v�+�x�M�Q���É �r�v�M�B�F�� �x�2 �b�T�Q�b�Q�#�m�- �r �D���F�B �r�v�x�M���+�x��

�b�B� �;�`���/�B�2�M�ir � L �r �F���Š�/�2�D �B�i�2�`���+�D�B�- �+�Q �b�x�+�x�2�;�¦�ˆ�Q�r�Q �Q�K���r�B�� �T�Q�/�`�Q�x�/�x�B���ˆ�9�X�8�X�9�X �q �T�`���F�i�v�+�2

�x���K�B���b�i �F�H���b�v�+�x�M�2�;�Q �a�:�. �b�i�Q�b�m�D�2 �b�B� �D�2�;�Q �m�b�T�`���r�M�B�Q�M�2 �r���`�B���M�i�v �ˆ�²�+�x�²�+�2 �B�M�7�Q�`�K���+�D� �Q �?�B�b�i�Q�`�B�B

�;�`���/�B�2�M�i�¦�r �x ���/���T�i���+�v�D�M�v�K �/�Q�b�i�Q�b�Q�r���M�B�2�K �F�`�Q�F�m �m�+�x�2�M�B���X

�e�y



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�U���V�x�#�v�i �K���ˆ�v �U�#�V�/�Q�#�`���M�v �T�`���r�B�/�ˆ�Q�r�Q �U�+�V�x�#�v�i �/�m�Š�v

�_�v�b�m�M�2�F �9�X�e�X�q�T�ˆ�v�r �r���`�i�Q���+�B �F�`�Q�F�m �m�+�x�2�M�B��� �M�� �x�#�B�2�Š�M�Q���É �K�2�i�Q�/�v �b�T���/�F�m �r�x�/�ˆ�m�Š �;�`���/�B�2�M�i�m
�/�H�� �T�`�x�v�F�ˆ���/�Q�r�2�D �7�m�M�F�+�D�B �F�Q�b�x�i�mL(� ) = � 2�X �*�x�2�`�r�Q�M�2 �b�i�`�x���ˆ�F�B �B�H�m�b�i�`�m�D�² �F�Q�H�2�D�M�2 ���F�i�m���H�B�x���+�D�2
�T���`���K�2�i�`�m �x�;�Q�/�M�B�2 �x�2 �r�x�Q�`�2�K �U�9�X�R�d�V�X

�q �`�x�2�+�x�v�r�B�b�i�v�+�? �x���b�i�Q�b�Q�r���M�B���+�? �7�m�M�F�+�D�� �F�Q�b�x�i�m �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D �D�2�b�i �x�M���+�x�M�B�2 �#���`�/�x�B�2�D

�x�ˆ�Q�Š�Q�M�� �M�B�Š �T�`�x�v�F�ˆ���/ �T�Q�F���x���M�v �M�� �`�v�b�m�M�F�m�9�X�e�X �P�F�`�2���H�Q�M�� �r �T�`�x�2�b�i�`�x�2�M�B �r�B�2�H�m �T���`���K�2�i�`�¦�r�-

�D�2�b�i �7�m�M�F�+�D�² �M�B�2�r�v�T�m�F�ˆ�² �x���r�B�2�`���D�²�+�² �H�B�+�x�M�2 �K�B�M�B�K�� �H�Q�F���H�M�2�- �T�m�M�F�i�v �b�B�Q�/�ˆ�Q�r�2 �Q�`���x �`�Q�x�H�2�;�ˆ�2

�Q�#�b�x���`�v �T�ˆ���b�F�B�2�- �r �F�i�¦�`�v�+�? �;�`���/�B�2�M�i �M�B�2�K���H �x���M�B�F���X �E�H���b�v�+�x�M�� �K�2�i�Q�/�� �a�:�. �T�Q�x�#���r�B�Q�M��

�T���K�B� �+�B �Q �T�Q�T�`�x�2�/�M�B�+�? �F�`�Q�F���+�? �ˆ���i�r�Q �m�i�v�F�� �r �i���F�B�+�? �Q�#�b�x���`���+�? �H�m�# �Q�b�+�v�H�m�D�2 �r�x�/�ˆ�m�Š �r�²�b�F�B�+�?

�/�Q�H�B�M�- �M�B�2 �x�#�B�2�;���D�²�+ �/�Q �`�Q�x�r�B�²�x���M�B�� �r �`�Q�x�b�²�/�M�v�K �+�x���b�B�2�X ���#�v �x���`���/�x�B�É �i�v�K �i�`�m�/�M�Q���+�B�Q�K�-

�/�Q �`�2�;�m�ˆ�v ���F�i�m���H�B�x���+�D�B �r�T�`�Q�r���/�x�� �b�B� �/�r�� �K�2�+�?���M�B�x�K�v�, �T� �/�- ���F�m�K�m�H�m�D�²�+�v �r�+�x�2���M�B�2�D�b�x�2 �;�`���@

�/�B�2�M�i�v �B �M���/���D�²�+�v ���F�i�m���H�B�x���+�D�B �#�2�x�r�ˆ���/�M�Q���É �Q�`���x ���/���T�i���+�v�D�M�v �F�`�Q�F �m�+�x�2�M�B���- �/�Q�b�i�Q�b�Q�r�v�r���M�v

�Q�b�Q�#�M�Q �/�H�� �F���Š�/�2�;�Q �T���`���K�2�i�`�m�X

�L���D�T�Q�r�b�x�2�+�?�M�B�2�D �b�i�Q�b�Q�r���M�v�K �x �i���F�B�+�? �r���`�B���M�i�¦�r �D�2�b�i �Q�T�i�v�K���H�B�x���i�Q�` ���/���K �U���M�;�X���/�@

���T�i�B�p�2 �J�Q�K�2�M�i �1�b�i�B�K���i�B�Q�M�V�- �x���T�`�Q�T�Q�M�Q�r���M�v �T�`�x�2�x �E�B�M�;�K� �B �"�� �(�9�9�)�X �q�T�`�Q�r���/�x�� �Q�M �Q�#��

�K�2�+�?���M�B�x�K�v �T�Q�T�`�x�2�x �r�v�F�ˆ���/�M�B�+�x�Q �r�v�;���b�x���M�2 ���`�2�/�M�B�2 �T�B�2�`�r�b�x�2�;�Q �B �/�`�m�;�B�2�;�Q �K�Q�K�2�M�i�m

�;�`���/�B�2�M�i�m �7�m�M�F�+�D�B �F�Q�b�x�i�m�- �M�� �T�Q�/�b�i���r�B�2 �F�i�¦�`�v�+�? �r�v�x�M���+�x�� �b�B� ���F�i�m���H�B�x���+�D� �T���`���K�2�i�`�¦�r�,

mk = � 1mk� 1 + (1 � � 1) r � L;

vk = � 2vk� 1 + (1 � � 2) (r � L) � (r � L);

� k+1 = � k �
�

p
vk

� mk ;

�U�9�X�R�3�V

�;�/�x�B�2� 1; � 2 2 [0; 1) �b�² �r�b�T�¦�ˆ�+�x�v�M�M�B�F���K�B �r�v�;���b�x���M�B�� �U�i�v�T�Q�r�Q� 1 = 0:9�- � 2 = 0:999�V�-
p

� �r�v�F�Q�M�v�r���M�2 �D�2�b�i �T�Q �F���Š�/�2�D �b�F�ˆ���/�Q�r�2�D�X �S�B�2�`�r�b�x�v �K�Q�K�2�M�imk �T�2�ˆ�M�B �`�Q�H� �T� �/�m �B �m���`�2�/�@

�M�B�� �;�`���/�B�2�M�i�v �x �T�Q�T�`�x�2�/�M�B�+�? �F�`�Q�F�¦�r�X �.�`�m�;�B �K�Q�K�2�M�ivk �m���`�2�/�M�B�� �F�r���/�`���i�v �;�`���/�B�2�M�i�¦�r�-

�� �/�x�B�2�H�2�M�B�2 �T�`�x�2�x �M�B�2�;�Q �b�F���H�m�D�2 �F�`�Q�F �Q�b�Q�#�M�Q �/�H�� �F���Š�/�2�;�Q �T���`���K�2�i�`�m�X

�e�R



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�a�T�Q�b�¦�# ���F�i�m���H�B�x���+�D�B �Q�T�B�b���M�v �r�x�Q�`�2�K�U�9�X�R�3�V�r�v�K���;�� �D�2�b�x�+�x�2 �/�r�¦�+�? �/�`�Q�#�M�v�+�? �F�Q�`�2�F�i�X

�L�� �T�Q�+�x�²�i�F�m �m�+�x�2�M�B���- �/�H�� �K���ˆ�v�+�?k�- ���`�2�/�M�B�2 �F�`�Q�+�x�²�+�2mk �Bvk �T�Q�x�Q�b�i���D�² �b�B�H�M�B�2 �x���M�B�Š�Q�M�2

�r�x�;�H� �/�2�K �r���`�i�Q���+�B�- �F�i�¦�`�2 �T�`�x�v�D� �ˆ�v�#�v �T�`�x�v �/�ˆ�m�Š�b�x�v�K �m���`�2�/�M�B���M�B�m�X �S�Q�r�Q�/�2�K �D�2�b�i �B�+�? �B�M�B�+�D���H�B�@

�x���+�D�� �x�2�`���K�B�X �J���ˆ�2 �r���`�i�Q���+�Bvk �r �K�B���M�Q�r�M�B�F�m �b�F�m�i�F�m�D�² �r�i�2�/�v �M�B�2�T�`�Q�T�Q�`�+�D�Q�M���H�M�B�2 �/�m�Š�v�K�B

�F�`�Q�F���K�B�- �m�i�`�m�/�M�B���D�²�+ �x�#�B�2�Š�M�Q���É �r �T�B�2�`�r�b�x�v�+�? �B�i�2�`���+�D���+�?�X ���#�v �i�2�K�m �x���T�Q�#�B�2�+�- �r�T�`�Q�r���/�x��

�b�B� �M���b�i� �T�m�D�²�+�2 �T�Q�T�`���r�F�B�,

m̂k =
mk

1 � � k
1

;

v̂k =
vk

1 � � k
2

;

� k+1 = � k �
�

p
v̂k + "

� m̂k ;

�U�9�X�R�N�V

�;�/�x�B�2" = " 1 �D�2�b�i �M�B�2�r�B�2�H�F�B�K �r�2�F�i�Q�`�2�K �b�i���#�B�H�B�x�m�D�²�+�v�K �U�i�v�T�Q�r�Q" = 10� 8�V�- �x���T�Q�#�B�2�;���D�²�+�v�K

�/�x�B�2�H�2�M�B�m �T�`�x�2�x �x�2�`�Q �r �K�B���M�Q�r�M�B�F�m�X �q�x�Q�`�v�U�9�X�R�3�V�m�x�m�T�2�ˆ�M�B�Q�M�2 �T�Q�T�`���r�F���K�B�U�9�X�R�N�V�b�i���M�Q�r�B�²

�T�2�ˆ�M�² �/�2�}�M�B�+�D� ���H�;�Q�`�v�i�K�m ���/���K�X

�P�/�`� �#�M�² �F�H���b� �K�2�i�Q�/ �`�2�T�`�2�x�2�M�i�m�D�2 �Q�T�i�v�K���H�B�x���i�Q�` �G�@�"�6�:�a �U���M�;�X �U���M�;�X�H�B�K�B�i�2�/�@�K�2�K�Q�`�v

�"� �̀Q�v�/�2�M�@�6�H�2�i�+�?�2�`�@�:�Q�H�/�7���`�#�@�a�?���M�M�Q�V�- �x���T�`�Q�T�Q�M�Q�r���M�v �T�`�x�2�x �G�B�m �B �L�Q�+�2�/���H�� �(�9�8�)�X �C�2�b�i �i�Q

�K�2�i�Q�/�� �/�`�m�;�B�2�;�Q �`�x� �/�m �B �r �Q�/�`�¦�Š�M�B�2�M�B�m �Q�/ �Q�T�B�b���M�v�+�? �r�v�Š�2�D ���H�;�Q�`�v�i�K�¦�r�- �F�i�¦�`�2 �F�B�2�`�m�D�² �b�B� 

�r�v�ˆ�²�+�x�M�B�2 �;�`���/�B�2�M�i�2�K�- �r�v�F�Q�`�x�v�b�i�m�D�2 �Q�M�� �/�Q�/���i�F�Q�r�Q �B�M�7�Q�`�K���+�D� �Q �F�`�x�v�r�B�†�M�B�2 �7�m�M�F�+�D�B �F�Q�b�x�i�m�X

�E�`�x�v�r�B�x�M� �i� �Q�T�B�b�m�D�2 �K���+�B�2�`�x �/�`�m�;�B�+�? �T�Q�+�?�Q�/�M�v�+�? �7�m�M�F�+�D�B �F�Q�b�x�i�m�- �M���x�v�r���M�� �K���+�B�2�`�x�²

�>�2�b�b�2�;�QH k �X �:�/�v�#�v ���F�i�m���H�B�x�Q�r���É �T���`���K�2�i�`�v �r �Q�T���`�+�B�m �Q �i� �K���+�B�2�`�x�- �F�`�Q�F �T�`�x�v�D�K�Q�r���ˆ�#�v

�T�Q�b�i���É�,

� k+1 = � k � H � 1
k r � L; �U�9�X�k�y�V

�C���r�M�2 �r�v�x�M���+�x�2�M�B�2 �B �Q�/�r�`�¦�+�2�M�B�2 �i�2�D �K���+�B�2�`�x�v �D�2�b�i �D�2�/�M���F �M�B�2�r�v�F�Q�M���H�M�2 �/�H�� �b�B�2�+�B �Q �/�m�Š�2�D

�H�B�+�x�#�B�2 �T���`���K�2�i�`�¦�r�- �;�/�v�Š �D�2�D �`�Q�x�K�B���` �r�v�M�Q�b�Bn� � n� �X �J�2�i�Q�/�� �"�6�:�a �x���b�i� �T�m�D�2 �x���i�2�K

�/�Q�F�ˆ���/�M�² �Q�/�r�`�Q�i�M�Q���É �K���+�B�2�`�x�v �>�2�b�b�2�;�Q �T�`�x�v�#�H�B�Š�2�M�B�2�K �#�m�/�Q�r���M�v�K �B�i�2�`���+�v�D�M�B�2 �M�� �T�Q�/�b�i���r�B�2

�F�Q�H�2�D�M�v�+�? �r���`�i�Q���+�B �;�`���/�B�2�M�i�m �Q�`���x �T���`���K�2�i�`�¦�r�X �q���`�B���M�i �G�@�"�6�:�a �U���M�;�X�H�B�K�B�i�2�/ �K�2�K�Q�`�v�V

�T�`�x�2�+�?�Q�r�m�D�2 �T�`�x�v �i�v�K �D�2�/�v�M�B�2 �Q�;�`���M�B�+�x�Q�M�² �H�B�+�x�#� �Q�b�i���i�M�B�+�? �T���` �T�`�x�v�`�Q�b�i�¦�r �T���`���K�2�i�`�¦�r

�B �;�`���/�B�2�M�i�m �x���K�B���b�i �+���ˆ�2�D �K���+�B�2�`�x�v�- �x �F�i�¦�`�v�+�? �Q�/�i�r���`�x�� �/�x�B���ˆ���M�B�2 �T�`�x�v�#�H�B�Š�Q�M�2�D �Q�/�r�`�Q�i�M�Q���+�B

�M�� �r�2�F�i�Q�`�x�2 �;�`���/�B�2�M�i�m�X �q �T�Q�#�H�B�Š�m �K�B�M�B�K�m�K �G�@�"�6�:�a �x�#�B�2�;�� �x�M���+�x�M�B�2 �b�x�v�#�+�B�2�D �M�B�Š �K�2�i�Q�/�v

�;�`���/�B�2�M�i�Q�r�2 �T�B�2�`�r�b�x�2�;�Q �`�x� �/�m�- �D�2�b�i �D�2�/�M���F �r�`���Š�H�B�r�v �M�� �T�m�M�F�i �b�i���`�i�Q�r�v �B �m�`�m�+�?�Q�K�B�Q�M�v

�/���H�2�F�Q �Q�/ �M�B�2�;�Q �ˆ���i�r�Q �K�Q�Š�2 �b�B� �x���i�`�x�v�K���É�X

�e�k



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�w �m�x�m�T�2�ˆ�M�B���D�²�+�v�+�? �b�B� �r�ˆ���b�M�Q���+�B �Q�#�m ���H�;�Q�`�v�i�K�¦�r �F�Q�`�x�v�b�i�� �b�i�`���i�2�;�B�� �/�r�m�2�i���T�Q�r�� �b�i�Q�b�Q�@

�r���M�� �r �b�B�2�+�B���+�? �S�A�L�L �x �`�Q�x�/�x�B���ˆ�¦�r�d�B�3�X �C�2�D �T�`�x�2�r���;� �M���/ �T�Q�D�2�/�v�M�+�x�v�K�B �Q�T�i�v�K���H�B�x���i�Q�`���K�B

�T�Q�/ �r�x�;�H� �/�2�K �T�`� �/�F�Q���+�B �x�#�B�2�Š�M�Q���+�B �B�H�m�b�i�`�m�D�2 �T�Q�`�¦�r�M���M�B�2 �M�� �7�m�M�F�+�D�B �_�Q�b�2�M�#�`�Q�+�F�� �U�`�v�b�X�9�X�d�V�X

�q �T�B�2�`�r�b�x�2�D �7���x�B�2 ���/���K�- �/�x�B� �F�B ���/���T�i���+�v�D�M�2�D �b�F���H�B �F�`�Q�F�m�- �b�x�v�#�F�Q �b�T�`�Q�r���/�x�� �T�m�M�F�i �T�Q�@

�+�x�²�i�F�Q�r�v �x �Q�#�b�x���`�m �Q �/�m�Š�2�D �r���`�i�Q���+�B �7�m�M�F�+�D�B �F�Q�b�x�i�m �/�Q �Q�i�Q�+�x�2�M�B�� �K�B�M�B�K�m�K �;�H�Q�#���H�M�2�;�Q�- �M�B�2

�r�v�K���;���D�²�+ �T�`�x�v �i�v�K �T�`�2�+�v�x�v�D�M�2�;�Q �/�Q�#�Q�`�m �?�B�T�2�`�T���`���K�2�i�`�¦�r�X �q �/�`�m�;�B�2�D �7���x�B�2 �G�@�"�6�:�a�-

�b�i���`�i�m�D�²�+ �D�m�Š �#�H�B�b�F�Q �K�B�M�B�K�m�K�- �r�v�F�Q�`�x�v�b�i�m�D�2 �B�M�7�Q�`�K���+�D� �Q �H�Q�F���H�M�2�D �F�`�x�v�r�B�†�M�B�2 �B �Q�b�B�²�;�� �M�B�b�F�B�2

�r���`�i�Q���+�B �F�Q�b�x�i�m �r �x�M���+�x�M�B�2 �K�M�B�2�D�b�x�2�D �H�B�+�x�#�B�2 �F�`�Q�F�¦�r �M�B�Š �K�2�i�Q�/�v �T�B�2�`�r�b�x�2�;�Q �`�x� �/�m�X

�U���V�i�`���D�2�F�i�Q�`�B�2 �Q�T�i�v�K���H�B�x���+�D�B�U�#�V�r���`�i�Q���É �7�m�M�F�+�D�B �F�Q�b�x�i�m �r �F�Q�H�2�D�M�v�+�? �F�`�Q�F���+�?

�_�v�b�m�M�2�F �9�X�d�X�S�Q�`�¦�r�M���M�B�2 �x�#�B�2�Š�M�Q���+�B �a�:�.�- ���/���K���- �G�@�"�6�:�a �Q�`���x �b�i�`���i�2�;�B�B �/�r�m�2�i���T�Q�r�2�D
���/���K�Y�G�@�"�6�:�a �M�� �7�m�M�F�+�D�B �_�Q�b�2�M�#�`�Q�+�F��

�9�X�8�X�9�X �l�+�x�2�M�B�2 �r�b���/�Q�r�2

�S�`�Q�+�2�/�m�`�� ���F�i�m���H�B�x���+�D�B �T���`���K�2�i�`�¦�r�U�9�X�R�d�V�r �b�r�Q�D�2�D �/�Q�b�ˆ�Q�r�M�2�D �T�Q�b�i���+�B �r�v�K���;�� �r�v�@

�x�M���+�x�2�M�B�� �;�`���/�B�2�M�i�m �7�m�M�F�+�D�B �F�Q�b�x�i�m �M�� �+���ˆ�v�K �x�#�B�Q�`�x�2 �i�`�2�M�B�M�;�Q�r�v�K �r �F���Š�/�2�D �B�i�2�`���+�D�B�X �.�H��

�i�v�T�Q�r�v�+�? �`�Q�x�K�B���`�¦�r �x�#�B�Q�`�¦�r �/���M�v�+�? �D�2�b�i �i�Q �M�B�2�2�7�2�F�i�v�r�M�2�- �� �M�B�2�F�B�2�/�v �i���F�Š�2 �M�B�2�r�v�F�Q�M���H�M�2�X

�a�i���M�/���`�/�Q�r�v�K �`�Q�x�r�B�²�x���M�B�2�K �D�2�b�i �Q�b�x���+�Q�r���M�B�2 �T�2�ˆ�M�2�;�Q �;�`���/�B�2�M�i�m ���`�2�/�M�B�² �;�`���/�B�2�M�i�¦�r �H�B�+�x�Q�@

�M�v�+�? �M�� �H�Q�b�Q�r�Q �r�v�#�`���M�v�K �T�Q�/�x�#�B�Q�`�x�2 �Q�#�b�2�`�r���+�D�B �(�9�e�)�- �M���x�v�r���M�v�K �r�b���/�2�K �U���M�;�X�#���i�+�?�V�,

r �
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; �U�9�X�k�R�V

�;�/�x�B�2N �i�Q �H�B�+�x�#�� �T�`�x�v�F�ˆ���/�¦�r �r �x�#�B�Q�`�x�2 �i�`�2�M�B�M�;�Q�r�v�K�-B �i�Q �#�B�2�Š�²�+�v �r�b���/�- ��M �i�Q �D�2�;�Q

�2�H�2�K�2�M�i�¦�r�X �S�`�x�2�x` (i ) �b�F�`�¦�i�Q�r�Q �Q�x�M���+�x�Q�M�Q`
�
ŷ(i )(� ); y(i )

�
�x �`�¦�r�M���M�B�� �U�9�X�R�j�V�X

�E�Q�H�2�D�M�2 �r�b���/�v �T�`�x�2�i�r���`�x�� �b�B� �b�2�F�r�2�M�+�v�D�M�B�2�, �T�B�2�`�r�b�x�� �B�i�2�`���+�D�� �r�v�F�Q�`�x�v�b�i�m�D�2 �2�H�2�K�2�M�i�v

(x(1) ; y(1) ); : : : ; (x(M ) ; y(M ))�- �/�`�m�;�� ��(x(M +1) ; y(M +1) ); : : : ; (x(2M ) ; y(2M )) �B �i���F �/���H�2�D�- ���Š �/�Q

�r�v�+�x�2�`�T���M�B�� �x�#�B�Q�`�m�X �S�2�ˆ�M�2 �T�`�x�2�D���+�B�2 �T�`�x�2�x �x�#�B�¦�` �i�`�2�M�B�M�;�Q�r�v �b�i���M�Q�r�B �T�Q�D�2�/�v�M�+�x�² �2�T�Q�F� �X

�e�j



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�S�Q �D�2�D �x���F�Q�–�+�x�2�M�B�m �F�Q�H�2�D�M�Q���É �2�H�2�K�2�M�i�¦�r �x�#�B�Q�`�m �T�2�`�K�m�i�m�D�2 �b�B� �H�Q�b�Q�r�Q�- ���#�v �F�Q�H�2�D�M�2 �2�T�Q�F�B

�T�`�x�2�i�r���`�x���ˆ�v �/���M�2 �r �B�M�M�v�K �T�Q�`�x�²�/�F�m�- �B �T�`�Q�+�2�/�m�`� �`�Q�x�T�Q�+�x�v�M�� �b�B� �Q�/ �M�Q�r���X

���T�`�Q�F�b�v�K���+�D���U�9�X�k�R�V�r�T�`�Q�r���/�x�� �/�Q �T�`�Q�+�2�b�m �m�+�x�2�M�B�� �2�H�2�K�2�M�i �H�Q�b�Q�r�Q���+�B�X �q�v�M�B�F���D�²�+�2

�x �i�2�;�Q �x���b�x�m�K�B�2�M�B�2 �F�`�Q�F�¦�r�- �K�B�K�Q �T�Q�x�Q�`�M�B�2 �M�B�2�F�Q�`�x�v�b�i�M�2�;�Q �+�?���`���F�i�2�`�m�- �r �T�`���F�i�v�+�2 �T�2�ˆ�M�B

�`�Q�H� �`�2�;�m�H���`�v�x���+�v�D�M�² �B �b�T�`�x�v�D�� �Q�b�B�²�;���M�B�m �`�Q�x�r�B�²�x���– �H�2�T�B�2�D �;�2�M�2�`���H�B�x�m�D�²�+�v�+�? �M�� �/���M�2 �b�T�Q�x��

�x�#�B�Q�`�m �i�`�2�M�B�M�;�Q�r�2�;�Q�X

�9�X�8�X�8�X �L�Q�`�K���H�B�x���+�D�� �/���M�v�+�? �r�2�D���+�B�Q�r�v�+�?

�.�Q�#�¦�` �2�7�2�F�i�v�r�M�2�;�Q �F�`�Q�F�m �m�+�x�2�M�B�� �D�2�b�i �i�v�K �i�`�m�/�M�B�2�D�b�x�v�- �B�K �#���`�/�x�B�2�D �b�F�ˆ���/�Q�r�2 �r�2�F�i�Q�`��

�r�2�D���+�B�Q�r�2�;�Q �`�¦�Š�M�B�² �b�B� �b�F���H�²�X �a�F�ˆ���/�Q�r�2 �Q �/�m�Š�v�+�? �r���`�i�Q���+�B���+�? �;�2�M�2�`�m�D�² �/�m�Š�2 ���F�i�v�r���+�D�2�-

�T�`�Q�r���/�x�²�+ �/�Q �r�v�b�v�+�2�M�B�� �7�m�M�F�+�D�Btanh �Q�K���r�B���M�2�D �r �`�Q�x�/�x�B���H�2�9�X�j�B �/�Q �x���M�B�F���M�B�� �;�`���/�B�2�M�i�¦�r�X

�a�F�ˆ���/�Q�r�2 �Q �K���ˆ�v�+�? �r���`�i�Q���+�B���+�? �T�`�x�2�F���x�m�D�² �x���� �b�v�;�M���ˆ �M�B�2�`�¦�Š�M�B�²�+�v �b�B� �Q�/ �x�2�`���- �+�Q �2�7�2�F�i�v�r�M�B�2

�r�v�ˆ�²�+�x�� �D�2 �x �T�`�Q�+�2�b�m �m�+�x�2�M�B���X �q �i�v�T�Q�r�v�K �b�+�?�2�K���+�B�2 �x�K�B�2�M�M�2 �r�2�D���+�B�Q�r�2 �b�T�`�Q�r���/�x�� �b�B� �/�Q

�T�Q�`�¦�r�M�v�r���H�M�2�D �b�F���H�B �D�2�/�M�² �x �/�r�¦�+�? �i�`���M�b�7�Q�`�K���+�D�B�X �a�i���M�/���`�v�x���+�D�� �U���M�;�X�x�@�b�+�Q� �̀2 �M�Q�`�K���H�B�x���@

�i�B�Q�M�V �x���b�i� �T�m�D�2 �F���Š�/�² �x�K�B�2�M�M�² �D�2�D �r���`�i�Q���+�B�² �b�+�2�M�i�`�Q�r���M�² �B �T�Q�/�x�B�2�H�Q�M�² �T�`�x�2�x �Q�/�+�?�v�H�2�M�B�2

�b�i���M�/���`�/�Q�r�2�,

~x j =
x j � � j

sj
; � j =

1
N

NX

i =1

x(i )
j ; sj =

vu
u
t 1

N

NX

i =1

�
x(i )

j � � j

� 2
: �U�9�X�k�k�V

�a�F���H�Q�r���M�B�2 �K�B�M�@�K���t �Q�/�r�x�Q�`�Q�r�m�D�2 �/�x�B�2�/�x�B�M� �F���Š�/�2�D �x�K�B�2�M�M�2�D �r �m�b�i���H�Q�M�v �T�`�x�2�/�x�B���ˆ�- �M���D�+�x� �@

���+�B�2�D[� 1; 1] �H�m�#[0; 1]�,

~x j =
x j � mini x(i )

j

maxi x(i )
j � mini x(i )

j

: �U�9�X�k�j�V

�S�Q �/�Q�r�Q�H�M�2�D �x �i�v�+�? �i�`���M�b�7�Q�`�K���+�D�B �r�b�x�v�b�i�F�B�2 �b�F�ˆ���/�Q�r�2 �r�2�D���+�B�� �T�Q�`�m�b�x���D�² �b�B� �r �T�Q�/�Q�#�M�v�K

�x���F�`�2�b�B�2�- �/�x�B� �F�B �+�x�2�K�m �T�`�Q�T���;�Q�r���M�2 �b�v�;�M���ˆ�v �B �;�`���/�B�2�M�i�v �x���+�?�Q�r�m�D�² �T�Q�`�¦�r�M�v�r���H�M�² �b�F���H� 

�T�Q�K�B� �/�x�v �r�b�T�¦�ˆ�`�x� �/�M�v�K�B�- �� �Q�T�i�v�K���H�B�x���i�Q�` �K�Q�Š�2 �r�v�F�Q�`�x�v�b�i�v�r���É �r�b�T�¦�H�M�v �F�`�Q�F �m�+�x�2�M�B���X

�q �b�B�2�+�B���+�? �S�A�L�L �M�Q�`�K���H�B�x���+�D�� �M�B�2 �D�2�b�i �D�2�/�v�M�B�2 �x���#�B�2�;�B�2�K �m�b�T�`���r�M�B���D�²�+�v�K�- �H�2�+�x �r���`�m�M�F�B�2�K

�x�#�B�2�Š�M�Q���+�B�- �+�Q �r�v�F���x���M�Q �r �`�Q�x�/�x�B���H�2�d�X

�9�X�8�X�e�X �_�2�;�m�H���`�v�x���+�D���- �T�`�x�2�m�+�x�2�M�B�2 �B �r�+�x�2�b�M�2 �x���i�`�x�v�K���M�B�2

�a�B�2�+�B �Q �/�m�Š�2�D �H�B�+�x�#�B�2 �T���`���K�2�i�`�¦�r �K���D�² �i�2�M�/�2�M�+�D� �/�Q �M���/�K�B�2�`�M�2�;�Q �/�Q�T���b�Q�r�v�r���M�B�� �b�B� 

�/�Q �x�#�B�Q�`�m �i�`�2�M�B�M�;�Q�r�2�;�Q �U���M�;�X�Q�p�2�`�}�i�i�B�M�;�V�- �Q�/�/���D�²�+�2�;�Q �`�¦�r�M�B�2�Š �b�x�m�K �T�Q�K�B���`�Q�r�v �x���K�B���b�i

�r�ˆ�����+�B�r�2�D �x���H�2�Š�M�Q���+�B �7�m�M�F�+�v�D�M�2�D�X �E�H���b�v�+�x�M�v�K �T�`�x�2�+�B�r�/�x�B���ˆ���M�B�2�K �D�2�b�i �`�2�;�m�H���`�v�x���+�D���- �+�x�v�H�B

�e�9



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�`�Q�x�b�x�2�`�x�2�M�B�2 �7�m�M�F�+�D�B �F�Q�b�x�i�m �Q �+�x�ˆ�Q�M �F���`�x�²�+�v �/�m�Š�2 �r���`�i�Q���+�B �r���;�X �_�2�;�m�H���`�v�x���+�D��L2 �U�`�B�/�;�2�-

�x�M���M�� �`�¦�r�M�B�2�Š �D���F�Q ���M�;�X�r�2�B�;�?�i �/�2�+���v�V �(�R�)�- �(�9�d�) �/�Q�/���D�2 �b�m�K� �F�r���/�`���i�¦�r �r���;�,

L2(� ) = L(� ) + �
DX

d=1






 W (d)








2

2
; �U�9�X�k�9�V

�;�/�x�B�2� � 0 �D�2�b�i �?�B�T�2�`�T���`���K�2�i�`�2�K �Q�F�`�2���H���D�²�+�v�K �b�B�ˆ� �`�2�;�m�H���`�v�x���+�D�B�X �*�x�ˆ�Q�M�U�9�X�k�9�V�D�2�b�i �;�ˆ���/�F�B

�B �`�¦�Š�M�B�+�x�F�Q�r���H�M�v�- �� �D�2�;�Q �T�Q�+�?�Q�/�M�� �x�K�M�B�2�D�b�x�� �F���Š�/�² �r���;� �T�`�Q�T�Q�`�+�D�Q�M���H�M�B�2 �/�Q �D�2�D �r���`�i�Q���+�B�-

�Q�;�`���M�B�+�x���D�²�+ �`�Q�x�`���b�i���M�B�2 �b�B� �T���`���K�2�i�`�¦�r�X �_�2�;�m�H���`�v�x���+�D��L1 �U�H���b�b�Q�V �(�R�)�- �(�9�d�) �x���b�i� �T�m�D�2 �b�m�K� 

�F�r���/�`���i�¦�r �r���; �b�m�K�² �B�+�? �r���`�i�Q���+�B �#�2�x�r�x�;�H� �/�M�v�+�?�,

L1(� ) = L(� ) + �
DX

d=1






 W (d)






 : �U�9�X�k�8�V

�q �Q�/�`�¦�Š�M�B�2�M�B�m �Q�/�U�9�X�k�9�V�- �+�x�ˆ�Q�ML1 �M�B�2 �D�2�b�i �`�¦�Š�M�B�+�x�F�Q�r���H�M�v �r �x�2�`�x�2�- �H�2�+�x �/�x�B� �F�B �i�2�K�m �r�v�K�m�b�x��

�/�Q�F�ˆ���/�M�2 �x�2�`�Q�r���M�B�2 �+�x� ���+�B �r���;�- �T�`�Q�r���/�x�²�+ �/�Q �`�Q�x�r�B�²�x���– �`�x���/�F�B�+�?�X �P�#�B�2 �`�2�;�m�H���`�v�x���+�D�2

�r�v�F�Q�`�x�v�b�i�v�r���M�2 �b�² �r �M�B�M�B�2�D�b�x�2�D �T�`���+�v �r �`�Q�x�/�x�B���H�2�e�X �.�Q�#�¦�` �Q�/�T�Q�r�B�2�/�M�B�2�D �r���`�i�Q���+�B�

�b�i���M�Q�r�B �i���K �D�2�/�2�M �x �2�i���T�¦�r �b�i�`�Q�D�2�M�B�� ���H�;�Q�`�v�i�K�m�X

�P�/�`� �#�M�² �i�2�+�?�M�B�F�²�- �M�B�2�r�v�F�Q�`�x�v�b�i�v�r���M�² �r�T�`���r�/�x�B�2 �r �M�B�M�B�2�D�b�x�2�D �T�`���+�v�- �H�2�+�x �T�Q�r�b�x�2�+�?�M�B�2

�b�i�Q�b�Q�r���M�² �r �;�ˆ� �#�Q�F�B�+�? �b�B�2�+�B���+�?�- �D�2�b�i �T�Q�`�x�m�+���M�B�2 �M�2�m�`�Q�M�¦�r �U���M�;�X�/� �̀Q�T�Q�m�i�V �(�9�3�)�X �q �F���Š�@

�/�2�D �B�i�2�`���+�D�B �i�`�2�M�B�M�;�m �H�Q�b�Q�r�Q �r�v�#�`���M�² �+�x� ���É �M�2�m�`�Q�M�¦�r �r���`�b�i�r�v �i�v�K�+�x���b�Q�r�Q �r�v�ˆ�²�+�x�� �b�B� 

�x �Q�#�H�B�+�x�2�–�- �m�b�i���r�B���D�²�+ �B�+�? �r�v�D���+�B�� �M�� �x�2�`�Q�- �T�`�x�2�x �+�Q �b�B�2�É �M�B�2 �K�Q�Š�2 �M���/�K�B�2�`�M�B�2 �T�Q�H�2�;���É �M��

�T�Q�D�2�/�v�M�+�x�v�+�? �D�2�/�M�Q�b�i�F���+�? �B �m�+�x�v �b�B� �`�2�T�`�2�x�2�M�i���+�D�B �#���`�/�x�B�2�D �Q�/�T�Q�`�M�v�+�?�X �L�� �2�i���T�B�2 �T�`�2�/�v�F�+�D�B

�r�b�x�v�b�i�F�B�2 �M�2�m�`�Q�M�v �T�Q�x�Q�b�i���D�² ���F�i�v�r�M�2�X

�.�B���;�M�Q�b�i�v�F�� �D���F�Q���+�B �i�`�2�M�B�M�;�m �Q�T�B�2�`�� �b�B� �M�� �T�Q�/�x�B���H�2 �/�Q�b�i� �T�M�v�+�? �/���M�v�+�? �M�� �i�`�x�v �`�Q�x�ˆ�²�+�x�M�2

�T�Q�/�x�#�B�Q�`�v �(�R�)�X �L�� �x�#�B�Q�`�x�2 �i�`�2�M�B�M�;�Q�r�v�K �r�v�x�M���+�x�� �b�B� �T���`���K�2�i�`�v �b�B�2�+�B�X �w�#�B�¦�` �r���H�B�/���+�v�D�M�v

�M�B�2 �m�+�x�2�b�i�M�B�+�x�v �r ���F�i�m���H�B�x���+�D�B �r���;�- �H�2�+�x �b�ˆ�m�Š�v �/�Q �K�Q�M�B�i�Q�`�Q�r���M�B�� �T�`�x�2�#�B�2�;�m �i�`�2�M�B�M�;�m

�B �/�Q�#�Q�`�m �?�B�T�2�`�T���`���K�2�i�`�¦�r�X �w�#�B�¦�` �i�2�b�i�Q�r�v �T�Q�x�Q�b�i���D�2 �M���i�Q�K�B���b�i �+���ˆ�F�Q�r�B�+�B�2 �r�v�ˆ�²�+�x�Q�M�v

�x �T�`�Q�+�2�/�m�`�v �m�+�x�2�M�B�� �B �r�v�F�Q�`�x�v�b�i�m�D�2 �b�B� �;�Q �r�v�ˆ�²�+�x�M�B�2 �/�Q �F�Q�–�+�Q�r�2�D�- �D�2�/�M�Q�`���x�Q�r�2�D �Q�+�2�M�v

�x�/�Q�H�M�Q���+�B �m�Q�;�¦�H�M�B���M�B�� �;�Q�i�Q�r�2�;�Q �K�Q�/�2�H�m�X

�S�`�x�2�m�+�x�2�M�B�2 �Q�#�D���r�B�� �b�B� �`�Q�b�M�²�+�² �`�Q�x�#�B�2�Š�M�Q���+�B�² �r���`�i�Q���+�B �7�m�M�F�+�D�B �F�Q�b�x�i�m �T�Q�K�B� �/�x�v �x�#�B�Q�`�2�K

�i�`�2�M�B�M�;�Q�r�v�K �� �r���H�B�/���+�v�D�M�v�K�, �M�� �x�#�B�Q�`�x�2 �i�`�2�M�B�M�;�Q�r�v�K �r���`�i�Q���É �i�� �K���H�2�D�2�- �T�Q�/�+�x���b �;�/�v �M��

�x�#�B�Q�`�x�2 �r���H�B�/���+�v�D�M�v�K �T�Q �T�2�r�M�v�K �+�x���b�B�2 �x���+�x�v�M�� �`�Q�b�M�²�É�X �q�+�x�2�b�M�2 �x���i�`�x�v�K���M�B�2 �U���M�;�X�2���`�H�v

�b�i�Q�T�T�B�M�;�V �(�R�) �T�Q�H�2�;�� �M�� �K�Q�M�B�i�Q�`�Q�r���M�B�m �r���`�i�Q���+�B �7�m�M�F�+�D�B �F�Q�b�x�i�m �M�� �x�#�B�Q�`�x�2 �r���H�B�/���+�v�D�M�v�K

�B �T�`�x�2�`�r���M�B�m �i�`�2�M�B�M�;�m �r �+�?�r�B�H�B�- �;�/�v �i�� �T�`�x�2�x �m�b�i���H�Q�M�² �H�B�+�x�#� �2�T�Q�F �T�`�x�2�b�i���D�2 �K���H�2�É�X �S�Q�M�B�2�r���Š

�e�8



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�K�Q�K�2�M�i �x���i�`�x�v�K���M�B�� �x���H�2�Š�v �Q�/ �x�#�B�Q�`�m �r���H�B�/���+�v�D�M�2�;�Q�- �i�2�M �Q�b�i���i�M�B �r�T�ˆ�v�r�� �M�� �}�M���H�M�v �K�Q�/�2�H�-

�+�Q �D�2�b�i �F�Q�H�2�D�M�v�K �T�Q�r�Q�/�2�K�- �/�H�� �F�i�¦�`�2�;�Q �M�B�2�x���H�2�Š�M�2�D �Q�+�2�M�v �/�Q�F�Q�M�m�D�2 �b�B� �/�Q�T�B�2�`�Q �M�� �Q�/�ˆ�Q�Š�Q�M�v�K

�x�#�B�Q�`�x�2 �i�2�b�i�Q�r�v�K�X �a�v�i�m���+�D�� �T�`�x�2�+�B�r�M���- �M�B�2�/�Q�m�+�x�2�M�B�2 �U���M�;�X�m�M�/�2�`�}�i�i�B�M�;�V�- �r �F�i�¦�`�2�D �r���`�i�Q���É

�7�m�M�F�+�D�B �F�Q�b�x�i�m �M�� �Q�#�m �x�#�B�Q�`���+�? �T�Q�x�Q�b�i���D�2 �r�v�b�Q�F���- �r�b�F���x�m�D�2 �M�� �x�#�v�i �T�`�Q�b�i�² ���`�+�?�B�i�2�F�i�m�`� 

�b�B�2�+�B �H�m�# �M�B�2�r�v�b�i���`�+�x���D�²�+�Q �/�ˆ�m�;�B �i�`�2�M�B�M�;�X

�e�e



�8�X �a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�?

�K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�q �`�Q�x�/�x�B���H�2 �i�v�K �T�`�x�2�/�b�i���r�B�Q�M�Q �T�Q�/�b�i���r�Q�r�2 �T�Q�D� �+�B�� �B �`�¦�r�M���M�B�� �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r

�+�B�²�;�ˆ�v�+�? �M�B�2�x�#� �/�M�2 �/�Q �b�7�Q�`�K�m�ˆ�Q�r���M�B�� �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �M�B�2�H�B�M�B�Q�r�2�D �i�2�Q�`�B�B �b�T�`� �Š�v�b�i�Q���+�B�X

�a�x�+�x�2�;�¦�ˆ�Q�r�2 �Q�K�¦�r�B�2�M�B�2 �T�Q�`�m�b�x���M�v�+�? �x���;���/�M�B�2�–�- �r�`���x �x �B�+�? �b�7�Q�`�K���H�B�x�Q�r���M�v�K �m�D� �+�B�2�K

�;�2�Q�K�2�i�`�v�+�x�M�v�K�- �x���r�B�2�`���D�² �T�Q�/�`� �+�x�M�B�F�B �x �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�? �U�J�P�*�V �(�9�N�)���(�8�3�)

�Q�`���x �K�Q�M�Q�;�`���}�2 �T�Q���r�B� �+�Q�M�2 �M�B�2�H�B�M�B�Q�r�2�D �i�2�Q�`�B�B �b�T�`� �Š�v�b�i�Q���+�B �B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �(�8�N�)���(�d�k�) �Q�`���x

�Q�#�b�x�2�`�M�� �H�B�i�2�`���i�m�`�� �†�`�¦�/�ˆ�Q�r�� �i���K �+�v�i�Q�r���M���X

�q �+�2�H�m �b�7�Q�`�K�m�ˆ�Q�r���M�B�� �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�? �T�`�x�v�D� �i�v�K

�K�Q�/�2�H�2�K �K���i�2�K���i�v�+�x�M�v�K �D�2�b�i �T�`�x�2�b�i�`�x�2�– �r�ˆ�¦�F�M�B�b�i�� �x �r�v�`�¦�Š�M�B�Q�M�² �i�`�¦�D�F�² �2�H�2�K�2�M�i�¦�r�,

� �T�`�x�2�b�i�`�x�2�M�B�² �r�B�²�x�F�B�- �F�i�¦�`�� �D�2�b�i �i�`�¦�D�r�v�K�B���`�Q�r�² �T�`�x�2�b�i�`�x�2�M�B�² �2�m�F�H�B�/�2�b�Q�r�² �T�m�M�F�i�Q�r�²

�Q�F�`�2���H���D�²�+�² �T�Q�ˆ�Q�Š�2�M�B�2 �+�B���ˆ���-

� �T�`�x�2�b�i�`�x�2�M�B�² �#���x�Q�r�²�- �F�i�¦�`�� �D�2�b�i �D�2�/�M�Q�r�v�K�B���`�Q�r�² �2�m�F�H�B�/�2�b�Q�r�² �T�m�M�F�i�Q�r�² �T�`�x�2�b�i�`�x�2�M�B�²

�+�x���b�m�-

� �Q�F�`�2���H�Q�M�² �b�m�`�D�2�F�+�D�² �#� �/�²�+�² �Q�/�r�x�Q�`�Q�r���M�B�2�K �`�x�m�i�Q�r���M�B�� �T�`�x�2�b�i�`�x�2�M�B �r�B�²�x�F�B �M�� �T�`�x�2�@

�b�i�`�x�2�– �#���x�Q�r�² �(�d�j�)�X

�8�X�R�X �.�2�7�Q�`�K���+�D��

���#�v �`�Q�x�`�¦�Š�M�B�É �F�Q�M�}�;�m�`���+�D� �T�Q�+�x�²�i�F�Q�r�²B0�- �Q�/�T�Q�r�B���/���D�²�+�² �+�B���ˆ�m �M�B�2�Q�/�F�b�x�i���ˆ�+�Q�M�2�K�m�-

�Q�/ �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D �U�+�B���ˆ�� �Q�/�F�b�x�i���ˆ�+���H�M�2�;�Q�VB �- �b�i�Q�b�m�D�2 �b�B� �K���i�2�`�B���H�M�v �Q�T�B�b �G���;�`���M�;�2�ö��

�#�²�/�† �T�`�x�2�b�i�`�x�2�M�M�v �Q�T�B�b �1�m�H�2�`�� �(�d�j�)�X �w�� �F�Q�M�}�;�m�`���+�D� �Q�/�M�B�2�b�B�2�M�B�� �+�B���ˆ�� �M�B�2�Q�/�F�b�x�i���ˆ�+�Q�M�2�;�Q

�x�r�v�F�H�2 �Q�#�B�2�`�� �b�B� �F�Q�M�}�;�m�`���+�D� �T�Q�+�x�²�i�F�Q�r�²B0�- �F�i�¦�`�2�D �T�`�x�v�T�B�b�m�D�2 �b�B� �+�?�r�B�H� t = 0�X �q �m�D� �+�B�m

�G���;�`���M�;�2�ö�� �/�H�� �+�?�r�B�Ht > 0 �T�Q�ˆ�Q�Š�2�M�B�2 �+�x�²�b�i�F�B �+�B���ˆ�� �r�v�x�M���+�x�� �Q�/�r�`���+���H�M�� �r�2�F�i�Q�`�Q�r��

�7�m�M�F�+�D�� �`�m�+�?�m� (X ; t) �(�8�e�)�- �(�8�d�)�- �(�e�R�)�- �(�e�8�)���(�e�3�)�- �x���H�2�Š�M�� �Q�/ �r�2�F�i�Q�`�� �T�Q�ˆ�Q�Š�2�M�B�� �i�2�D �+�x�²�b�i�F�B

�r �F�Q�M�}�;�m�`���+�D�B �Q�/�M�B�2�b�B�2�M�B��X �Q�`���x �Q�/ �+�x���b�mt�X �w �F�Q�H�2�B �Q�T�B�b �1�m�H�2�`���- �r �F�i�¦�`�v�K ���`�;�m�K�2�M�ix

�D�2�b�i �r�2�F�i�Q�`�2�K �T�Q�ˆ�Q�Š�2�M�B�� �+�x�²�b�i�F�B �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D�- �Q�i�`�x�v�K�m�D�2 �b�B� �T�`�x�v �m�Š�v�+�B�m �7�m�M�F�+�D�B

�Q�/�r�`�Q�i�M�2�D� � 1(x; t)�X �S�`�Q�r���/�x�B �i�Q �/�Q �x�r�B�²�x�F�m�,

x = � (X ; t) = X + u(X ; t); �U�8�X�R�V

�e�d



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�T�`�x�v �+�x�v�Ku(X ; t) �b�i���M�Q�r�B �T�Q�H�2 �r�2�F�i�Q�`�Q�r�2 �T�`�x�2�K�B�2�b�x�+�x�2�– �+�x�²�b�i�F�B �+�B���ˆ���- �+�Q �B�H�m�b�i�`�m�D�2 �`�v�b�X�8�X�R�X

�P�;�¦�H�M�B�2 �#�B�Q�`�²�+�- �F���Š�/�2�D �x �F�Q�M�}�;�m�`���+�D�B �i�Q�r���`�x�v�b�x�v �T�2�r�B�2�M �F�`�x�v�r�Q�H�B�M�B�Q�r�v �m�F�ˆ���/ �r�b�T�¦�ˆ�@

�_�v�b�m�M�2�F �8�X�R�X�S�Q�+�x�²�i�F�Q�r�� �Q�`���x ���F�i�m���H�M�� �F�Q�M�}�;�m�`���+�D�� �Q�/�F�b�x�i���ˆ�+���D�²�+�2�;�Q �b�B� �+�B���ˆ�� �(�d�R�)

�`�x� �/�M�v�+�?�X �a�x�+�x�2�;�¦�H�M�v�K �T�`�x�v�T���/�F�B�2�K �b�² �m�F�ˆ���/�v �F���`�i�2�x�D���–�b�F�B�2 �Q �Q�/�K�B�2�M�M�v�+�? �`�2�T�2�`���+�?�-

�M�T�Xf O0; f E I gg �r B0 �Q�`���xf O; f ei gg �r �"�X �L���D�T�`�Q�b�i�b�x�2 �T�Q�/�2�D���+�B�2 �T�Q�H�2�;�� �x���� �M�� �T�`�x�v�D� �+�B�m

�r�b�T�¦�H�M�2�;�Q �/�H�� �Q�#�m �F�Q�M�}�;�m�`���+�D�B �m�F�ˆ���/�m �F���`�i�2�x�D���–�b�F�B�2�;�Q�- �M�T�Xf O; f ei gg�- �T�Q�`�X �`�v�b�X�8�X�R�(�e�3�)���(�d�y�)�-

�(�d�9�)�X

�.�H�� �Q�/�r�x�Q�`�Q�r���M�B��� (X ; t) �r�v�x�M���+�x�� �b�B� �T�Q�+�?�Q�/�M�² �6�`�û�+�?�2�i���- �x�r�v�+�x���D�Q�r�Q �Q�F�`�2���H���M�²

�K�B���M�2�K �ò�;�`���/�B�2�M�i�m �/�2�7�Q�`�K���+�D�B�ô�,

F �
@�(X ; t)

@x
= I + H ; H �

@u(X ; t)
@X

: �U�8�X�k�V

�h�2�M�b�Q�`�6 �Q�/�r�x�Q�`�Q�r�m�D�2 �b�x�i�v�r�M�2 �Q�#�`�Q�i�v �Q�`���x �r�v�/�ˆ�m�Š�2�M�B�� �B�M�}�M�B�i�2�x�v�K���H�M�v�+�? �M�B�i�2�F �K���i�2�`�B���H�@

�M�v�+�? �T�`�x�v �T�`�x�2�D���+�B�m �K�B� �/�x�v �Q�#�B�2�K�� �F�Q�M�}�;�m�`���+�D���K�B �(�8�y�)�- �(�e�9�)�- �(�e�e�)�- �(�e�d�)�,

dx = FdX : �U�8�X�j�V

�w �b���K�2�D �/�2�}�M�B�+�D�B �i�2�M�b�Q�`���6 �T�ˆ�v�M�B�2 �r�M�B�Q�b�2�F�- �Š�2 �/�2�7�Q�`�K���+�D�2 �b�F�ˆ���/���D�² �b�B� �K�m�H�i�B�T�H�B�F���i�v�r�M�B�2�,

F = F1F2F3; �U�8�X�9�V

�� �Q�T�2�`���+�D�� �i�� �M�B�2 �D�2�b�i �T�`�x�2�K�B�2�M�M���- �+�x�v�H�BF1F2F3 6= F2F1F3�X

�e�3



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�8�X�k�X �h�2�M�b�Q�`�v �Q�/�F�b�x�i���ˆ�+�2�–

�E�r���/�`���i�v �/�ˆ�m�;�Q���+�B �M�B�i�2�F �K���i�2�`�B���H�M�v�+�? �Q�/�T�Q�r�B�2�/�M�B�Q �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D �Q�`���x

�T�Q�+�x�²�i�F�Q�r�2�D �r�v�M�Q�b�x�²�,

dl2 = dx:dx; dL2 = dX :dX ; �U�8�X�8�V

�+�Q�- �F�Q�`�x�v�b�i���D�²�+ �x �x���H�2�Š�M�Q���+�B�8�X�j�- �K�Q�Š�M�� �`�Q�x�r�B�M�²�É �/�Q �T�Q�b�i���+�B�,

dl2 = ( FdX ):(FdX ) = ( FdX )T (FdX ) = dX T FT FdX ;

dL2 = ( F � 1dx):(F � 1dx) = ( F � 1dx)T (F � 1dx) = dxT F � T F � 1dx:
�U�8�X�e�V

�S�Q�x�r���H�� �i�Q �x�B�M�i�2�`�T�`�2�i�Q�r���É �T�`���r�v�* �Q�`���x �H�2�r�v �i�2�M�b�Q�` �*���m�+�?�v�ö�2�;�Q���:�`�2�2�M��B � 1 �(�8�d�)�-

�(�e�8�)�- �(�e�e�)�- �(�e�3�)�- �(�d�j�) �r �T�Q�b�i���+�B�,

C = FT F; c = B � 1 = F � T F � 1 = FF T �U�8�X�d�V

�P�#�D� �i�Q���É �M�B�2�b�F�Q�–�+�x�2�M�B�2 �K���ˆ�2�;�Q �`�¦�r�M�Q�H�2�;�ˆ�Q���+�B���M�m �x�#�m�/�Q�r���M�2�;�Q �M�� �i�`�x�2�+�? �r�2�F�i�Q�`���+�?�-

�x���`�¦�r�M�Q �T�`�x�2�/ �/�2�7�Q�`�K���+�D�²�- �D���F �B �T�Q �M�B�2�D�- �Q�i�`�x�v�K�m�D�2 �b�B� �x �B�+�? �B�H�Q�+�x�v�M�m �K�B�2�b�x���M�2�;�Q�,

dV = ( dX 1 � dX 2):dX 3; dv = ( dx1 � dx2):dx3: �U�8�X�3�V

�"�B�Q�`�²�+ �T�Q�/ �m�r���;� �- �Š�2 �Q�/�r�x�Q�`�Q�r���M�B�2 �M�B�i�2�F �K���i�2�`�B���H�M�v�+�? �K�B� �/�x�v �Q�#�B�2�K�� �F�Q�M�}�;�m�`���+�D���K�B

�`�2���H�B�x�m�D�2 �i�2�M�b�Q�` �;�`���/�B�2�M�i�m �/�2�7�Q�`�K���+�D�B�6 �(�e�R�)�- �(�e�8�)�- �(�e�e�)�- �Q�i�`�x�v�K�m�D�2 �b�B� �,

dv = ( FdX 1 � FdX 2):FdX 3 = (det F) � [(dX 1 � dX 2):dX 3] = (det F)dV = JdV; �U�8�X�N�V

�T�`�x�v �+�x�v�K �r�v�F�Q�`�x�v�b�i���M�Q �T�Q�M�B�Š�b�x�2 �T�`�x�2�F�b�x�i���ˆ�+�2�M�B���,

(FdX 1 � FdX 2):FdX 3 = 2 ijk [Fip (dX1)p][Fjq (dX2)q][Fkr (dX3)r ]

= 2 ijk Fip Fjq Fkr (dX1)p(dX2)q(dX3)r

= det F 2pqr (dX1)p(dX2)q(dX3)r

= (det F) � [(dX 1 � dX 2):dX 3]

�U�8�X�R�y�V

�Q�`���x �T�`�x�v�D� �i�Q�- �Š�2 �r�v�x�M���+�x�M�B�FJ �- �Q�T�B�b�m�D�²�+�v �x�K�B���M� �Q�#�D� �i�Q���+�B�- �T�`�x�v�D�K�m�D�2 �r���`�i�Q���+�B �/�Q�/���i�M�B�2

(J > 0)�X �q�v�M�B�F�� �b�i�²�/�- �Š�2 �/�Q�T�m�b�x�+�x���H�M�2 �/�2�7�Q�`�K���+�D�2 �i�r�Q�`�x�² �x�#�B�¦�`F 2 Lin + �- �r �F�i�¦�`�v�KLin +

�Q�x�M���+�x�� �T�`�x�2�b�i�`�x�2�– �/�Q�/���i�M�B�Q �Q�F�`�2���H�Q�M�v�+�? �i�2�M�b�Q�`�¦�r �/�`�m�;�B�2�;�Q �`�x� �/�m(dim Lin + = 9) �(�8�e�)�-

�e�N



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�(�8�d�)�- �(�e�R�)�- �(�e�3�)�X �A�M�}�M�B�i�2�x�v�K���H�M�v �2�H�2�K�2�M�i �T�Q�r�B�2�`�x�+�?�M�B �x �r�2�`�b�Q�`�2�K �M�Q�`�K���H�M�v�K�- �`�Q�x�T���i�`�v�r���M�v

�T�`�x�2�/ �/�2�7�Q�`�K���+�D�² �B �T�Q �M�B�2�D�- �r�v�`���Š�� �b�B� �D���F�Q�,

dS = dSN ; ds = dsn: �U�8�X�R�R�V

�_�Q�x�r���Š���M�² �r�+�x�2���M�B�2�D �Q�#�D� �i�Q���É �U�8�X�3�V �x���T�B�b���É �K�Q�Š�M�� �Q�#�2�+�M�B�2 �r �7�Q�`�K�B�2�,

dV = dS:dX ; dv = ds:dx: �U�8�X�R�k�V

�S�Q �b�F�Q�`�x�v�b�i���M�B�m �x �U�8�X�j�V �m�x�v�b�F�m�D�2 �b�B� �,

ds:dx = J dS:dX = J dS:(F � 1dx); �U�8�X�R�j�V

�+�Q �T�Q �/���H�b�x�v�+�? �T�`�x�2�F�b�x�i���ˆ�+�2�M�B���+�? �/���D�2�,

ds = n ds = J (F � 1)T N dS = (Cof F)N dS = (Cof F) dS: �U�8�X�R�9�V

�P�b�Q�#�H�B�r�v �i�2�M�b�Q�`F �T�Q�/�/���D�2 �b�B� �`�Q�x�F�ˆ���/�Q�r�B �T�Q�H���`�M�2�K�m �(�8�d�)�- �(�e�8�)�- �(�e�e�)�,

F = RU = VR ; �U�8�X�R�8�V

�r �F�i�¦�`�v�KR �i�Q �Q�`�i�Q�;�Q�M���H�M�v �i�2�M�b�Q�` �Q�#�`�Q�i�m �Q �D�2�/�M�Q�b�i�F�Q�r�v�K �r�v�x�M���+�x�M�B�F�m�- �M���i�Q�K�B���b�iU

�Q�`���xV �b�i���M�Q�r�B�² �Q�/�T�Q�r�B�2�/�M�B�Q �T�`���r�v �B �H�2�r�v �/�Q�/���i�M�B�Q �Q�F�`�2���H�Q�M�v �i�2�M�b�Q�` �r�v�/�ˆ�m�Š�2�–�- �/���M�v

�r�x�Q�`���K�B�,

U =
p

C =
p

FT F; V =
p

B =
p

FF T : �U�8�X�R�e�V

�h�2�M�b�Q�`�vC; U ; B ; V �M���H�2�Š�² �/�QSym+ �- �+�x�v�H�B �T�`�x�2�b�i�`�x�2�M�B �b�v�K�2�i�`�v�+�x�M�v�+�? �/�Q�/���i�M�B�Q �Q�F�`�2���H�Q�M�v�+�?

�i�2�M�b�Q�`�¦�r �/�`�m�;�B�2�;�Q �`�x� �/�m(dim Sym+ = 6) �X �.�H�� �i�2�M�b�Q�`�¦�rU �Q�`���xV �Q�#�Q�r�B�²�x�m�D�² �i�r�B�2�`�/�x�2�M�B��

�b�T�2�F�i�`���H�M�2�,

U =
KX

k=1

� kP k ; V =
KX

k=1

� kpk ; �U�8�X�R�d�V

�T�`�x�v �+�x�v�K� k �Q�x�M���+�x���D�² �/�Q�/���i�M�B�2 �r���`�i�Q���+�B �r�ˆ���b�M�2�- �M���x�v�r���M�2 �r�v�/�ˆ�m�Š�2�M�B���K�B�- �x����Pk �Bpk �b�²

�Q�#�`�¦�+�Q�M�v�K�B �r�2�F�i�Q�`���K�B �r�ˆ���b�M�v�K�B �Q�/�T�Q�r�B�2�/�M�B�Q �r �F�Q�M�}�;�m�`���+�D�B �T�Q�+�x�²�i�F�Q�r�2�D �Q�`���x ���F�i�m���H�M�2�D�X

�d�y



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

���M���H�Q�;�B�+�x�M�B�2 �K�Q�Š�M�� �M���T�B�b���É�,

C =
KX

k=1

� 2
kP k ; B =

KX

k=1

� 2
kpk : �U�8�X�R�3�V

�:�/�v C�-U �-B �BV �`�2�/�m�F�m�D�² �b�B� �/�Q �i�2�M�b�Q�`�¦�r �D�2�/�M�Q�b�i�F�Q�r�v�+�?�- �;�`���/�B�2�M�i �/�2�7�Q�`�K���+�D�BF �`�2�T�`�2�@

�x�2�M�i�m�D�2 �r�v�ˆ�²�+�x�M�B�2 �b�x�i�v�r�M�v �Q�#�`�¦�i�- �+�Q �Q�x�M���+�x���- �Š�2 �r�v�K�B�2�M�B�Q�M�2 �i�2�M�b�Q�`�v �+�?���`���F�i�2�`�v�x�m�D�² �+�x�v�b�i�²

�/�2�7�Q�`�K���+�D� �X �S�Q�b�ˆ�m�;�B�r���M�B�2 �b�B� �i�2�M�b�Q�`���K�B �D�2�/�M�Q�b�i�F�Q�r�v�K�B �/�Q �Q�T�B�b�m �b�i���M�m �#�2�x �Q�/�F�b�x�i���ˆ�+�2�– �D�2�b�i

�D�2�/�M���F �M�B�2�r�v�;�Q�/�M�2�- �/�H���i�2�;�Q �r�T�`�Q�r���/�x�� �b�B� �i���F�B�2 �K�B���`�v �Q�/�F�b�x�i���ˆ�+�2�M�B���- �/�H�� �F�i�¦�`�v�+�? �#�`���F

�Q�/�F�b�x�i���ˆ�+�2�– �Q�/�T�Q�r�B���/�� �i�2�M�b�Q�`�Q�r�B �x�2�`�Q�r�2�K�m�X

�S�`�x�v�F�ˆ���/�2�K �i���F�B�+�? �K�B���` �D�2�b�i �`�Q�/�x�B�M�� �i�2�M�b�Q�`�¦�r �Q�/�F�b�x�i���ˆ�+�2�M�B�� �a�2�i�?�� �(�8�d�)�- �(�e�e�)�- �(�e�3�)�,

E (n) =
1
n

(U n � I ) : �U�8�X�R�N�V

�q �Q�#�`� �#�B�2 �i�2�D �`�Q�/�x�B�M�v �M�� �m�r���;� �x���b�ˆ�m�;�m�D�2 �i�2�M�b�Q�` �Q�/�F�b�x�i���ˆ�+�2�– �G���;�`���M�;�2�ö���- �Q�i�`�x�v�K�v�r���M�v

�/�H��n = 2�- �i�D�XE (2) = E�- �;�/�v�Š�,

ds2 � dS2 = dX T FT FdX � dX T dX = dX T (C � I )dX = dX T (2E)dX : �U�8�X�k�y�V

�h�2�M�b�Q�` �G���;�`���M�;�2�ö�� �x���T�B�b�m�D�2 �b�B� �r �T�Q�b�i���+�B�,

E =
1
2

�
FT F � I

�
=

1
2

h
(H + I )T (H + I ) � I

i
=

1
2

�
H + H T + H T H

�
; �U�8�X�k�R�V

�b�F�²�/�- �T�Q �T�`�x�v�D� �+�B�m �r�b�T�¦�H�M�2�D �F�Q�M�}�;�m�`���+�D�B(x = X )�- �r�v�M�B�F�� �D�2�;�Q �H�B�M�B�Q�r�2 �T�`�x�v�#�H�B�Š�2�M�B�2

�b�i�Q�b�Q�r���M�2 �r �h�2�J�S�P�- �+�x�v�H�B1
2(H + H T ) �(�8�d�)�- �(�e�8�)�- �(�e�e�)�- �(�e�3�)�X

�8�X�j�X �:�`���/�B�2�M�i �T�`� �/�F�Q���+�B�- �i�2�M�b�Q�` �T�`� �/�F�Q���+�B �/�2�7�Q�`�K���+�D�B�- �i�2�M�b�Q�` �b�T�B�M�m

�L�� �T�Q�/�b�i���r�B�2 �r�2�F�i�Q�`�� �T�Q�ˆ�Q�Š�2�M�B�� �+�x�²�b�i�F�B �+�B���ˆ�� �K�Q�Š�M�� �Q�F�`�2���H�B�É �r�2�F�i�Q�` �T�`� �/�F�Q���+�B �B �T�`�x�v�@

�b�T�B�2�b�x�2�M�B���,

v =
@x(X ; t)

@t
= _x(X ; t); a =

@v(X ; t)
@t

= •x(X ; t): �U�8�X�k�k�V

�:�`���/�B�2�M�i �T�`� �/�F�Q���+�B �/�2�7�Q�`�K���+�D�B�,

L = �;�`���/v(x; t) �U�8�X�k�j�V

�d�R



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�T�`�x�2�F�b�x�i���ˆ�+�� �;�`���/�B�2�M�i �/�2�7�Q�`�K���+�D�BF �r �D�2�;�Q �T�Q�+�?�Q�/�M�² �K���i�2�`�B���H�M�²_F�,

_F = LF : �U�8�X�k�9�V

�_�Q�x�F�ˆ���/���D�²�+ �;�Q �M�� �+�x� ���É �b�v�K�2�i�`�v�+�x�M�² �B ���M�i�v�b�v�K�2�i�`�v�+�x�M�²�- �Q�i�`�x�v�K�m�D�2�K�v �Q�/�T�Q�r�B�2�/�M�B�Q �i�2�M�b�Q�`

�T�`� �/�F�Q���+�B �/�2�7�Q�`�K���+�D�BD �Q�`���x �i�2�M�b�Q�` �b�T�B�M�mW �(�8�d�)�- �(�e�9�)�- �(�e�d�)�- �(�d�j�)�,

D =
1
2

(L + L T ); W =
1
2

(L � L T ): �U�8�X�k�8�V

�8�X�9�X �h�2�M�b�Q�`�v �M���T�`� �Š�2�M�B�� �B �`�¦�r�M���M�B�� �`�¦�r�M�Q�r���;�B

�h�2�M�b�Q�` �M���T�`� �Š�2�M�B�� �*���m�+�?�v�ö�2�;�Q� (x; t)�- �x�/�2�}�M�B�Q�r���M�v �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D�- �Q�`���x

�i�2�M�b�Q�` �M���T�`� �Š�2�M�B�� �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �A �`�Q�/�x���D�mS(X ; t)�- �Q�/�M�B�2�b�B�Q�M�v �/�Q �F�Q�M�}�;�m�`���+�D�B �T�Q�+�x�²�i�F�Q�r�2�D�-

�T�Q�r�B�²�x���M�2 �b�² �x���H�2�Š�M�Q���+�B�² �(�e�y�)�- �(�e�9�)�- �(�e�e�)�- �(�d�j�)�,

� n ds = SN dS: �U�8�X�k�e�V

�S�`�Q�r���/�x�B �i�Q �/�Q �x���H�2�Š�M�Q���+�B�,

S = J � F � T = J � �*�Q�7F = � �*�Q�7F; �U�8�X�k�d�V

�;�/�x�B�2� = J � �Q�x�M���+�x�� �i�2�M�b�Q�` �M���T�`� �Š�2�M�B�� �E�B�`�+�?�?�Q�z���X

�w���b���/�v �x���+�?�Q�r���M�B�� �T� �/�m �Q�`���x �K�Q�K�2�M�i�m �T� �/�m�- �x���T�B�b���M�2 �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D�-

�T�`�Q�r���/�x�² �/�Q �H�Q�F���H�M�v�+�? �`�¦�r�M���– �(�8�R�)�- �(�e�9�)�- �(�e�d�)�- �(�e�3�)�,

�/�B�p� + ~f = � •x; � = � T : �U�8�X�k�3�V

�A�+�? �Q�/�T�Q�r�B�2�/�M�B�F�B�2�K �r �F�Q�M�}�;�m�`���+�D�B �Q�/�M�B�2�b�B�2�M�B�� �b�² �(�8�y�)�- �(�e�9�)�,

�.�A�oS + ~f0 = � 0•x; SFT = FST ; �U�8�X�k�N�V

�;�/�x�B�2 �b�v�K�#�Q�H�2~f �Q�`���x~f0 �`�2�T�`�2�x�2�M�i�m�D�² �b�B�ˆ�v �Q�#�D� �i�Q���+�B�Q�r�2 �r �Q�#�m �F�Q�M�}�;�m�`���+�D���+�?�X �.�`�m�;�B�2

�x �`�¦�r�M���–�U�8�X�k�N�V�T�Q�F���x�m�D�2�- �Š�2 �i�2�M�b�Q�`S �T�Q�x�Q�b�i���D�2 �M�B�2�b�v�K�2�i�`�v�+�x�M�v�- �/�H���i�2�;�Q �/�2�}�M�B�m�D�2 �b�B� 

�d�k



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�b�v�K�2�i�`�v�+�x�M�v �i�2�M�b�Q�` �M���T�`� �Š�2�M�B�� �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �A�A �`�Q�/�x���D�m�,

T = F � 1S: �U�8�X�j�y�V

�q �T�`�x�v�T���/�F�m �[�m���b�B�@�b�i���i�v�+�x�M�v�K �U•x = 0�V �`�¦�r�M���M�B�2 �U�8�X�k�N�V �`�2�/�m�F�m�D�2 �b�B� �/�Q �T�Q�b�i���+�B�,

�.�A�oS + ~f0 = 0: �U�8�X�j�R�V

�S�Q�r�v�Š�b�x�2 �`�¦�r�M���M�B�2 �`�¦�r�M�Q�r���;�B�- �r�`���x �x �Q�/�T�Q�r�B�2�/�M�B�K�B �r���`�m�M�F���K�B �#�`�x�2�;�Q�r�v�K�B�- �b�i���M�Q�r�B

�x���;���/�M�B�2�M�B�2 �#�`�x�2�;�Q�r�2 �`�Q�x�r�B�²�x�v�r���M�2 �r �/���H�b�x�2�D �+�x� ���+�B �T�`���+�v �K�2�i�Q�/�² �S�A�L�L�X

� �� �*���m�+�?�v
�b�B�ˆ�� ���F�i�X �f �T�Q�r�X ���F�i�X

S �� �S�B�Q�H�����E�B�`�+�?�?�Q�z �A
�b�B�ˆ�� ���F�i�X �f �T�Q�r�X �`�2�7�X

� �� �E�B�`�+�?�?�Q�z
� = J �

T �� �S�B�Q�H�����E�B�`�+�?�?�Q�z �A�A
�b�B�ˆ�� �`�2�7�X �f �T�Q�r�X �`�2�7�X

�F�Q�M�7�X �T�Q�+�x�²�i�F�Q�r�� �U� �̀2�7�X�V

�F�Q�M�7�X ���F�i�m���H�M��

� = J �� = J � 1�

T = F � 1S S = FT

� = SFT

S = � Cof F

� = J � 1SFT S = J � F � T

� = FTF T

T = F � 1� F � T

�_�v�b�m�M�2�F �8�X�k�X�_�2�H���+�D�2 �K�B� �/�x�v �i�2�M�b�Q�`���K�B �M���T�`� �Š�2�M�B�� �r �i�2�Q�`�B�B �/�m�Š�v�+�? �/�2�7�Q�`�K���+�D�B

�q �M�B�M�B�2�D�b�x�2�D �T�`���+�v �`�2�H���+�D�2 �F�Q�M�b�i�v�i�m�i�v�r�M�2 �#� �/�² �7�Q�`�K�m�ˆ�Q�r���M�2 �r �F���i�2�;�Q�`�B���+�? �M�B�2�x�K�B�2�M�M�B�@

�F�¦�r �i�2�M�b�Q�`�¦�r �*���m�+�?�v�ö�2�;�Q���:�`�2�2�M���- �+�Q �T�`�Q�r���/�x�B �r �b�T�Q�b�¦�# �M���i�m�`���H�M�v �/�Q �i�2�M�b�Q�`�� �M���T�`� �Š�2�@

�M�B�� �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �/�`�m�;�B�2�;�Q �`�Q�/�x���D�mT �- �b�T�`�x� �Š�Q�M�2�;�Q �2�M�2�`�;�2�i�v�+�x�M�B�2 �x �T�`���r�v�K �i�2�M�b�Q�`�2�K �*���m�@

�+�?�v�ö�2�;�Q���:�`�2�2�M��C�X �L�� �T�Q�i�`�x�2�#�v �B�/�2�M�i�v�}�F���+�D�B �T���`���K�2�i�`�¦�r �Q�`���x �r�2�`�v�}�F���+�D�B �K�Q�/�2�H�m �r�v�M�B�F�B

�T�`�x�2�H�B�+�x���M�2 �b�² �M�� �i�2�M�b�Q�` �M���T�`� �Š�2�M�B�� �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �T�B�2�`�r�b�x�2�;�Q �`�Q�/�x���D�mS�- �Q�/�T�Q�r�B���/���D�²�+�v

�M���T�`� �Š�2�M�B�m �B�M�Š�v�M�B�2�`�b�F�B�2�K�m�X �h�2�M�b�Q�` �i�2�M �T�Q�D���r�B�� �b�B� �r �/���M�v�+�? �/�Q���r�B���/�+�x���H�M�v�+�? �h�`�2�H�Q���`��

�(�j�j�) �Q�`���x �r �M���T�`� �Š�2�M�B�Q�r�v�+�? �r���`�m�M�F���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�i�Q�/�v �S�A�L�L �U���M�;�X�S�?�v�b�B�+�b�@�A�M�7�Q�`�K�2�/

�L�2�m� �̀��H �L�2�i�r�Q�`�F�b�V �(�k�)�- �(�d�8�)�X

�d�j



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�8�X�8�X �P�;�¦�H�M�� �T�Q�b�i���É �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B

�‡�²�+�x�M�2 �x���b�i�Q�b�Q�r���M�B�2 �x���b���/ �x���+�?�Q�r���M�B�� �T� �/�m�- �K�Q�K�2�M�i�m �T� �/�m�- �2�M�2�`�;�B�B �Q�`���x �K���b�v ��

�Q�/�T�Q�r�B�2�/�M�B�Q �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D �B �Q�/�M�B�2�b�B�2�M�B�� �� �T�`�Q�r���/�x�B �/�Q �x�r�B�²�x�F�¦�r �(�8�R�)�- �(�e�9�)�-

�(�e�d�)�- �(�e�3�)�- �(�d�j�)�,

� _U = � � D = �i�(̀� D ); � 0
_U = S � _F = �i�(̀S _FT ); �U�8�X�j�k�V

�r �F�i�¦�`�v�+�?U �D�2�b�i �2�M�2�`�;�B�² �r�2�r�M� �i�`�x�M�² �+�B���ˆ���- ��D �� �i�2�M�b�Q�`�2�K �T�`� �/�F�Q���+�B �/�2�7�Q�`�K���+�D�B�X �.�Q�/���i�@

�F�Q�r�Q �/�2�}�M�B�m�D�2 �b�B� �D�2�/�M�Q�b�i�F�Q�r�² �2�M�2�`�;�B� �b�T�`� �Š�v�b�i�Q���+�BW�,

� _U =
�
� 0

_W =
1
J

_W = � � D = S � _F =
1

2J
T � _C =

1
J

T � _E; �U�8�X�j�j�V

�x �F�i�¦�`�2�D�- �T�`�x�v �x���ˆ�Q�Š�2�M�B�m �r�v�b�i���`�+�x���D�²�+�2�D �`�2�;�m�H���`�M�Q���+�B �B �`�¦�Š�M�B�+�x�F�Q�r���H�M�Q���+�B �7�m�M�F�+�D�B �C�1�a�-

�r�v�T�`�Q�r���/�x�� �b�B� �`�2�H���+�D�2 �F�Q�M�b�i�v�i�m�i�v�r�M�2 �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�,

S = r F W(F) �

"
@W(F)

@F

#T

; T = r E W(E) �
@W(E)

@E

�
�
�
�
�
E= E T

= 2
@W(C)

@C

�
�
�
�
�
C = C T

:

�U�8�X�j�9�V

�.�H�� �m�T�`�Q�b�x�+�x�2�M�B�� �i� �b���K�² �H�B�i�2�`� W �r�v�F�Q�`�x�v�b�i���M�Q �/�Q �Q�x�M���+�x�2�M�B�� �7�m�M�F�+�D�B �`�¦�Š�M�B�²�+�v�+�? �b�B� 

���`�;�m�K�2�M�i���K�B �Q�`���x �/�x�B�2�/�x�B�M���K�B �(�e�3�)���(�d�y�)�- �(�d�9�)�- �(�d�e�)�X

�8�X�e�X �_�2�H���+�D�2 �F�Q�M�b�i�v�i�m�i�v�r�M�2 �D���F�Q �7�m�M�F�+�D�2 �M�B�2�x�K�B�2�M�M�B�F�¦�r

�q �Q�;�¦�H�M�v�K �m�D� �+�B�m �`�Q�H� ���`�;�m�K�2�M�i�¦�r �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �K���i�2�@

�`�B���ˆ�m �B�x�Q�i�`�Q�T�Q�r�2�;�Q �T�2�ˆ�M�B�É �K�Q�;�² �i�`�x�v �M�B�2�`�2�/�m�F�Q�r���H�M�2�- �B�x�Q�i�`�Q�T�Q�r�2 �M�B�2�x�K�B�2�M�M�B�F�B �i�2�M�b�Q�`�¦�r

�r�v�x�M���+�x�Q�M�v�+�? �M�� �T�Q�/�b�i���r�B�2�* �B�" �X �J�Q�;�² �i�Q �#�v�É �M�� �T�`�x�v�F�ˆ���/ �i�`�x�v �/�Q�r�Q�H�M�2 �M�B�2�x�K�B�2�M�M�B�F�B

�/�Q�r�Q�H�M�2�D �K�B���`�v �/�2�7�Q�`�K���+�D�B �#�²�/�† �Q�/�F�b�x�i���ˆ�+�2�M�B�� �U�ˆ�²�+�x�M�B�2 �x �B�+�? �r���`�i�Q���+�B���K�B �r�ˆ���b�M�v�K�B�V�X �q�v�#�¦�`

���`�;�m�K�2�M�i�¦�r �7�m�M�F�+�D�B �C�1�a �M�B�2 �D�2�b�i �D�2�/�M�Q�x�M���+�x�M�v�- �D�2�/�M���F �;�/�v �7�m�M�F�+�D�� �x���H�2�Š�v �Q�/�* �B�" �- �x�2

�r�x�;�H� �/�m �M�� �B�M�i�2�`�T�`�2�i���+�D� �T�Q�/�b�i���r�Q�r�v�+�? �M�B�2�x�K�B�2�M�M�B�F�¦�r �F�Q�`�x�v�b�i�M�B�2 �D�2�b�i �T�`�x�v�D�²�É �(�e�3�)���(�d�y�)�-

�(�d�j�)�- �(�d�9�)�- �(�d�e�)�,

I 1 = �i� C̀ = �i� B̀ ;

I 2 = 1
2

h
(�i� C̀)2 � �i� C̀2

i
= �i�` �*�Q�7C = 1

2

h
(�i� B̀ )2 � �i� B̀ 2

i
= �i�` �*�Q�7B ;

I 3 = det C = det B = J 2 > 0:

�U�8�X�j�8�V

�d�9



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�S�B�2�`�r�b�x�v �M�B�2�x�K�B�2�M�M�B�FI 1 �D�2�b�i �x�r�B�²�x���M�v �x �b�m�K�² �F�r���/�`���i�¦�r �r�v�/�ˆ�m�Š�2�– �;�ˆ�¦�r�M�v�+�? �UI 1 =

� 2
1 + � 2

2 + � 2
3�V �B �Q�T�B�b�m�D�2 ���`�2�/�M�B�² �x�K�B���M� �/�ˆ�m�;�Q���+�B �M�B�i�2�F �K���i�2�`�B���H�M�v�+�?�X �.�`�m�;�B �M�B�2�x�K�B�2�M�M�B�FI 2

�D�2�b�i �b�m�K�² �F�r���/�`���i�¦�r �r�v�/�ˆ�m�Š�2�– �T�Q�r�B�2�`�x�+�?�M�B�Q�r�v�+�? �UI 2 = � 2
1� 2

2+ � 2
2� 2

3+ � 2
3� 2

1�V �B �+�?���`���F�i�2�`�v�x�m�D�2

�x�K�B���M� �T�¦�H �T�Q�r�B�2�`�x�+�?�M�B �2�H�2�K�2�M�i�¦�r �K���i�2�`�B���H�M�v�+�?�X �h�`�x�2�+�B �M�B�2�x�K�B�2�M�M�B�FI 3 �D�2�b�i �F�r���/�`���i�2�K

�D���F�Q�#�B���M�mJ = detF �UI 3 = � 2
1� 2

2� 2
3 = J 2�V �B �Q�T�B�b�m�D�2 �x�K�B���M� �Q�#�D� �i�Q���+�B �2�H�2�K�2�M�i�m �K���i�2�`�B���H�M�2�;�Q�X

�S�`�x�v�D�K�B�D�K�v�- �Š�2 �7�m�M�F�+�D�� �C�1�a �x���H�2�Š�v �Q�/ �r�T�`�Q�r���/�x�Q�M�v�+�? �T�Q�r�v�Š�2�D �M�B�2�x�K�B�2�M�M�B�F�¦�r�,

W(C) = W(B) = �W(I 1; I 2; I 3): �U�8�X�j�e�V

�S�Q�+�?�Q�/�M�2 �i�v�+�? �M�B�2�x�K�B�2�M�M�B�F�¦�r �T�Q �i�2�M�b�Q�`�x�2C �(�8�R�)�- �(�e�9�)�- �(�e�d�)�- �(�e�3�)�,

@I1
@C

= I ;
@I2
@C

= I 1 I � C;
@I3
@C

= I 2 I � I 1 C + C2: �U�8�X�j�d�V

�.�`�m�;�B�2 �x �`�¦�r�M���– �U�8�X�j�9�V �T�`�Q�r���/�x�B �/�Q �x�r�B�²�x�F�m �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �x���T�B�b���M�2�;�Q �r �F�Q�M�}�;�m�`���+�D�B

�K���i�2�`�B���H�M�2�D �(�8�8�)�- �(�e�d�)�- �(�d�d�)�,

T = 2
@�W
@C

= 2
�

 1 I + 
 2 C + 
 3 C2

�
; �U�8�X�j�3�V

�;�/�x�B�2�,


 1 = � 1 + � 2 I 1 + � 3 I 2; 
 2 = � (� 2 + � 3 I 1); 
 3 = � 3; �U�8�X�j�N�V

�M���i�Q�K�B���b�i �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B� i �b�i���M�Q�r�B�² �T�Q�+�?�Q�/�M�2 �7�m�M�F�+�D�B �C�1�a�,

� i =
@�W
@Ii

; i = 1; 2; 3: �U�8�X�9�y�V

�q�v�F�Q�`�x�v�b�i�m�D�²�+ �x�r�B�²�x�2�F� = J � 1FTF T �r�`���x �x �i�r�B�2�`�/�x�2�M�B�2�K �*���v�H�2�v�����>���K�B�H�i�Q�M���- �/�Q�+�?�Q�/�x�B

�b�B� �/�Q ���M���H�Q�;�B�+�x�M�2�;�Q �x�r�B�²�x�F�m �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D �(�8�8�)�- �(�e�d�)�- �(�d�d�)�,

� =
2
J

�
� 1 I + � 2 B + � 3 B 2

�
; �U�8�X�9�R�V

�;�/�x�B�2�,

� 1 = � 3 I 3; � 2 = � 1 + � 2 I 1; � 3 = � � 2; J =
q

I 3: �U�8�X�9�k�V

�d�8



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�8�X�e�X�R�X �_�Q�x�F�ˆ���/ �Q�#�D� �i�Q���+�B�Q�r�Q�@�B�x�Q�+�?�Q�`�v�+�x�M�v

�:�`���/�B�2�M�i �/�2�7�Q�`�K���+�D�BF �T�Q�/�/���D�2 �b�B� �K�m�H�i�B�T�H�B�F���i�v�r�M�2�K�m �`�Q�x�F�ˆ���/�Q�r�B �M�� �b�F�ˆ���/�Q�r�² �Q�#�D� �i�Q�@

���+�B�Q�r�² �Q�`���x �B�x�Q�+�?�Q�`�v�+�x�M�² �(�e�d�)�- �(�d�3�)�,

F = J 1=3 �F; det �F = 1: �U�8�X�9�j�V

�6�m�M�F�+�D� �C�1�a �x���T�B�b�m�D�2 �b�B� �r�i�2�/�v �M���b�i� �T�m�D�²�+�Q�,

W = U
�

�I 1; �I 2; J
�

; �U�8�X�9�9�V

�T�`�x�v �+�x�v�K �M�B�2�x�K�B�2�M�M�B�F�B �/�2�7�Q�`�K���+�D�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D �(�e�d�)�- �(�d�3�) �T�`�x�v�D�K�m�D�² �T�Q�b�i���É�,

�I 1 = J � 2=3 I 1; �I 2 = J � 4=3 I 2: �U�8�X�9�8�V

�.�2�}�M�B�m�D�2 �b�B� �B�x�Q�+�?�Q�`�v�+�x�M�v �H�2�r�v �i�2�M�b�Q�` �*���m�+�?�v�ö�2�;�Q�@�:�`�2�2�M���B = J � 2=3 B �r�`���x �x �Q�/�T�Q�@

�r�B���/���D�²�+�v�K�B �K�m �/�2�r�B���i�Q�`���K�B�,

�B D = �B � 1
3

�I 1 I ; �B � 1
D = �B � 1 � 1

3
�I 2 I : �U�8�X�9�e�V

�w�K�B���M�� �x�K�B�2�M�M�v�+�? �r�U�8�X�9�R�V�T�`�Q�r���/�x�B �/�Q �x�r�B�²�x�F�m �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D�,

� =
@U
@J

I +
2
J

 
@U
@�I 1

�B D �
@U
@�I 2

�B � 1
D

!

: �U�8�X�9�d�V

�S�`�x�v�D� �+�B�2 �b�i���M�m �M���i�m�`���H�M�2�;�Q �UE = 0�V �T�Q�+�B�²�;�� �x�� �b�Q�#�² �r���`�m�M�2�FU(3; 3; 1) = 0 �(�e�3�)�X

�.�Q�/���i�F�Q�r�Q �/�2�}�M�B�m�D�2 �b�B� �B�x�Q�+�?�Q�`�v�+�x�M�v �T�`���r�v �i�2�M�b�Q�` �*���m�+�?�v�ö�2�;�Q���:�`�2�2�M���C = J � 2=3 C

�r�`���x �x �D�2�;�Q �/�2�r�B���i�Q�`���K�B �r �F�Q�M�}�;�m�`���+�D�B �K���i�2�`�B���H�M�2�D�,

DEV I = I � 1
3

�I 1
�C � 1; DEV �C = �C � 1

3

�
�I 2
1 � 2 �I 2

�
�C � 1: �U�8�X�9�3�V

���M���H�Q�;�B�+�x�M�� �x�K�B���M�� �x�K�B�2�M�M�v�+�? �r�U�8�X�j�3�V�/���D�2 �x�r�B�²�x�2�F �F�Q�M�b�i�v�i�m�i�v�r�M�v �r �F�Q�M�}�;�m�`���+�D�B

�K���i�2�`�B���H�M�2�D�,

T = J 1=3 @U
@J

�C � 1 + J � 2=3 DEV

 

2

 
@U
@�I 1

+ �I 1
@U
@�I 2

!

I � 2
@U
@�I 2

�C

!

: �U�8�X�9�N�V

�d�e



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�a�x�+�x�2�;�¦�ˆ�Q�r�2 �r�v�T�`�Q�r���/�x�2�M�B�� �`�2�H���+�D�B�U�8�X�9�d�V�B�U�8�X�9�N�V�x���K�B�2�b�x�+�x�Q�M�Q �r �x���ˆ�²�+�x�M�B�F�m�R�X �w�2�b�i���@

�r�B�2�M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �r �x���H�2�Š�M�Q���+�B �Q�/ �M�B�2�x�K�B�2�M�M�B�F�¦�rI 1; I 2; I 3 �Q�`���x �M�B�2�x�K�B�2�M�M�B�F�¦�r

�B�x�Q�+�?�Q�`�v�+�x�M�v�+�?�I 1; �I 2; J �T�`�x�2�/�b�i���r�B�Q�M�Q �r �x���ˆ�²�+�x�M�B�F�m�k�X

�8�X�e�X�k�X �E�H���b�v�}�F���+�D�� �K���i�2�`�B���ˆ�¦�r �?�B�T�2�`�b�T�`� �Š�v�b�i�v�+�?

�.�H�� �7�m�M�F�+�D�B �C�1�a �Q �T�Q�b�i���+�B�U�8�X�9�9�V�B�x�Q�i�`�Q�T�Q�r�2 �K���i�2�`�B���ˆ�v �?�B�T�2�`�b�T�`� �Š�v�b�i�2 �/�x�B�2�H�B �b�B� �M�� �(�e�9�)�-

�(�e�d�)�,

���V�M�B�2���+�B���H�B�r�2 �� �7�m�M�F�+�D�� �C�1�a �M�B�2 �x���H�2�Š�v �Q�/ �M�B�2�x�K�B�2�M�M�B�F�� �Q�T�B�b�m�D�²�+�2�;�Q �x�K�B���M�v �Q�#�D� �i�Q���+�B�,

W = WD

�
�I 1; �I 2

�
; �U�8�X�8�y�V

�#�V�K���ˆ�Q���+�B���H�B�r�2 �� �7�m�M�F�+�D�� �C�1�a �b�i���M�Q�r�B �b�m�K� �2�M�2�`�;�B�B �Q�/�F�b�x�i���ˆ�+�2�M�B�� �T�Q�b�i���+�B�Q�r�2�;�Q �Q�`���x

�Q�#�D� �i�Q���+�B�Q�r�2�;�Q�,

W = WD

�
�I 1; �I 2

�
+ WV (J ); �U�8�X�8�R�V

�+�V���+�B���H�B�r�2 �� �T�Q�x�#���r�B�Q�M�2 �T�Q�r�v�Š�b�x�v�+�? �Q�;�`���M�B�+�x�2�–�- �D���F �M�T�X �U�8�X�9�9�V�X

�8�X�e�X�j�X �J���i�2�`�B���ˆ�v �M�B�2���+�B���H�B�r�2

�q �K���i�2�`�B���ˆ���+�? �M�B�2���+�B���H�B�r�v�+�? �Q�#�Q�r�B�²�x�m�D�² �r�B� �x�v�,

J = det F = 1 =) detC = 1 ^ detB = 1; �U�8�X�8�k�V

�T�Q�x�Q�b�i���D�²�+�2 �r �x�;�Q�/�x�B�2 �x �x���b���/�² �Q�#�B�2�F�i�v�r�M�Q���+�B�X �6�m�M�F�+�D�� �C�1�a �T�`�x�2�b�i���D�2 �r�i�2�/�v �T�2�ˆ�M�B�É �`�Q�H� 

�T�Q�i�2�M�+�D���ˆ�m �M���T�`� �Š�2�–�- �/�H���i�2�;�Q �x�� �T�Q�i�2�M�+�D���ˆ �b�T�`� �Š�v�b�i�v �T�`�x�v�D�K�m�D�2 �b�B� �7�m�M�F�+�D� �G���;�`���M�;�2�ö���,

L
�

�I 1; �I 2; J
�

= WD

�
�I 1; �I 2

�
� p(J � 1); �U�8�X�8�j�V

�r �F�i�¦�`�2�Dp �i�Q �K�M�Q�Š�M�B�F �G���;�`���M�;�2�ö�� �m�i�Q�Š�b���K�B���M�v �x�2 ���`�2�/�M�B�K �+�B���M�B�2�M�B�2�K �?�v�/�`�Q�b�i���i�v�+�x�M�v�K�X

�C�2�;�Q �r���`�i�Q���É �m�x�v�b�F�m�D�2 �b�B� �/�Q�T�B�2�`�Q �T�Q �`�Q�x�r�B�²�x���M�B�m �F�Q�M�F�`�2�i�M�2�;�Q �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �(�e�3�)�X

�w �7�m�M�F�+�D�B�U�8�X�8�j�V�Q�i�`�x�v�K�m�D�2 �b�B� �x�r�B�²�x�2�F �F�Q�M�b�i�v�i�m�i�v�r�M�v �K���i�2�`�B���ˆ�m �M�B�2���+�B���H�B�r�2�;�Q �r �F�Q�M�}�;�m�`���+�D�B

���F�i�m���H�M�2�D�,

� = � pI +
2
J

 
@WD

@�I 1

�B �
@WD

@�I 2

�B � 1

!

: �U�8�X�8�9�V

�d�d



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�8�X�e�X�9�X �S�Q�/�b�i���r�Q�r�2 �i�2�b�i�v �/�Q���r�B���/�+�x���H�M�2 �K���i�2�`�B���ˆ�¦�r �M�B�2���+�B���H�B�r�v�+�?

�S�Q�ˆ�²�+�x�2�M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�2�D�U�8�X�8�9�V�x �r�B� �x���K�B �M�B�2���+�B���H�B�r�Q���+�B�U�8�X�8�k�V�T�`�Q�r���/�x�B �/�Q

�x�r�B�²�x�F�¦�r �ˆ�²�+�x�²�+�v�+�? �M���T�`� �Š�2�M�B�� �M�Q�K�B�M���H�M�2 �x �r�v�/�ˆ�m�Š�2�M�B���K�B �T�`�¦�#�F�B �r �i�`�x�2�+�? �T�Q�/�b�i���r�Q�r�v�+�?

�i�2�b�i���+�? �/�Q���r�B���/�+�x���H�M�v�+�? �(�j�j�)�- �(�e�d�)�- �(�d�j�)�- �(�d�N�)�X �.�H�� �K���i�2�`�B���ˆ�¦�r �M�B�2���+�B���H�B�r�v�+�? �+�x�v�b�i�2 ���+�B�M���M�B�2

�Q�/�i�r���`�x�� �b�B� �2�F�b�T�2�`�v�K�2�M�i���H�M�B�2 �T�Q�T�`�x�2�x �T�`�¦�#� �`�Q�x�+�B�²�;���M�B���- �r �F�i�¦�`�2�D �r���`�m�M�F�B �#�`�x�2�;�Q�r�2

�Q�/�T�Q�r�B���/���D�² �T�ˆ���b�F�B�2�K�m �b�i���M�Q�r�B �Q�/�F�b�x�i���ˆ�+�2�M�B���X

�q�v�b�i� �T�m�D�²�+�2 �r �i�v�+�? �i�2�b�i���+�? �M���T�`� �Š�2�M�B�2 �M�Q�K�B�M���H�M�2S11 �Q�/�T�Q�r�B���/�� �b�F�ˆ���/�Q�r�2�D �T�B�2�`�r�b�x�2�;�Q

�U�M�B�2�b�v�K�2�i�`�v�+�x�M�2�;�Q�V �i�2�M�b�Q�`�� �M���T�`� �Š�2�M�B�� �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z��S = J � F � T �- �F�i�¦�`�v �}�;�m�`�m�D�2

�r �`�¦�r�M���M�B���+�? �`�¦�r�M�Q�r���;�B �7�Q�`�K�m�ˆ�Q�r���M�v�+�? �r �F�Q�M�}�;�m�`���+�D�B �Q�/�M�B�2�b�B�2�M�B���X

���V�C�2�/�M�Q�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2 �U�� 2 = �� 3 = �� � 1=2
1 �V�,

�I 1 = �� 2
1 + 2 �� � 1

1 ; �I 2 = �� � 2
1 + 2 �� 1; �U�8�X�8�8�V

S11 =
@W

�
�� 1

�

@�� 1
= 2

�
1 � �� � 3

1

�
 

�� 1
@WD

@�I 1
+

@WD

@�I 2

!

: �U�8�X�8�e�V

�#�V�.�r�m�Q�b�B�Q�r�2 �`�¦�r�M�Q�K�B�2�`�M�2 �`�Q�x�+�B�²�;���M�B�2 �U�� 1 = �� 2�-�� 3 = �� � 2
1 �V�,

�I 1 = 2 �� 2
1 + �� � 4

1 ; �I 2 = 2 �� � 2
1 + �� 4

1; �U�8�X�8�d�V

S11 = S22 = 1
2

@W
�
�� 1

�

@�� 1
= 2

�
�� 1 � �� � 5

1

�
 

@WD

@�I 1
+ �� 2

1
@WD

@�I 2

!

: �U�8�X�8�3�V

�+�V�*�x�v�b�i�2 ���+�B�M���M�B�2 �� �`�2���H�B�x�Q�r���M�2 �D���F�Q �D�2�/�M�Q�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2 �r �S�a�P �U�� 2 = 1�-�� 3 = �� � 1
1 �V�,

�I 1 = �I 2 = �� 2
1 + �� � 2

1 + 1; �U�8�X�8�N�V

S11 =
@W

�
�� 1

�

@�� 1
= 2

�
�� 1 � �� � 3

1

�
 

@WD

@�I 1
+

@WD

@�I 2

!

: �U�8�X�e�y�V

�.�Q �`�¦�r�M���–�U�8�X�8�e�V�-�U�8�X�8�3�V�B�U�8�X�e�y�V�r�b�i���r�B�� �b�B� �`�2�H���+�D� �F�Q�M�b�i�v�i�m�i�v�r�M�²�U�8�X�8�9�V�- �m�r�x�;�H� �/�@

�M�B���D�²�+ �D�2�/�M�Q�+�x�2���M�B�2 �Q�/�T�Q�r�B�2�/�M�B�2 �M�B�2�x�K�B�2�M�M�B�F�B �B�x�Q�+�?�Q�`�v�+�x�M�2�U�8�X�8�8�V�-�U�8�X�8�d�V�Q�`���x�U�8�X�8�N�V�X �(�e�d�)�-

�(�d�N�)

�8�X�e�X�8�X ���b�T�2�F�i�v �B�K�T�H�2�K�2�M�i���+�v�D�M�2 �r �J�1�a

�q �T�`���F�i�v�+�2 �Q�#�H�B�+�x�2�M�B�Q�r�2�D �F�Q�K�2�`�+�v�D�M�2 �b�Q�H�p�2�`�v �J�1�a �U�K�X�B�M�X ���#���[�m�b �(�3�y�)�- ���L�a�u�a �(�3�R�)�-

�J���`�+ �(�3�k�)�V �b�i�Q�b�m�D�² �T�Q�b�i���É �K���ˆ�Q���+�B���H�B�r�²�U�8�X�8�R�V�H�m�# �M�B�2���+�B���H�B�r�²�U�8�X�8�y�V�X ���/�/�v�i�v�r�M�v �`�Q�x�F�ˆ���/ �M��

�d�3



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

WD �BWV �r �r���`�B���M�+�B�2 �K���ˆ�Q���+�B���H�B�r�v�K �m�K�Q�Š�H�B�r�B�� �Q�b�Q�#�M�2 �i�`���F�i�Q�r���M�B�2 �+�x� ���+�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D

�B �Q�#�D� �i�Q���+�B�Q�r�2�D �M�� �T�Q�x�B�Q�K�B�2 �2�H�2�K�2�M�i�m �b�F�Q�–�+�x�Q�M�2�;�Q�- �+�Q �D�2�b�i �F�Q�M�B�2�+�x�M�2 �/�Q �m�M�B�F�M�B� �+�B�� �#�H�Q�F�Q�r���@

�M�B�� �Q�#�D� �i�Q���+�B�Q�r�2�;�Q �U�p�Q�H�m�K�2�i�`�B�+ �H�Q�+�F�B�M�;�V �(�e�9�)�- �(�3�j�)�X �q �r���`�B���M�+�B�2 �M�B�2���+�B���H�B�r�v�K �+�x�ˆ�Q�MWV �M�B�2

�r�v�b�i� �T�m�D�2�- ��J = 1 �D�2�b�i �r�v�K�m�b�x���M�v �T�`�x�2�x �r�T�`�Q�r���/�x�2�M�B�2 �+�B���M�B�2�M�B�� �?�v�/�`�Q�b�i���i�v�+�x�M�2�;�Q �D���F�Q

�/�Q�/���i�F�Q�r�2�D �M�B�2�r�B���/�Q�K�2�D �r� �x�ˆ�Q�r�2�D �U�K�M�Q�Š�M�B�F�� �G���;�`���M�;�2�ö���V�- �+�Q �r�v�K���;�� �m�Š�v�+�B�� �2�H�2�K�2�M�i�¦�r

�?�v�#�`�v�/�Q�r�v�+�?�X

�q���`�i�Q �x���m�r���Š�v�É�- �Š�2 ���/�/�v�i�v�r�M�v �`�Q�x�F�ˆ���/ �M�� �+�x� ���É �B�x�Q�+�?�Q�`�v�+�x�M�² �B �Q�#�D� �i�Q���+�B�Q�r�² �D�2�b�i �}�x�v�+�x�@

�M�B�2 �m�x���b���/�M�B�Q�M�v �r�v�ˆ�²�+�x�M�B�2 �/�H�� �K���i�2�`�B���ˆ�¦�r �K���ˆ�Q���+�B���H�B�r�v�+�? �(�e�d�) �U�M�2���`�H�v �B�M�+�Q�K�T� �̀2�b�b�B�#�H�2�(�e�9�)�V

�� �;�/�v � � � �- �x�K�B���M�� �F�b�x�i���ˆ�i�m �T�`���r�B�2 �M�B�2 �r�T�ˆ�v�r�� �M�� �Q�#�D� �i�Q���É �B �Q�/�r�`�Q�i�M�B�2�- �r�B� �+ �Q�#��

�`�Q�/�x���D�2 �Q�/�F�b�x�i���ˆ�+�2�– �K�Q�Š�M�� �i�`���F�i�Q�r���É �M�B�2�x���H�2�Š�M�B�2�X �.�H�� �K���i�2�`�B���ˆ�m �Q �T�Q�`�¦�r�M�v�r���H�M�v�+�?� �B�

�i�� �M�B�2�x���H�2�Š�M�Q���É �x���M�B�F�� �� �M�T�X �+�x�v�b�i�2 ���+�B�M���M�B�2�- �F�i�¦�`�2 �x �/�2�}�M�B�+�D�B �D�2�b�i �/�2�7�Q�`�K���+�D�² �B�x�Q�+�?�Q�`�v�+�x�M�²�-

�T�Q�r�Q�/�Q�r���ˆ�Q�#�v �x���m�r���Š���H�M�² �x�K�B���M� �Q�#�D� �i�Q���+�B�- �+�Q �T�Q�/�r���Š�� �b�2�M�b�Q�r�M�Q���É �Q�b�Q�#�M�2�;�Q �i�`���F�i�Q�r���M�B��

�Q�#�m �+�x�ˆ�Q�M�¦�r�X

�8�X�d�X�P�;�¦�H�M�� �T�Q�b�i���É �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �r �x���;���/�M�B�2�M�B���+�?

�T�ˆ���b�F�B�+�?

�q �r�B�2�H�m �x���b�i�Q�b�Q�r���M�B���+�? �B�M�Š�v�M�B�2�`�b�F�B�+�? �i�`�¦�D�r�v�K�B���`�Q�r�v �Q�T�B�b �F�Q�M�b�i�v�i�m�i�v�r�M�v �K�Q�Š�M��

�m�T�`�Q���+�B�É�- �b�T�`�Q�r���/�x���D�²�+ �;�Q �/�Q �x���;���/�M�B�2�M�B�� �T�ˆ���b�F�B�2�;�Q�X �q�v�`�¦�Š�M�B�� �b�B� �/�r�� �x���b���/�M�B�+�x�2 �T�`�x�v�@

�T���/�F�B�, �T�ˆ���b�F�B �b�i���M �M���T�`� �Š�2�M�B�� �U�S�a�L�V�- �r �F�i�¦�`�v�K �D�2�/�M�� �x �;�ˆ�¦�r�M�v�+�? �r���`�i�Q���+�B �M���T�`� �Š�2�M�B�� �D�2�b�i

�`�¦�r�M�� �x�2�`�m�- �Q�`���x �T�ˆ���b�F�B �b�i���M �Q�/�F�b�x�i���ˆ�+�2�M�B�� �U�S�a�P�V�- �r �F�i�¦�`�v�K �x�2�`�Q�r�2 �D�2�b�i �Q�/�T�Q�r�B���/���D�²�+�2

�Q�/�F�b�x�i���ˆ�+�2�M�B�2 �;�ˆ�¦�r�M�2 �(�e�9�)�- �(�e�e�)�- �(�e�d�)�X �q �M�B�M�B�2�D�b�x�2�D �T�`���+�v �`�Q�x�T���i�`�m�D�2 �b�B� �r�v�ˆ�²�+�x�M�B�2 �T�ˆ���b�F�B

�b�i���M �M���T�`� �Š�2�M�B���- �F�i�¦�`�v �b�i���M�Q�r�B �M���i�m�`���H�M�2 �x���ˆ�Q�Š�2�M�B�2 �x���`�¦�r�M�Q �/�H�� �F�H���b�v�+�x�M�v�+�? �i�2�b�i�¦�r �F���H�B�@

�#�`���+�v�D�M�v�+�? �M�� �+�B�2�M�F�B�+�? �T�`�¦�#�F���+�? �� �D�2�/�M�Q�Q�b�B�Q�r�2�;�Q �`�Q�x�+�B�²�;���M�B���- �/�r�m�Q�b�B�Q�r�2�;�Q �`�Q�x�+�B�²�;���M�B��

�+�x�v �+�x�v�b�i�2�;�Q ���+�B�M���M�B�� �� �D���F �B �/�H�� �r�b�T�¦�ˆ�+�x�2�b�M�v�+�? �K�2�i�Q�/ �T�Q�K�B���`�Q�r�v�+�? �Q�T���`�i�v�+�? �M�� �+�v�7�`�Q�r�2�D

�F�Q�`�2�H���+�D�B �Q�#�`���x�m �U�.�A�*�- ���M�;�X�.�B�;�B�i���H �A�K���;�2 �*�Q�`� �̀2�H���i�B�Q�M�V �(�3�9�)���(�3�d�)�- �;�/�x�B�2 ���H�2�/�x�Q�M�� �D�2�b�i

�x���x�r�v�+�x���D �/�2�7�Q�`�K���+�D�� �2�H�2�K�2�M�i�¦�r�- �r �F�i�¦�`�v�+�? �D�2�/�2�M �r�v�K�B���` �D�2�b�i �x�M���+�x�²�+�Q �K�M�B�2�D�b�x�v �Q�/

�T�Q�x�Q�b�i���ˆ�v�+�?�X

�8�X�d�X�R�X �S�ˆ���b�F�B �b�i���M �M���T�`� �Š�2�M�B��

�q �S�a�L �i�2�M�b�Q�` �M���T�`� �Š�2�M�B�� �*���m�+�?�v�ö�2�;�Q �T�`�x�v�D�K�m�D�2 �T�Q�b�i���É�,

� = ~� + 0 n 
 n; �U�8�X�e�R�V

�d�N



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�;�/�x�B�2~� �D�2�b�i �T�ˆ���b�F�B�K �b�v�K�2�i�`�v�+�x�M�v�K �i�2�M�b�Q�`�2�K �M���T�`� �Š�2�M�B���- ��n �Q�x�M���+�x�� �r�2�F�i�Q�` �r�ˆ���b�M�v �b�i���M�m

�M���T�`� �Š�2�M�B�� �Q�/�T�Q�r�B���/���D�²�+�v �x�2�`�Q�r�2�K�m �M���T�`� �Š�2�M�B�m �;�ˆ�¦�r�M�2�K�m�X

�q �x���;���/�M�B�2�M�B���+�? �T�ˆ���b�F�B�2�;�Q �b�i���M�m �M���T�`� �Š�2�M�B�� �`�2�T�`�2�x�2�M�i���+�D�� �K���+�B�2�`�x�Q�r�� �i�2�M�b�Q�`�� �;�`���@

�/�B�2�M�i�m �/�2�7�Q�`�K���+�D�B �T�`�x�v�D�K�m�D�2 �T�Q�b�i���É�,

F !

2

6
6
6
6
6
4

F11 F12 0

F21 F22 0

0 0 � 3

3

7
7
7
7
7
5

; �U�8�X�e�k�V

�;�/�x�B�2� 3 �D�2�b�i �r�v�/�ˆ�m�Š�2�M�B�2�K �r �F�B�2�`�m�M�F�m �M�Q�`�K���H�M�v�K �/�Q �T�ˆ���b�x�+�x�v�x�M�v �/�2�7�Q�`�K���+�D�B�X �q�v�x�M���+�x�M�B�F

�T�ˆ���b�F�B�2�;�Q �;�`���/�B�2�M�i�m �/�2�7�Q�`�K���+�D�B~F �Q�x�M���+�x���K�v~J = det ~F�- �r�Q�#�2�+ �+�x�2�;�Q�,

J = det F = ~J � 3: �U�8�X�e�j�V

�G�2�r�v �i�2�M�b�Q�` �*���m�+�?�v�ö�2�;�Q���:�`�2�2�M��B = FF T �T�`�x�v�D�K�m�D�2 �T�Q�b�i���É�,

B = ~B + � 2
3 n 
 n; B � 1 = ~B � 1 + � � 2

3 n 
 n; �U�8�X�e�9�V

�;�/�x�B�2~B = ~F ~FT �X �A�x�Q�+�?�Q�`�v�+�x�M�v �H�2�r�v �i�2�M�b�Q�` �*���m�+�?�v�ö�2�;�Q���:�`�2�2�M�� �/�2�}�M�B�m�D�2�K�v �D���F�Q�,

�B = J � 2=3 B; �B � 1 = J 2=3 B � 1: �U�8�X�e�8�V

�.�2�r�B���i�Q�`�Q�r�2 �+�x� ���+�B �i�v�+�? �i�2�M�b�Q�`�¦�r�,

�B D = �B � 1
3 (�i�`�B ) I ; �B � 1

D = �B � 1 � 1
3 (�i�`�B � 1) I : �U�8�X�e�e�V

�S�Q�/�b�i���r�B���D�²�+�U�8�X�e�9�V�/�Q�U�8�X�e�8�V�Q�i�`�x�v�K�m�D�2�K�v �b�F�ˆ���/�Q�r�²�B33 �Q�`���x ���H���/ �i�2�M�b�Q�`�� �B�x�Q�+�?�Q�`�v�+�x�@

�M�2�;�Q�,

�B33 = J � 2=3 � 2
3; �i�`�B = J � 2=3 �i� B̀ = J � 2=3

�
�i�`~B + � 2

3

�
: �U�8�X�e�d�V

�a�i�²�/ �x �U�8�X�e�e�V �b�F�ˆ���/�Q�r�� �/�2�r�B���i�Q�`�Q�r�� �r �F�B�2�`�m�M�F�m �M�Q�`�K���H�M�v�K �r�v�M�Q�b�B�,

( �B D )33 = �B33 � 1
3 �i�`�B = J � 2=3 � 2

3 � 1
3 J � 2=3

�
�i�`~B + � 2

3

�
= 1

3 J � 2=3
�
2� 2

3 � �i�`~B
�
: �U�8�X�e�3�V

�3�y



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

���M���H�Q�;�B�+�x�M�B�2 �/�H�� �i�2�M�b�Q�`�� �Q�/�r�`�Q�i�M�2�;�Q�- �T�Q�/�b�i���r�B���D�²�+ �U�8�X�e�9�V �/�Q �U�8�X�e�8�V�,

�B � 1
33 = J 2=3 � � 2

3 ; �i�`�B � 1 = J 2=3 �i� B̀ � 1 = J 2=3
�
�i�`~B � 1 + � � 2

3

�
; �U�8�X�e�N�V

�b�F�²�/�,

( �B � 1
D )33 = �B � 1

33 � 1
3 �i�`�B � 1 = J 2=3 � � 2

3 � 1
3 J 2=3

�
�i�`~B � 1 + � � 2

3

�
= 1

3 J 2=3
�
2� � 2

3 � �i�`~B � 1
�
:

�U�8�X�d�y�V

�q�T�`�Q�r���/�x���D�²�+ �M���b�i� �T�m�D�²�+�2 �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B�,

�� 0 =
@U
@J

; �� 1 =
2
J

@�W
@�I 1

; �� � 1 = �
2
J

@�W
@�I 2

; �U�8�X�d�R�V

�`�2�H���+�D� �U�8�X�9�d�V �x���T�B�b�m�D�2�K�v �r �x�r���`�i�2�D �T�Q�b�i���+�B�,

� = �� 0 I + �� 1
�B D + �� � 1

�B � 1
D : �U�8�X�d�k�V

�S�Q�/�b�i���r�B���D�²�+ �`�Q�x�F�ˆ���/�v�U�8�X�e�9�V�Q�`���xI = ~I + n 
 n �/�Q�U�8�X�d�k�V�- �`�Q�x�/�x�B�2�H���K�v �i�2�M�b�Q�` �M���T�`� �Š�2�M�B��

�M�� �+�x� ���É �T�ˆ���b�F�² �B �b�F�ˆ���/�Q�r�² �M�Q�`�K���H�M�²�,

� = ~� + � 33 n 
 n; �U�8�X�d�j�V

�;�/�x�B�2�,

~� = �� 0
~I + �� 1 ( �B D )k + �� � 1 ( �B � 1

D )k �U�8�X�d�9�V

�D�2�b�i �T�ˆ���b�F�B�K �i�2�M�b�Q�`�2�K �M���T�`� �Š�2�M�B���- �x�����,

� 33 = �� 0 + �� 1 ( �B D )33 + �� � 1 ( �B � 1
D )33: �U�8�X�d�8�V

�.�H�� ���+�B�b�ˆ�Q���+�B�-( �B D )k �Q�`���x( �B � 1
D )k �Q�x�M���+�x���D�² �#�H�Q�F�B �T�ˆ���b�F�B�2 �U2 � 2�V �/�2�r�B���i�Q�`�¦�r �i�`�¦�D�r�v�K�B���`�Q�@

�r�v�+�?�- �i�D�X�,

( �B D )k = J � 2=3
h

~B � 1
3

�
�i�`~B + � 2

3

�
~I
i

; �U�8�X�d�e�V

( �B � 1
D )k = J 2=3

h
~B � 1 � 1

3

�
�i�`~B � 1 + � � 2

3

�
~I
i

; �U�8�X�d�d�V

�+�Q �`�¦�Š�M�B �D�2 �Q�/ �/�2�r�B���i�Q�`�¦�r �/�r�m�r�v�K�B���`�Q�r�v�+�? �i�2�M�b�Q�`�� �T�ˆ���b�F�B�2�;�Q�X

�3�R



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�q���`�m�M�2�F �S�a�L� 33 = 0 �x �r�v�F�Q�`�x�v�b�i���M�B�2�K �U�8�X�e�3�V �B �U�8�X�d�y�V �/���D�2 �`�¦�r�M���M�B�2 �M��� 3�,

�� 0 + �� 1
1
3 J � 2=3

�
2� 2

3 � �i�`~B
�

+ �� � 1
1
3 J 2=3

�
2� � 2

3 � �i�`~B � 1
�

= 0; J = ~J � 3: �U�8�X�d�3�V

�_�Q�x�r�B�²�x�v�r���H�M�Q���É ���M���H�B�i�v�+�x�M�� �i�2�;�Q �`�¦�r�M���M�B�� �x���H�2�Š�v �Q�/ �T�`�x�v�D� �i�2�D �T�Q�b�i���+�B �7�m�M�F�+�D�B �C�1�a�X

�a�i�Q�b�m�D�²�+ �J�1�a �`�¦�r�M���M�B�2�U�8�X�d�3�V�`�Q�x�r�B�²�x�m�D�2 �b�B� �B�i�2�`���+�v�D�M�B�2 �U�M�T�X �K�2�i�Q�/�² �L�2�r�i�Q�M�����_���T�?�b�Q�M���V

�r �F���Š�/�v�K �T�m�M�F�+�B�2 �+���ˆ�F�Q�r���M�B�� �:���m�b�b�� �(�3�3�)�X

�S�Q �r�v�x�M���+�x�2�M�B�m� 3 �U���M���H�B�i�v�+�x�M�B�2 �H�m�# �M�m�K�2�`�v�+�x�M�B�2�V �#�m�/�m�D�2 �b�B� �T�2�ˆ�M�v �i�2�M�b�Q�` �;�`���/�B�2�M�i�m

�/�2�7�Q�`�K���+�D�B �x�U�8�X�e�k�V�- �+�Q �T�Q�x�r���H�� �Q�#�H�B�+�x�v�É �r�b�x�v�b�i�F�B�2 �b�F�ˆ���/�Q�r�2 �M���T�`� �Š�2�M�B�� �x �`�2�H���+�D�B �i�`�¦�D�r�v�K�B���@

�`�Q�r�2�D�U�8�X�d�k�V�X �J�Q�Š�M�� �`�¦�r�M�Q�r���Š�M�B�2 �T�Q�b�ˆ�m�Š�v�É �b�B� �#�2�x�T�Q���`�2�/�M�B�Q �T�Q�b�i���+�B�² �T�ˆ���b�F�²�U�8�X�d�9�V�� �Q�#��

�x���T�B�b�v �/���D�² �B�/�2�M�i�v�+�x�M�v �r�v�M�B�F�- �T�Q�M�B�2�r���Š� 33 = 0 �D�2�b�i �D�m�Š �x���;�r���`���M�i�Q�r���M�2 �T�`�x�2�x �/�Q�#�¦�`� 3�X

���M���H�Q�;�B�+�x�M�² �`�¦�r�M�Q�r���Š�M�Q���É �K�Q�Š�M�� �r�v�F���x���É �/�H�� �i�2�M�b�Q�`�� �M���T�`� �Š�2�M�B�� �S�B�Q�H�B���E�B�`�+�?�?�Q�z��

�A �`�Q�/�x���D�mP = J � F � T �X �E�Q�`�x�v�b�i���D�²�+�U�8�X�e�k�V�-�U�8�X�e�j�V�- �T�ˆ���b�F�B �i�2�M�b�Q�` �i�2�;�Q �M���T�`� �Š�2�M�B�� �K�Q�Š�2�K�v

�x���T�B�b���É �D���F�Q�,

~S = � 3
~J ~� ~F � T : �U�8�X�d�N�V

�.�H�� �K���i�2�`�B���ˆ�m �M�B�2���+�B���H�B�r�2�;�Q �UJ = 1�V �x���+�?�Q�/�x�B� 3 = 1= ~J �- �� �r���`�m�M�2�F�U�8�X�d�3�V�D�2�b�i �b�T�2�ˆ�M�B�Q�M�v

�i�Q�Š�b���K�Q���+�B�Q�r�Q �� �`�Q�H� �� 0 �T�`�x�2�D�K�m�D�2 �K�M�Q�Š�M�B�F �G���;�`���M�;�2�ö��(� p)�- �2�H�B�K�B�M�Q�r���M�v ���H�;�2�#�`���B�+�x�M�B�2

�x �`�¦�r�M���M�B��� 33 = 0�X �_�2�H���+�D�� �F�Q�M�b�i�v�i�m�i�v�r�M�� �T�`�x�v�D�K�m�D�2 �r�¦�r�+�x���b �T�Q�b�i���É �(�d�k�)�,

� = � pI + �� 1
�B + �� � 1

�B � 1; �� 1 = 2
@U
@�I 1

; �� � 1 = � 2
@U
@�I 2

; �U�8�X�3�y�V

�;�/�x�B�2 �+�B���M�B�2�M�B�2 �r�v�x�M���+�x�� �b�B� �x �r���`�m�M�F�m� 33 = 0�,

p = �� 1 � 2
3 + �� � 1 � � 2

3 = �� 1
~J � 2 + �� � 1

~J 2: �U�8�X�3�R�V

�S�Q �T�Q�/�b�i���r�B�2�M�B�m�U�8�X�3�R�V�/�Q�U�8�X�3�y�V�Q�`���x �r�v�F�Q�`�x�v�b�i���M�B�m �`�Q�x�F�ˆ���/�¦�r�B = ~B + ~J � 2 n 
 n�-

�B � 1 = ~B � 1 + ~J 2 n 
 n �Q�i�`�x�v�K�m�D�2 �b�B� �T�ˆ���b�F�² �`�2�H���+�D� �F�Q�M�b�i�v�i�m�i�v�r�M�² �S�a�L �(�d�k�)�,

~� = �
�

�� 1
~J � 2 + �� � 1

~J 2
�

~I + �� 1
~B + �� � 1

~B � 1: �U�8�X�3�k�V

�3�k



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�S�Q �T�`�x�2�F�b�x�i���ˆ�+�2�M�B���+�?�- �x���b�i�Q�b�Q�r���M�B�m �i�r�B�2�`�/�x�2�M�B�� �*���v�H�2�v�ö�����>���K�B�H�i�Q�M�� �/�H�� �i�2�M�b�Q�`�¦�r

�T�ˆ���b�F�B�+�?~B � 1 = � ~J � 2
�

~B � ~I 1
~I
�
�- �Q�i�`�x�v�K�m�D�2�K�v �(�d�k�)�,

~� = �
�

�� 1
~J � 2 + �� � 1

�
~J 2 � ~I 1

��
~I +

�
�� 1 � �� � 1

~J � 2
�

~B: �U�8�X�3�j�V

�q�v�F�Q�`�x�v�b�i���M�B�2 �r�B� �x�m �M�B�2���+�B���H�B�r�Q���+�B� 3 = ( � 1� 2)� 1 �b�T�`���r�B���- �Š�2 �r �S�a�L �7�m�M�F�+�D� �2�M�2�`�;�B�B

�K�Q�Š�M�� �m�x���H�2�Š�M�B�É �r�v�ˆ�²�+�x�M�B�2 �Q�/ �/�r�¦�+�? �r���`�i�Q���+�B �r�ˆ���b�M�v�+�? �(�d�k�)�,

U
�
�� 1; �� 2

�
= fW

�
�� 1; �� 2; �� � 1

1
�� � 1

2

�
: �U�8�X�3�9�V

�:�ˆ�¦�r�M�2 �M���T�`� �Š�2�M�B�� �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �A �`�Q�/�x���D�m �T�`�x�v�D�K�m�D�² �r�i�2�/�v �T�Q�b�i���É�,

S1 =
@U
@�� 1

; S2 =
@U
@�� 2

: �U�8�X�3�8�V

�6�m�M�F�+�D��U(�� 1; �� 2) �D�2�b�i �T�Q�M���/�i�Q ���+�B���H�2 �r�v�T�m�F�ˆ�� �r�i�2�/�v�- �;�/�v �K���+�B�2�`�x�,

2

6
6
6
6
4

@2U
@�� 2

1

@2U
@�� 1 @�� 2

@2U
@�� 1 @�� 2

@2U
@�� 2

2

3

7
7
7
7
5

�U�8�X�3�e�V

�T�Q�x�Q�b�i���D�2 �/�Q�/���i�M�B�Q �Q�F�`�2���H�Q�M�� �(�d�k�)�- �(�3�N�)�X �J�M�B�2�D �`�2�b�i�`�v�F�+�v�D�M�v�K �r���`�m�M�F�B�2�K �D�2�b�i �b�i���#�B�H�M�Q���É

�r �b�2�M�b�B�2 �.�`�m�+�F�2�`�� �� �K���i�2�`�B���ˆ �M�B�2���+�B���H�B�r�v �m�x�M���D�2 �b�B� �x�� �b�i���#�B�H�M�v�- �D�2�Š�2�H�B �T�Q�M�B�Š�b�x�� �K���+�B�2�`�x

�7�m�M�F�+�v�D�M�� �D�2�b�i �/�Q�/���i�M�B�Q �Q�F�`�2���H�Q�M�� �(�d�k�)�- �(�N�y�)�,

2

6
6
6
6
4

�� 1
@U
@�� 1

+ �� 2
1

@2U
@�� 2

1

�� 1
�� 2

@2U
@�� 1 @�� 2

�� 1
�� 2

@2U
@�� 1 @�� 2

�� 2
@U
@�� 2

+ �� 2
2

@2U
@�� 2

2

3

7
7
7
7
5

: �U�8�X�3�d�V

�8�X�d�X�k�X �S�ˆ���b�F�B �b�i���M �Q�/�F�b�x�i���ˆ�+�2�M�B��

�q �T�ˆ���b�F�B�K �b�i���M�B�2 �Q�/�F�b�x�i���ˆ�+�2�M�B�� �U�S�a�P�V �B�x�Q�+�?�Q�`�v�+�x�M�v �H�2�r�v �i�2�M�b�Q�` �/�2�7�Q�`�K���+�D�B �*���m�@

�+�?�v�ö�2�;�Q���:�`�2�2�M�� �T�`�x�v�D�K�m�D�2 �T�Q�b�i���É

�B = ~B + n 
 n; �U�8�X�3�3�V

�3�j



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�;�/�x�B�2~B �D�2�b�i �T�ˆ���b�F�² �U�b�v�K�2�i�`�v�+�x�M�²�V �+�x� ���+�B�² �i�2�M�b�Q�`���- ��n �Q�x�M���+�x�� �r�2�F�i�Q�` �M�Q�`�K���H�M�v �/�Q

�T�ˆ���b�x�+�x�v�x�M�v �Q�/�F�b�x�i���ˆ�+�2�M�B���- �Q�/�T�Q�r�B���/���D�²�+�v �D�2�/�M�Q�b�i�F�Q�r�2�K�m �r�v�/�ˆ�m�Š�2�M�B�m �r �i�v�K �F�B�2�`�m�M�F�m�X

�.�H�� �K���i�2�`�B���ˆ�¦�r �M�B�2���+�B���H�B�r�v�+�? �r �r���`�m�M�F���+�? �S�a�P �i�`�x�2�+�B�� �B�x�Q�+�?�Q�`�v�+�x�M�� �r���`�i�Q���É �r�ˆ���b�M��

�r�v�/�ˆ�m�Š�2�M�B�� �r�v�M�Q�b�B�� 3 = 1�- �� �x �r���`�m�M�F�m �M�B�2���+�B���H�B�r�Q���+�B�� 1
�� 2 = 1 �r�v�M�B�F���- �Š�2 �Q�#�� �B�x�Q�+�?�Q�`�v�+�x�M�2

�M�B�2�x�K�B�2�M�M�B�F�B �b�² �b�Q�#�B�2 �`�¦�r�M�2�,

�I 1 = �I 2 = �� 2
1 + �� � 2

1 + 1: �U�8�X�3�N�V

�6�m�M�F�+�D�� �2�M�2�`�;�B�B �Q�/�F�b�x�i���ˆ�+�2�M�B�� �`�2�/�m�F�m�D�2 �b�B� �x���i�2�K �/�Q �x���H�2�Š�M�Q���+�B �Q�/ �D�2�/�M�2�D �r���`�i�Q���+�B �r�ˆ���b�M�2�D�X

�q �M�B�M�B�2�D�b�x�2�D �T�`���+�v �T�`�x�v�T���/�2�F �S�a�P �M�B�2 �D�2�b�i �/���H�2�D �`�Q�x�r�B�D���M�v�- �T�Q�M�B�2�r���Š �T�Q�K�B���`�v �x �+�v�7�`�Q�r�2�D

�F�Q�`�2�H���+�D�B �Q�#�`���x�m �M�� �+�B�2�M�F�B�+�? �T�`�¦�#�F���+�? �Q�/�T�Q�r�B���/���D�² �r���`�m�M�F�Q�K �S�a�L�X

�8�X�3�X �q�v�K���;���M�B�� �/�H�� �K�Q�/�2�H�Q�r���M�B�� �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �b�i���r�B���M�2 �T�`�x�2�x

�J�2�+�?���M�B�F� �P���`�Q�/�F�¦�r �*�B�²�;�ˆ�v�+�?

�*�2�H�2�K �K�Q�/�2�H�Q�r���M�B�� �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �r �i�2�Q�`�B�B �b�T�`� �Š�v�b�i�Q���+�B �D�2�b�i �x�M���H�2�x�B�2�M�B�2 �x�r�B�²�x�F�m

�T�Q�K�B� �/�x�v �Q�/�F�b�x�i���ˆ�+�2�M�B�2�K �� �r�v�r�Q�ˆ�v�r���M�v�K �T�`�x�2�x �M�B�2 �M���T�`� �Š�2�M�B�2�K �r �T�m�M�F�+�B�2 �K���i�2�`�B���H�M�v�K

�T�`�x�v �b�T�2�ˆ�M�B�2�M�B�m �b�x�2�`�2�;�m �r�v�K���;���– �b�i���r�B���M�v�+�? �T�Q�i�2�M�+�D���ˆ�Q�r�B �b�T�`� �Š�v�b�i�2�K�m �B �M���T�`� �Š�2�M�B�Q�K

�(�N�R�)�X �q �M�B�M�B�2�D�b�x�v�K �`�Q�x�/�x�B���H�2 �x�Q�b�i���M�² �Q�K�¦�r�B�Q�M�2 �i�2 �r�v�K���;���M�B�� �Q�`���x �T�`�x�2�/�b�i���r�B�Q�M�2 �x�Q�b�i���M�²

�K�2�i�Q�/�v �B�+�? �b�T�2�ˆ�M�B�2�M�B���X

�3�9



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�U���V
�a�T�¦�D�M�Q���É �i�2�`�K�Q�/�v�M���K�B�+�x�M��

S =
@W
@F

�U�#�V
�a�v�K�2�i�`�B�� �M���T�`� �Š�2�M�B�� �i�2�M�b�Q�`��

�*���m�+�?�v�ö�2�;�Q
� = � T

�U�+�V
�P�#�B�2�F�i�v�r�M�Q���É �C�1�a
W (QF ) = W (F)

8 Q 2 O(3)

�U�/�V
�a�v�K�2�i�`�B�� �K���i�2�`�B���H�M��
W (FQ T ) = W (F)

8 Q 2 O(3)

�U�2�V
�L�B�2�m�D�2�K�M�Q���É �2�M�2�`�;�B�B

W (F) � 0

�U�7�V
�q���`�m�M�2�F �r�x�`�Q�b�i�m

�Q�#�D� �i�Q���+�B�Q�r�2�;�Q
W (F ) ! 1 �;�/�v�,
J ! 1 _ J ! 0+

�U�;�V
�q���`�m�M�2�F �M�Q�`�K���H�B�x���+�D�B �2�M�2�`�;�B�B

W (I ) = 0

�U�?�V
�q���`�m�M�2�F �M�Q�`�K���H�B�x���+�D�B �M���T�`� �Š�2�–

S(I ) = 0

�U�B�V
�S�Q�H�B�r�v�T�m�F�ˆ�Q���É

W �r�v�T�m�F�ˆ�2 �r�x�;�H�X
F�-cof F �Bdet F

�_�v�b�m�M�2�F �8�X�j�X�a�+�?�2�K���i�v�+�x�M�2 �T�`�x�2�/�b�i���r�B�2�M�B�2 �i�v�T�Q�r�v�+�? �r���`�m�M�F�¦�r �/�H�� �T�Q�i�2�M�+�D���ˆ�m �b�T�`� �Š�v�b�i�2�;�Q
�B �M���T�`� �Š�2�– �(�N�R�)

�8�X�3�X�R�X �a�T�¦�D�M�Q���É �i�2�`�K�Q�/�v�M���K�B�+�x�M��

�_�2�H���+�D�2 �F�Q�M�b�i�v�i�m�i�v�r�M�2 �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�m�b�x�² �#�v�É �b�T�¦�D�M�2 �x �x���b���/���K�B �i�2�`�K�Q�/�v�M���K�B�F�B�X

�q �T�`�Q�+�2�b���+�? �B�x�Q�i�2�`�K�B�+�x�M�v�+�? �B ���/�B���#���i�v�+�x�M�v�+�? �2�M�2�`�;�B�� �r�2�r�M� �i�`�x�M��_U �D�2�b�i �`�¦�r�M�� �;� �b�i�Q���+�B

�2�M�2�`�;�B�B �b�r�Q�#�Q�/�M�2�D �>�2�H�K�?�Q�H�i�x���- �� �x �+���ˆ�F�Q�r�2�;�Q �#�B�H���M�b�m �2�M�2�`�;�B�B �K�2�+�?���M�B�+�x�M�2�D �Q�`���x �x���b���/

�x���+�?�Q�r���M�B�� �T� �/�m�- �K�Q�K�2�M�i�m �T� �/�m �B �K���b�v �Q�i�`�x�v�K�m�D�2 �b�B� �M���b�i� �T�m�D�²�+�2 �x���H�2�Š�M�Q���+�B �H�Q�F���H�M�2 �(�e�d�)�-

�3�8



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�(�d�k�)�,

_U = tr( � D ); � 0
_U = tr( ST _F): �U�8�X�N�y�V

�q�T�`�Q�r���/�x���D�²�+ �T�Q�D� �+�B�2 �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �U�C�1�a�VW �B �b�i�Q�b�m�D�²�+ �H�Q�F���H�M�²

�x���b���/� �x���+�?�Q�r���M�B�� �K���b�v� 0 = �J �- �x���H�2�Š�M�Q���É �U�8�X�N�y�V �T�`�x�v�D�K�m�D�2 �T�Q�b�i���É�,

_W =
1
J

tr( � D ) = tr( ST _F): �U�8�X�N�R�V

�w �H�Q�F���H�M�2�;�Q �b�7�Q�`�K�m�ˆ�Q�r���M�B�� �x���b���/�v �x���+�?�Q�r���M�B�� �2�M�2�`�;�B�B �K�2�+�?���M�B�+�x�M�2�D�U�8�X�N�R�V�- �/�H�� �/�Q�@

�b�i���i�2�+�x�M�B�2 �`�2�;�m�H���`�M�2�D �7�m�M�F�+�D�B �C�1�a �K���i�2�`�B���ˆ�m �D�2�/�M�Q�`�Q�/�M�2�;�Q�- �r�v�M�B�F���- �Š�2 �7�m�M�F�+�D��W �D�2�b�i

�T�Q�i�2�M�+�D���ˆ�2�K �/�H�� �M���T�`� �Š�2�–�- �i�x�M�X�,

S(F) =
@W(F)

@F
; T = 2

@W
@C

: �U�8�X�N�k�V

�A�b�i�M�B�2�M�B�2 �T�Q�i�2�M�+�D���ˆ�m�U�8�X�N�k�V�;�r���`���M�i�m�D�2�- �Š�2 �M�� �x���K�F�M�B� �i�v�K �+�v�F�H�m �/�2�7�Q�`�K���+�D�B �/�v�b�b�v�T���+�D��

�2�M�2�`�;�B�B �D�2�b�i �x�2�`�Q�r���,
I

tr( T _E) dt = 0; �U�8�X�N�j�V

�+�Q �b�i���M�Q�r�B �7�m�M�/���K�2�M�i���H�M�² �`�¦�Š�M�B�+� �K�B� �/�x�v �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�² �U�b�T�`� �Š�v�b�i�Q���+�B�² �r �b�2�M�b�B�2

�:�`�2�2�M���V �� �?�v�T�Q�b�T�`� �Š�v�b�i�Q���+�B�²�- �;�/�x�B�2 �r���`�m�M�2�F�U�8�X�N�j�V�r �Q�;�¦�H�M�Q���+�B �M�B�2 �D�2�b�i �b�T�2�ˆ�M�B�Q�M�v �(�e�d�)�-

�(�d�k�)�X

�8�X�3�X�k�X �a�v�K�2�i�`�B�� �i�2�M�b�Q�`�� �M���T�`� �Š�2�– �*���m�+�?�v�ö�2�;�Q

�h�2�M�b�Q�` �M���T�`� �Š�2�– �*���m�+�?�v�ö�2�;�Q� �D�2�b�i �b�v�K�2�i�`�v�+�x�M�v�- �+�Q �r�v�M�B�F�� �#�2�x�T�Q���`�2�/�M�B�Q �x �x���b���/�v

�x���+�?�Q�r���M�B�� �K�Q�K�2�M�i�m �T� �/�m�X �w �x���b���/ �x���+�?�Q�r���M�B�� �T� �/�m �B �K�Q�K�2�M�i�m �T� �/�m �r �F�Q�M�}�;�m�`���+�D�B

���F�i�m���H�M�2�D �Q�i�`�x�v�K�m�D�2 �b�B� �M���b�i� �T�m�D�²�+�2 �H�Q�F���H�M�2 �`�¦�r�M���M�B�� �`�¦�r�M�Q�r���;�B �(�e�e�)�- �(�e�d�)�,

div � + f = � •u ; � = � T ; �U�8�X�N�9�V

�;�/�x�B�2f �Q�x�M���+�x�� �b�B�ˆ�v �Q�#�D� �i�Q���+�B�Q�r�2�-� �� �;� �b�i�Q���É �+�B���ˆ�� �r �F�Q�M�}�;�m�`���+�D�B ���F�i�m���H�M�2�D�- ��•u ��

�T�`�x�v�b�T�B�2�b�x�2�M�B�2�X

�3�e



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�8�X�3�X�j�X �P�#�B�2�F�i�v�r�M�Q���É �7�m�M�F�+�D�B �C�1�a �B �b�v�K�2�i�`�B�� �K���i�2�`�B���H�M��

�q�v�K�¦�; �Q�#�B�2�F�i�v�r�M�Q���+�B �Q�`���x �B�x�Q�i�`�Q�T�B�B �K���i�2�`�B���ˆ�m �M���`�x�m�+�� �M�� �7�m�M�F�+�D� �C�1�a �M���b�i� �T�m�D�²�+�v

�r���`�m�M�2�F�,

W(E) = W
�
QEQ T

�
; 8Q 2 O(3); �U�8�X�N�8�V

�r �F�i�¦�`�v�K �i�2�M�b�Q�`�v�Z �b�² �2�H�2�K�2�M�i���K�B �;�`�m�T�v �T�`�x�2�F�b�x�i���ˆ�+�2�– �:���H�B�H�2�m�b�x���- �Q�#�2�D�K�m�D�²�+�2�D �Q�#�`�Q�i�v

�B �Q�/�#�B�+�B�� �H�m�b�i�`�x���M�2O(3) �r �i�`�¦�D�r�v�K�B���`�Q�r�2�D �T�`�x�2�b�i�`�x�2�M�B �2�m�F�H�B�/�2�b�Q�r�2�D�X �q���`�m�M�2�F �i�2�M �D�2�b�i �`�¦�r�@

�M�Q�r���Š�M�v �`�Q�x�/�x�B�2�H�M�2�K�m �b�T�2�ˆ�M�B�2�M�B�m �Q�#�B�2�F�i�v�r�M�Q���+�BW(F) = W(QF ) �Q�`���x �b�v�K�2�i�`�B�B �K���i�2�`�B���H�M�2�D

W(F) = W(FQ T ) �(�e�3�)���(�d�y�)�- �(�d�j�)�- �(�d�9�)�X �L�� �K�Q�+�v �r���`�m�M�F�m�8�X�N�8�Q�`���x �i�r�B�2�`�/�x�2�M�B�� �Q �b�F���H���`�M�2�D

�B�x�Q�i�`�Q�T�Q�r�2�D �7�m�M�F�+�D�B �i�2�M�b�Q�`�Q�r�2�D �7�m�M�F�+�D�� �C�1�a �x���H�2�Š�v �Q�/ �i�`�x�2�+�? �M�B�2�x���H�2�Š�M�v�+�? �M�B�2�x�K�B�2�M�M�B�F�¦�r

�i�2�M�b�Q�`���1�- �M�T�X�,

W(E) = �W(tr E; tr E2; tr E3) = �W(N i ); i = 1; 2; 3: �U�8�X�N�e�V

�S�Q�/�b�i���r�B�2�M�B�2 �T�Q�r�v�Š�b�x�2�;�Q �/�Q�8�X�j�9�T�`�Q�r���/�x�B �/�Q �x�r�B�²�x�F�m �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B

�K���i�2�`�B���ˆ�m �B�x�Q�i�`�Q�T�Q�r�2�;�Q �r �Q�T�B�b�B�2 �K���i�2�`�B���H�M�v�K �(�e�3�)���(�d�y�)�- �(�d�9�)�- �(�d�e�)�X

�8�X�3�X�9�X �q���`�m�M�2�F �r�x�`�Q�b�i�m

�.�Q�/���i�F�Q�r�Q�- �`�Q�x�r���Š�� �b�B� �`�¦�Š�M�2 �Q�#�H�B�;���i�Q�`�v�D�M�2 �r���`�m�M�F�B�- �x �F�i�¦�`�v�+�? �M���D�+�x� ���+�B�2�D �b�T�Q�i�v�F���M�v�K

�D�2�b�i �r���`�m�M�2�F �r�x�`�Q�b�i�m �Q�#�D� �i�Q���+�B�Q�r�2�;�Q�,

W(�6) ! 1 �r �K�B���`� �D���F(J ! 0+ _ J ! 1 ); �U�8�X�N�d�V

�+�Q �r�v�M�B�F�� �x �Q�#�b�2�`�r���+�D�B�- �Š�2 �+�B���ˆ�Q �K���i�2�`�B���H�M�2 �M�B�2 �K�Q�Š�2 �x�Q�b�i���É �b�F�Q�K�T�`�2�b�Q�r���M�2 �/�Q �Q�#�D� �i�Q�@

���+�B �`�¦�r�M�2�D �x�2�`�Q ���M�B �`�Q�x�b�x�2�`�x�Q�M�2 �/�Q �M�B�2�b�F�Q�–�+�x�Q�M�2�D �Q�#�D� �i�Q���+�B �(�e�9�)�X �a�x�+�x�2�;�¦�H�M�B�2 �B�b�i�Q�i�M�v �D�2�b�i

�T�`�x�v�T���/�2�F �x�M���+�x�M�2�D �F�Q�K�T�`�2�b�D�B �Q�#�D� �i�Q���+�B�Q�r�2�D�- �T�Q�M�B�2�r���Š �K�Q�Š�2 �Q�M �r�v�b�i� �T�Q�r���É �r �b�x�2�`�Q�F�B�K

�x���F�`�2�b�B�2 �T�`���F�i�v�+�x�M�v�+�? �x���b�i�Q�b�Q�r���– �B�M�Š�v�M�B�2�`�b�F�B�+�?�X

�8�X�3�X�8�X �q���`�m�M�2�F �M�Q�`�K���H�B�x���+�D�B �B �M�B�2�m�D�2�K�M�Q���+�B �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B

�b�T�`� �Š�v�b�i�Q���+�B �Q�`���x �r���`�m�M�2�F �M�Q�`�K���H�B�x���+�D�B �M���T�`� �Š�2�–

�q �M�B�2�x�/�2�7�Q�`�K�Q�r���M�2�D �F�Q�M�}�;�m�`���+�D�B�- �i�D�X�6 = �A�- �T�Q�r�B�M�M�v �#�v�É �b�T�2�ˆ�M�B�Q�M�2 �r���`�m�M�F�B�M�Q�`�K���H�B�@

�x���+�D�B�(�e�9�)�- �(�N�R�)�,

W(�6 = �A) = 0 �Q�`���x�a(�6 = �A) = �y �U�8�X�N�3�V

�3�d



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�/�H�� �Q�#�m�, �7�m�M�F�D�B �D�2�/�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �B �M���T�`� �Š�2�–�X �P�T�`�¦�+�x �M�Q�`�K���H�B�x���+�D�B�- �2�M�2�`�;�B��

�b�r�Q�#�Q�/�M�� �T�Q�r�B�M�M�� �r�x�`���b�i���É �r �F���Š�/�v�K �T�`�x�v�T���/�F�m�- �;�/�v �T�Q�D���r�B�� �b�B� �/�2�7�Q�`�K���+�D���X �w���i�2�K�-

�Q�T�`�¦�+�x �`�¦�r�M���M�B���8�X�N�31�-�M�B�2�m�D�2�K�M�Q���É �2�M�2�`�;�B�B �Q�/�F�b�x�i���ˆ�+�2�M�B���- �i�D�XW(�6) � 0 �D�2�b�i �r�v�K���@

�;���M���X

�8�X�N�X �S�Q�H�B�r�v�T�m�F�ˆ�Q���É

�8�X�N�X�R�X �q�v�T�m�F�ˆ�Q���É

�6�m�M�F�+�D�2���+�B���H�2 �r�v�T�m�F�ˆ�2�K���D�² �m�M�B�F���H�M�2 �U�;�H�Q�#���H�M�2�V �K�B�M�B�K�m�K�X �S�Q�r�b�i���D�2 �T�v�i���M�B�2 �+�x�v �b�² �Q�M�2

�`�¦�r�M�B�2�Š �m�Š�v�i�2�+�x�M�2 �x �}�x�v�+�x�M�2�;�Q �T�m�M�F�i�m �r�B�/�x�2�M�B���\ ���#�v �T�`�x�v�;�Q�i�Q�r���É �Q�/�T�Q�r�B�2�/�†�- �`�Q�x�r���Š�K�v

�/�r�m�r�v�K�B���`�Q�r�v �x�#�B�¦�`K �X �w�#�B�¦�` �i�2�M �D�2�b�i �r�v�T�m�F�ˆ�v�- �;�/�v

� x1 + (1 � � ) x2 2 K; 8 x1; x2 2 K; � 2 [0; 1]: �U�8�X�N�N�V

�q �m�D� �+�B�m �;�2�Q�K�2�i�`�v�+�x�M�v�K �/�2�}�M�B�+�D�� �i�� �b�i�r�B�2�`�/�x���- �Š�2 �Q�/�+�B�M�2�F �ˆ�²�+�x�²�+�vx1 �Bx2 �x���r�B�2�`�� �b�B� �rK �X

�q �T�`�x�v�T���/�F�m �x�#�B�Q�`�m �r�v�T�m�F�ˆ�2�;�Q �D�2�/�M�Q�r�v�K�B���`�Q�r�2�;�Q �H�m�# �/�x�B�2�r�B� �+�B�Q�r�v�K�B���`�Q�r�2�;�Q �T�m�M�F�i�v

�r �U�8�X�N�N�V �M���H�2�Š�v �Q�/�T�Q�r�B�2�/�M�B�Q �x���b�i�²�T�B�É �b�F���H���`���K�B �Q�`���x �i�2�M�b�Q�`���K�B �/�`�m�;�B�2�;�Q �`�x� �/�m�X

�U���V�w�#�B�¦�` �r�v�T�m�F�ˆ�v �U�#�V�w�#�B�¦�` �M�B�2�r�v�T�m�F�ˆ�v

�_�v�b�m�M�2�F �8�X�9�X�S�Q�`�¦�r�M���M�B�2 �x�#�B�Q�`�m �r�v�T�m�F�ˆ�2�;�Q �B �M�B�2�r�v�T�m�F�ˆ�2�;�Q�, �U���V �B �U�#�V

�q �T�`�x�v�T���/�F�m �b�F���H���`�M�2�D �r�v�T�m�F�ˆ�2�D �7�m�M�F�+�D�B �i�2�M�b�Q�`�Q�r�2�D�- �M�T�X �7�m�M�F�+�D�B �C�1�aW �r �x���H�2�Š�M�Q���+�B

�Q�/ �;�`���/�B�2�M�i�m �/�2�7�Q�`�K���+�D�BF�- �x�/�2�}�M�B�Q�r���M�2�;�Q �M�� �/�x�B�2�r�B� �+�B�Q�r�v�K�B���`�Q�r�v�K �x�#�B�Q�`�x�2 �r�v�T�m�F�ˆ�v�K

�3�3



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

R3� 3�- �x���+�?�Q�/�x�B�- �T�Q�`�X �`�v�b�X�8�X�8�,

W(� F1 + (1 � � )F2) � �  (F1) + (1 � � )  (F2) 8 F1; F2 2 R3� 3; � 2 [0; 1]: �U�8�X�R�y�y�V

�_�v�b�m�M�2�F �8�X�8�X�q�v�T�m�F�ˆ�Q���É �7�m�M�F�+�D�BW (F)

�C�2�Š�2�H�B �7�m�M�F�+�D��W(F) �D�2�b�i �`�¦�Š�M�B�+�x�F�Q�r���H�M���- �r���`�m�M�2�F �r�v�T�m�F�ˆ�Q���+�B �T�`�x�v�D�K�m�D�2 �T�Q�b�i���É�-

�T�Q�`�X �`�v�b�X�8�X�e�,

W(F) + S(F) � � F � W(F + � F) 8 F; � F 2 R3� 3; �U�8�X�R�y�R�V

�;�/�x�B�2�,S(F) = @W
@F ; F = F1; � F = F2 � F1�X �.�H�� �7�m�M�F�+�D�B ���+�B���H�2 �r�v�T�m�F�ˆ�v�+�? �r �`�¦�r�M���M�B�m

�U�8�X�R�y�R�V �x���+�?�Q�/�x�B �x�M���F �ó< �ô �x���K�B���b�i �ó� �ô �T�`�x�vF1 6= F2 �B� 2 [0; 1]�X

�_�v�b�m�M�2�F �8�X�e�X�q�v�T�m�F�ˆ�Q���É �`�¦�Š�M�B�+�x�F�Q�r���H�M�2�D �7�m�M�F�+�D�BW (F)

�3�N



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

���H�i�2�`�M���i�v�r�M�B�2 �U�r���`�m�M�2�F �K�Q�M�Q�i�Q�M�B�+�x�M�Q���+�B�V �K�Q�Š�M�� �x���T�B�b���É

(S(F2) � S(F1)) � (F2 � F1)

8
>><

>>:

� 0; �U�r�v�T�m�F�ˆ�Q���É�V

> 0; �U���+�B�b�ˆ�� �r�v�T�m�F�ˆ�Q���É�V
8 F1; F2 2 R3� 3: �U�8�X�R�y�k�V

�C�2�Š�2�H�BW �D�2�b�i �/�r�m�F�`�Q�i�M�B�2 �`�¦�Š�M�B�+�x�F�Q�r���H�M���- �`�¦�r�M�Q�r���Š�M�v �r���`�m�M�2�F �r�v�T�m�F�ˆ�Q���+�B �x���T�B�b�m�D�2�K�v

�D���F�Q

� F � A � � F

8
>><

>>:

� 0; �U�r�v�T�m�F�ˆ�Q���É�V

> 0; �U���+�B�b�ˆ�� �r�v�T�m�F�ˆ�Q���É�V
8 F; � F 2 R3� 3; A =

@2W(F)
@F @F

: �U�8�X�R�y�j�V

�+�Q �b�i���M�Q�r�B �r�v�K�¦�; �/�Q�/���i�M�B�2�D �U�T�¦�ˆ�V�Q�F�`�2���H�Q�M�Q���+�B �i�2�M�b�Q�`�� �b�i�v�+�x�M�Q���+�B �M�Q�K�B�M���H�M�2�DA �X �L�B�2�K�M�B�2�D

�D�2�/�M���F �r���`�m�M�F�m �r�v�T�m�F�ˆ�Q���+�B �M�B�2 �K�Q�Š�M�� �b�i�Q�b�Q�r���É�- �T�Q�M�B�2�r���Š �r�ˆ���b�M�Q���É �i�� �b�i�Q�B �r �b�T�`�x�2�+�x�M�Q���+�B

�x �M���D�#���`�/�x�B�2�D �#�2�x�T�Q���`�2�/�M�B�K�B �r�v�K���;���M�B���K�B �}�x�v�+�x�M�v�K�B �U�T�Q�`�X �M�T�X�(�e�R�)�V�X

�w�#�B�¦�`f F j detF > 0g�- �T�`�x�vf F 2 R3� 3
+ g �M�B�2 �D�2�b�i �r�v�T�m�F�ˆ�v�X ���#�v �i�Q �x�B�H�m�b�i�`�Q�r���É�- �`�Q�x�r���Š��

�b�B� �T�`�Q�b�i�v �T�`�x�v�F�ˆ���/�X �.�2�}�M�B�m�D�2 �b�B� �/�r�� �;�`���/�B�2�M�i�v �Q�/�F�b�x�i���ˆ�+�2�M�B���,

F1 = diag(1; 1; 1); F2 = diag( � 1; � 1; 1); �T�`�x�vdetF1 = 1; detF2 = 1: �U�8�X�R�y�9�V

�A�+�? �r�v�T�m�F�ˆ�� �F�Q�K�#�B�M���+�D�� �H�B�M�B�Q�r�� �/�H��� = 1
2 �/���D�2

F = 1
2 F1 + 1

2 F2 = diag(0; 0; 1); detF = 0: �U�8�X�R�y�8�V

�a�i�²�/ �r�T�`�Q�b�i �r�B�/���É�- �Š�2detF �/�H�� �F�Q�K�#�B�M���+�D�B �r�v�T�m�F�ˆ�2�D �K�Q�Š�2 �b�T�����É �/�Q �x�2�`���- �+�Q �T�`�x�2�+�x�v

�r�v�T�m�F�ˆ�Q���+�B �x�#�B�Q�`�mf F j detF > 0g�X

�L�B�2���/�2�F�r���i�M�Q���É �x���ˆ�Q�Š�2�M�B�� �r�v�T�m�F�ˆ�Q���+�B �T�Q�i�2�M�+�D���ˆ�m �b�T�`� �Š�v�b�i�2�;�Q �K�Q�Š�M�� �x���Q�#�b�2�`�r�Q�r���É

�r �x���+�?�Q�r���M�B�m �D�2�/�M�Q�`�Q�/�M�2�D�- �B�x�Q�i�`�Q�T�Q�r�2�D�- �K���ˆ�Q���+�B���H�B�r�2�D �;�m�K�Q�r�2�D �K�2�K�#�`���M�v �(�N�k�)�X �w���ˆ�¦�Š�K�v

�T�Q�M�B�Š�b�x�² �T�Q�b�i���É �/�2�7�Q�`�K���+�D�B�,

F !

0

B
B
B
B
B
@

� 1 0 0

0 � 2 0

0 0 1

1

C
C
C
C
C
A

�U�8�X�R�y�e�V

�N�y



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�_�Q�x�r���Š���D�²�+ �7�m�M�F�+�D� �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �D���F�Q�,

W(F) = ~W(det F) =

"

(det F)2 +
1

(det F)2
� 2

#�

=

 

� 2
1� 2

2 +
1

� 2
1� 2

2
� 2

! �

; � � 1;

�U�8�X�R�y�d�V

�Q�i�`�x�v�K�m�D�2�K�v�,

W(F)
�
�
�
det F =1

= 0; lim
det F ! 0+

W(F) = + 1 ; lim
det F ! + 1

W(F) = + 1 : �U�8�X�R�y�3�V

�:�m�K�� �D�2�b�i �K���i�2�`�B���ˆ�2�K �T�`���r�B�2 �M�B�2���+�B���H�B�r�v�K�- �� �r �x�r�B�²�x�F�m �x �i�v�K �;�`�Q�K���/�x�B �/�m�Š�Q �2�M�2�`�;�B�B

�U���V�r�v�F�`�2�b �r���`�b�i�r�B�+�Q�r�v �U�#�V�r�v�F�`�2�b �i�`�¦�D�r�v�K�B���`�Q�r�v

�_�v�b�m�M�2�F �8�X�d�X�L�B�2�r�v�T�m�F�ˆ�� �7�m�M�F�+�D�� �C�1�a �r�; �T�`�Q�T�Q�x�v�+�D�B �x �`�¦�r�M���M�B���8�X�R�y�d�T�`�x�v� = 1

�b�T�`� �Š�v�b�i�2�D�- �;�/�v �B�H�Q�+�x�v�M� 1� 2 �x�M���+�x�M�B�2 �Q�/�#�B�2�;�� �Q�/ �D�2�/�v�M�F�B�X �E�Q�M�i�m�`�v �T�`�x�2�/�b�i���r�B���D�²�+�2 �`�¦�r�M�²

�2�M�2�`�;�B�² �b�² �r �F�b�x�i���ˆ�+�B�2 �#���M���M�� �U�T�Q�`�X �`�v�b�X�8�X�d�V�X �a�T�`���r�/�x���D�²�+ �Q�#�B�2 �b�i�`�Q�M�v �M�B�2�`�¦�r�M�Q���+�B�U�8�X�R�y�R�V

�T�Q�/�b�i���r�B���K�v �r���`�i�Q���+�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B�U�8�X�R�y�d�V�/�H��� = 1 �r �T�m�M�F�i���+�? �U���V�-

�U�"�V �B �U�*�V �x �`�v�b�X�8�X�d�X �P�i�`�x�v�K�m�D�2�K�v �r�¦�r�+�x���b�,

W(FC ) = W
�
diag

�
15
8 ; 15

8 ; 1
��

= 10:44;

1
2 [W(FA ) + W(FB )] = 1

2

h
W

�
diag

�
1
4 ; 4; 1]

�i
+ W

�
diag

�
4; 1

4 ; 1
��i

= 0;

W(FC ) = 10:44 > 1
2 [W(FA ) + W(FB )] = 0 ;

�U�8�X�R�y�N�V

�+�Q �M���`�m�b�x�� �r���`�m�M�2�F �r�v�T�m�F�ˆ�Q���+�B�X �L�Q�i���#�2�M�2 �r �H�B�i�2�`���i�m�`�x�2 �`�¦�r�M���M�B�2�U�8�X�R�y�d�V�/�H��� = 1

�T�Q�r�b�x�2�+�?�M�B�2 �b�i�Q�b�Q�r���M�2 �D�2�b�i �D���F�Q �7�Q�`�K�� �T�2�M���H�B�x���+�D�B �Q�#�D� �i�Q���+�B�Q�r�2�D �(�e�y�)�X

�N�R



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�q �H�B�i�2�`���i�m�`�x�2 �T�Q�/�F�`�2���H�� �b�B� �- �Š�2 �T�Q�ˆ�²�+�x�2�M�B�2 �x���b���/ �Q�#�B�2�F�i�v�r�M�Q���+�B �C�1�a �B �b�v�K�2�i�`�B�B �K���i�2�@

�`�B���H�M�2�D �x �r�v�K�Q�;�B�2�K �r�v�T�m�F�ˆ�Q���+�B �C�1�a �T�`�Q�r���/�x�B �/�Q �b�x�2�`�2�;�m �M�B�2�`�¦�r�M�Q���+�B �Q�;�`���M�B�+�x���D�²�+�v�+�?

�K�Q�Š�H�B�r�2 �r���`�i�Q���+�B �r�ˆ���b�M�2 �M���T�`� �Š�2�– �E�B�`�+�?�?�Q�z���X �w �D�2�/�M�2�D �b�i�`�Q�M�v �r���`�m�M�2�F �M�B�2�x�K�B�2�M�M�B�+�x�Q���+�B

�r�x�;�H� �/�2�K �Q�#�`�Q�i�¦�r �r�v�K���;���- ���#�v �2�M�2�`�;�B�� �M�B�2 �x�K�B�2�M�B���ˆ�� �r �x���H�2�Š�M�Q���+�B �Q�/ �F�Q�M�}�;�m�`���+�D�B�U�8�X�N�8�V�-

�� �x �/�`�m�;�B�2�D �b�i�`�Q�M�v �r�v�T�m�F�ˆ�Q���É �7�m�M�F�+�D�B �2�M�2�`�;�B�B �M���F�ˆ���/�� �`�2�b�i�`�v�F�+�D�2 �M�� �H�B�M�B�Q�r�² ���T�`�Q�F�b�v�K���+�D� 

�i�2�D �2�M�2�`�;�B�B�U�8�X�R�y�R�V�- �+�Q �T�`�x�2�F�ˆ���/�� �b�B� �M�� �M�B�2�K�Q�Š�M�Q���É �r�v�b�i�²�T�B�2�M�B�� �T�2�r�M�v�+�? �b�i���M�¦�r ���+�B�b�F���M�B��

�r �/�r�¦�+�? �`�¦�Š�M�v�+�? �F�B�2�`�m�M�F���+�? �;�ˆ�¦�r�M�v�+�?�X �q �T�`���F�i�v�+�2 �Q�x�M���+�x�� �i�Q�- �Š�2 �T�`�x�v �x���ˆ�Q�Š�2�M�B�m �D�2�/�M�Q�@

�+�x�2�b�M�2�D �r�v�T�m�F�ˆ�Q���+�B �B �T�2�ˆ�M�2�D �Q�#�B�2�F�i�v�r�M�Q���+�B �C�1�a �K�Q�Š�M�� �m�x�v�b�F���É �}�x�v�+�x�M�B�2 �M�B�2���F�+�2�T�i�Q�r���H�M�2

�x���+�?�Q�r���M�B�� �K���i�2�`�B���ˆ�m�- �b�x�+�x�2�;�¦�H�M�B�2 �r �b�i���M���+�? �+�x�v�b�i�2�;�Q ���+�B�b�F���M�B���X

�S�Q�M���/�i�Q ���+�B���H�2 �r�v�T�m�F�ˆ�2 �7�m�M�F�+�D�2 �C�1�a �T�Q�b�B���/���D�² �+�Q �M���D�r�v�Š�2�D �D�2�/�M�Q �K�B�M�B�K�m�K�- �+�Q �r �`�2�x�m�H�@

�i���+�B�2 �m�M�B�2�K�Q�Š�H�B�r�B�� �r�v�b�i�²�T�B�2�M�B�2 �x�D���r�B�b�F�� �m�i�`���i�v �b�i���i�2�+�x�M�Q���+�B�X

�8�X�N�X�k�X �Z�m���b�B�@�r�v�T�m�F�ˆ�Q���É

�L�B�2�K�Q�Š�H�B�r�2 �D�2�b�i �m�r�Q�H�M�B�2�M�B�2 �2�M�2�`�;�B�B �x �D�2�/�M�Q�`�Q�/�M�2�;�Q �+�B���ˆ�� �T�`�x�2�x �T�`�Q�+�2�b �B�x�Q�i�2�`�K�B�+�x�M�v�- �Q �B�H�2

�+�B���ˆ�Q �D�2�b�i �m�M�B�2�`�m�+�?�Q�K�B�Q�M�2 �M�� �#�`�x�2�;���+�? �(�8�k�)�X �.�H�� �K���i�2�`�B���ˆ�¦�r �?�B�T�2�`�b�T�`� �Š�v�b�i�v�+�? �i�2�M �r���`�m�M�2�F

�K�Q�Š�M�� �x���T�B�b���É �r �T�Q�b�i���+�B�,

Z t

t0

Z

B 0

S � _F dV dt =
Z

B 0

W(F; t) dV �
Z

B 0

W( F; t0 ) dV � 0; �U�8�X�R�R�y�V

�T�`�x�v �x���ˆ�Q�Š�2�M�B�m�- �Š�2 �r �+�?�r�B�H�B �T�Q�+�x�²�i�F�Q�r�2�Dt0 �x���+�?�Q�/�x�BF = F �M��B0; W(F; t0) = W
�
F

�
�Q�`���x

�x���+�?�Q�/�x�² �D�2�/�M�Q�`�Q�/�M�2 �r���`�m�M�F�B �#�`�x�2�;�Q�r�2 �i�v�T�m �.�B�`�B�+�?�H�2�i��x = F X �M��@B0:

�.�H�� �Q�/�T�Q�r�B�2�/�M�B�Q �`�2�;�m�H���`�M�2�;�Q �T�Q�H�� �r�2�F�i�Q�`�Q�r�2�;�Qv : v 2 C1
0 (
) �x���/���M�2�;�Q �M�� �x�#�B�Q�`�x�2


�Q �Q�#�D� �i�Q���+�BV �B �;�`���/�B�2�M�i�m �/�2�7�Q�`�K���+�D�B �T�`�x�v�D�K�m�D�²�+�2�;�Q �T�Q�b�i���É�,

F = F + GRAD v(X ); F 2 Lin+ �U�8�X�R�R�R�V

�T�Q �T�Q�/�b�i���r�B�2�M�B�m�U�8�X�R�R�R�V�/�Q�U�8�X�R�R�y�V8X 2 
 �x���+�?�Q�/�x�B �r���`�m�M�2�F �[�m���b�B�@�r�v�T�m�F�ˆ�Q���+�B �7�m�M�F�+�D�B

�C�1�a �(�e�R�)�- �(�d�R�)�- �(�N�j�)�- �(�N�9�)�,

1
V

Z



W (F + GRAD v(F)) dX � W(F): �U�8�X�R�R�k�V

�q���`�m�M�2�F �[�m���b�B�@�r�v�T�m�F�ˆ�Q���+�B �K�m�b�B �#�v�É �b�T�2�ˆ�M�B�Q�M�v �/�H�� �/�Q�r�Q�H�M�2�;�Q �T�Q�H�� �r�2�F�i�Q�`�Q�r�2�;�Qv�- �M�B�2

�D�2�b�i �r�v�K���;���M�B�2�K �H�Q�F���H�M�v�K�- �� �/�Q�i�v�+�x�v �Q�;�`���M�B�+�x�Q�M�2�;�Q �x�#�B�Q�`�m �T�m�M�F�i�¦�r
 �- �b�i�²�/ �r���`�m�M�2�F �i�2�M

�D�2�b�i �/�Q���É �b�F�Q�K�T�H�B�F�Q�r���M�v �/�Q �r�2�`�v�}�F���+�D�B�(�N�8�)�X

�N�k



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�8�X�N�X�j�X �q�v�T�m�F�ˆ�Q���É �T�B�2�`�r�b�x�2�;�Q �`�x� �/�m

�U���+�B�b�ˆ���V �r�v�T�m�F�ˆ�Q���É �T�B�2�`�r�b�x�2�;�Q �`�x� �/�m �K�� �i� �b���K�² �T�Q�b�i���É�- �+�Q �Q�;�¦�H�M�� �/�2�}�M�B�+�D�� �r�v�T�m�F�ˆ�Q�@

���+�B �U�8�X�R�y�R�V �x �i�² �`�¦�Š�M�B�+�²�- �Š�2�,

F2 = F1 + a 
 b; 8 F1 2 R3� 3; 8 a; b 2 R3 n f 0g: �U�8�X�R�R�j�V

�q�b�i���r�B���D�²�+�U�8�X�R�R�j�V�/�Q �U�8�X�R�y�y�V�Q�i�`�x�v�K�m�D�2�K�v �T�Q �T�`�x�2�F�b�x�i���ˆ�+�2�M�B���+�? �Q�i�`�x�v�K�m�D�2�K�v �r���`�m�M�2�F

�U���+�B�b�ˆ�2�D�V �r�v�T�m�F�ˆ�Q���+�B �T�B�2�`�r�b�x�2�;�Q �`�x� �/�m �r�x�;�H� �/�2�Ka �/�H�� �F���Š�/�2�;�QF �B �F���Š�/�2�;�Q �r�2�F�i�Q�`��b�-

�T�Q�`�X �`�v�b�X�8�X�3�,

W (F + � a 
 b) (< ) � W (F) + � [ W (F + a 
 b) � W (F)] ; � 2 [0; 1] �U�8�X�R�R�9�V

�_�v�b�m�M�2�F �8�X�3�X�q�v�T�m�F�ˆ�Q���É �`�x� �/�m �T�B�2�`�r�b�x�2�;�Q �/�r�m�F�`�Q�i�M�B�2 �`�¦�Š�M�B�+�x�F�Q�r���H�M�2�D �7�m�M�F�+�D�BW (F)

�q�b�i���r�B���D�²�+�U�8�X�R�R�j�V�/�Q �U�8�X�R�y�R�V�Q�i�`�x�v�K�m�D�2�K�v �r���`�m�M�2�F �r�v�T�m�F�ˆ�Q���+�B �T�B�2�`�r�b�x�2�;�Q �`�x� �/�m �/�H��

�7�m�M�F�+�D�BW �/�r�m�F�`�Q�i�M�B�2 �`�¦�Š�M�B�+�x�F�Q�r���H�M�2�D�- �T�Q�`�X �`�v�b�X�8�X�N�,

W(F) + S(F) �(a 
 b) ( < ) � W(F + a 
 b) : �U�8�X�R�R�8�V

�N�j



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�_�v�b�m�M�2�F �8�X�N�X�q�v�T�m�F�ˆ�Q���É �`�x� �/�m �T�B�2�`�r�b�x�2�;�Q �`�¦�Š�M�B�+�x�F�Q�r���H�M�2�D �7�m�M�F�+�D�BW (F)

�a�i�²�/ �i�2�M�b�Q�`S �K�m�b�B �#�v�É �7�m�M�F�+�D�² �K�Q�M�Q�i�Q�M�B�+�x�M�B�2 �`�Q�b�M�²�+�² �r�x�;�H� �/�2�K �r�b�x�v�b�i�F�B�+�? �T�`�x�v�`�Q�b�i�¦�r

�`�x� �/�m �T�B�2�`�r�b�x�2�;�Qa 
 b�X �q�`�2�b�x�+�B�2�- ���M���H�Q�;�B�+�x�M�B�2 �/�Q�U�8�X�R�y�j�V�- �/�2�}�M�B�+�D� �/�H�� �7�m�M�F�+�D�B �/�r�m�F�`�Q�i�M�B�2

�`�¦�Š�M�B�+�x�F�Q�r���H�M�v�+�?W (F) �x���T�B�b�m�D�2 �b�B� �D���F�Q�,

(a 
 b) � A (F) � (a 
 b) (> ) � 0; A (F) =
@2W(F)

@F2
; �U�8�X�R�R�e�V

�F�i�¦�`�² �M���x�v�r�� �b�B� �r���`�m�M�F�B�2�K �G�2�;�2�M�/�`�2�ö���@�>���K���`���/���X �C�2�Š�2�H�B �r�U�8�X�R�R�e�V�r�v�b�i� �T�m�D�2 �b�B�H�M��

�M�B�2�`�¦�r�M�Q���É �i�Q �7�m�M�F�+�D��W (F) �b�T�2�ˆ�M�B�� �r���`�m�M�2�F �b�B�H�M�2�D �2�H�B�T�i�v�+�x�M�Q���+�B�- �F�i�¦�`�v �D�2�b�i �M�B�2�x�#� �/�M�v

�/�Q �x�/�2�}�M�B�Q�r���M�B�� �/�Q�/���i�M�B�Q �Q�F�`�2���H�Q�M�2�;�Q �i�2�M�b�Q�`�� ���F�m�b�i�v�+�x�M�2�;�Q�- �� �i�v�K �b���K�v�K �/�H�� �B�b�i�M�B�2�M�B��

�`�x�2�+�x�v�r�B�b�i�v�+�? �T�`� �/�F�Q���+�B �7���H �b�T�`� �Š�v�b�i�v�+�?�X

�q �T�`���F�i�v�+�2 �T�2�ˆ�M�2 �r�v�F���x���M�B�2 �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B ���M���H�B�i�v�+�x�M�B�2 �#�v�r�� �i�`�m�/�M�2�- �/�H���i�2�;�Q �b�i�Q�b�m�D�2

�b�B� �i�2�b�i�v �M�m�K�2�`�v�+�x�M�2 �b�T�`���r�/�x���D�²�+�2 �F�Q�M�B�2�+�x�M�2 �r���`�m�M�F�B �r�v�T�m�F�ˆ�Q���+�B �(�N�R�)�- �(�N�e�)�- �(�N�d�)�X �C�2�/�M�²

�x �K�2�i�Q�/ �D�2�b�i �r�2�`�v�}�F���+�D�� �i�x�r�X �r���`�m�M�F�m� �̀��M�F�@�Q�M�2 �+�Q�M�p�2�t�B�i�v�U�r�v�T�m�F�ˆ�Q���+�B �R�@�`�x� �/�Q�r�2�D�V�- �F�i�¦�`�v

�D�2�b�i �B�K�T�H�B�F�Q�r���M�v �T�`�x�2�x �T�Q�H�B�r�v�T�m�F�ˆ�Q���É�X �S�Q�H�2�;�� �i�Q �M�� �b�T�`���r�/�x�2�M�B�m�- �+�x�v �/�H�� �/�Q�r�Q�H�M�v�+�? �/�r�¦�+�?

�b�i���M�¦�r �/�2�7�Q�`�K���+�D�BF1; F2 �T�Q�ˆ�²�+�x�Q�M�v�+�? �/�2�7�Q�`�K���+�D�² �`�x� �/�m �R �U�i�x�M�XF2 = F1 + a 
 b�V �2�M�2�`�;�B��

�b�T�2�ˆ�M�B�� �M�B�2�`�¦�r�M�Q���É �r�v�T�m�F�ˆ�Q���+�B�,

W(� F1 + (1 � � )F2) � � W (F1) + (1 � � ) W(F2) 8 � 2 [0; 1]: �U�8�X�R�R�d�V

�q �T�`���F�i�v�+�2 �x���K�B���b�i �/�Q�r�Q�H�M�v�+�? �/�2�7�Q�`�K���+�D�B �r�v�#�B�2�`�� �b�B� �`�2�T�`�2�x�2�M�i���i�v�r�M�2 ���+�B�2�Š�F�B �Q�/�F�b�x�i���ˆ�@

�+�2�M�B���- �F�i�¦�`�2 �M���D�+�x� ���+�B�2�D �m�D���r�M�B���D�² �#�`���F �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B �BW �#���/�� �b�B� �r�x�/�ˆ�m�Š �i���F�B�+�? ���+�B�2�Š�2�F�X

�S�`�x�v�F�ˆ���/�Q�r�Q�- �i�2�b�i�m�D�2 �b�B� �+�x�v�b�i�2 ���+�B�M���M�B�2�- �T�`�Q�b�i�2 ���+�B�M���M�B�2 �+�x�v �D�2�/�M�Q�Q�b�B�Q�r�2 �H�m�# �/�r�m�Q�Q�b�B�Q�r�2

�`�Q�x�+�B�²�;���M�B�2�X �q �D�2�/�M�Q�T���`���K�2�i�`�v�+�x�M�v�+�? �/�2�7�Q�`�K���+�D���+�?W �D���F�Q �7�m�M�F�+�D�� �T���`���K�2�i�`�m �/�2�7�Q�`�K���+�D�B

�N�9



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�T�Q�r�B�M�M�� �#�v�É �r�v�T�m�F�ˆ�� �U�D�2�D �/�`�m�;�� �T�Q�+�?�Q�/�M�� �r�x�;�H� �/�2�K �i�2�;�Q �T���`���K�2�i�`�m� 0�V�X �C�2���H�B �x�M���D�/�x�B�2 �b�B� 

�F�B�2�`�m�M�2�F�- �r �F�i�¦�`�v�KW �D�2�b�i �M�B�2�r�v�T�m�F�ˆ�� �U�i�D�X �B�b�i�M�B�2�D�2 �x���F�`�2�b �T���`���K�2�i�`�m�- �;�/�x�B�2 �/�`�m�;�� �T�Q�+�?�Q�/�M��

�b�i���D�2 �b�B� �m�D�2�K�M�� �H�m�# �7�m�M�F�+�D�� �K�� �F�b�x�i���ˆ�i �r�F�H� �b�ˆ�v�V�- �Q�x�M���+�x�� �i�Q �M���`�m�b�x�2�M�B�2 �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B�X

�8�X�N�X�9�X �S�Q�H�B�r�v�T�m�F�ˆ�Q���É

�a�x�2�`�Q�F�� �F�H���b�� �x���;���/�M�B�2�– �#�`�x�2�;�Q�r�v�+�? �r �i�2�Q�`�B�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�- �b�7�Q�`�K�m�ˆ�Q�r���M�v�+�? �r �D� �@

�x�v�F�m ���M���H�B�x�v �7�m�M�F�+�D�Q�M���H�M�2�D�- �/�H�� �F�i�¦�`�2�D �m�/�Q�r�Q�/�M�B�Q�M�Q �i�r�B�2�`�/�x�2�M�B�2 �Q �B�b�i�M�B�2�M�B�m �`�Q�x�r�B�²�x���M�B���-

�Q�T�B�2�`�� �b�B� �M�� �T�Q�H�B�r�v�T�m�F�ˆ�v�+�? �T�Q�i�2�M�+�D���ˆ���+�? �b�T�`� �Š�v�b�i�Q���+�B �(�N�3�)�X �6�m�M�F�+�D�� �D�2�/�M�Q�b�i�F�Q�r�� �1�aW(F)

�D�2�b�i �T�Q�H�B�r�v�T�m�F�ˆ���- �D�2�Š�2�H�B �r�v�T�m�F�ˆ�� �D�2�b�i �D�2�D �`�Q�x�b�x�2�`�x�Q�M�� �T�Q�b�i���É�- �Q�F�`�2���H�Q�M�� �D���F�Q�,

W(F) = W(F; Cof F; detF); �U�8�X�R�R�3�V

�;�/�x�B�2 �/�x�B�2�/�x�B�M�² �i�2�D �7�m�M�F�+�D�B �D�2�b�i �/�x�B�2�r�B� �i�M���b�i�Q�r�v�K�B���`�Q�r�v �x�#�B�¦�`Lin � Lin � (0; 1 )

�(�N�N�)�- �(�R�y�y�)�X �_�Q�x�b�x�2�`�x�2�M�B�2 �/�x�B�2�/�x�B�M�v �T�Q�i�2�M�+�D���ˆ�m �b�T�`� �Š�v�b�i�Q���+�B �D�2�b�i �M�B�2�x�#� �/�M�2�- �T�Q�M�B�2�r���Š �/�H��

�7�m�M�F�+�D�BW(�; F ) �i�2�M�b�Q�`F 2 Lin + �M���H�2�Š�v �/�Q �M�B�2�r�v�T�m�F�ˆ�2�;�Q �x�#�B�Q�`�mLin + �X �w �T�2�`�b�T�2�F�i�v�r�v

�K���i�2�K���i�v�+�x�M�2�D �i�2�Q�`�B�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B ���M���H�B�x�� �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B �7�m�M�F�+�D�B �C�1�a �K���i�2�`�B���ˆ�¦�r

���+�B���H�B�r�v�+�? �Q�F���x�m�D�2 �b�B� �r�v�;�Q�/�M�B�2�D�b�x�� �r �T�Q�b�i���+�B�U�8�X�j�e�V�M�B�Š �r �T�`�x�v�T���/�F�m �7�m�M�F�+�D�B �C�1�a�U�8�X�8�R�V

�H�m�#�U�8�X�8�y�V�r �/�x�B�2�/�x�B�M�B�2 �M�B�2�x�K�B�2�M�M�B�F�¦�r �/�2�7�Q�`�K���+�D�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D �(�8�8�)�- �(�8�d�)�- �(�e�d�)�X �L�B�2�x�K�B�2�M�M�B�F�B

�/�2�7�Q�`�K���+�D�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D�U�8�X�9�8�V�M�B�2 �r�v�F���x�m�D�² �r�v�T�m�F�ˆ�Q���+�B �r�x�;�H� �/�2�KF 2 �G�B�M�Q�`���xCof F 2

�G�B�M�X

�q �r�B�2�H�m �T�`�x�v�T���/�F���+�? �T�`�x�2�/�b�i���r�B�2�M�B�2 �T�Q�i�2�M�+�D���ˆ�m �b�T�`� �Š�v�b�i�Q���+�B �r�x�;�H� �/�2�K �Q�/�T�Q�r�B�2�/�M�B�+�?

�7�m�M�F�+�D�BF �m�ˆ���i�r�B�� ���M���H�B�x� �`�2�;�m�H���`�M�Q���+�B �T�Q�i�2�M�+�D���ˆ�m �b�T�`� �Š�v�b�i�Q���+�B�- �x�r�ˆ���b�x�+�x�� �;�/�v �D�2�b�i �Q�M �b�m�K�²

�i�`�x�2�+�? �7�m�M�F�+�D�B �B�x�Q�i�`�Q�T�Q�r�v�+�? �x���H�2�Š�M�v�+�? �Q�/ �D�2�/�M�2�D �x�K�B�2�M�M�2�D�,

W(F) = W(F; Cof F; detF) = W1(F) + W2(Cof F) + W3(det F) �U�8�X�R�R�N�V

�S�`�x�v �#���/���M�B�m �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B �7�m�M�F�+�D�BW(F)�- �K�Q�Š�M�� �#�2�x�T�Q���`�2�/�M�B�Q �r�v�F�Q�`�x�v�b�i���É �r�v�M�B�F�B

�i�2�Q�`�2�i�v�+�x�M�2 ���M���H�B�x�v �7�m�M�F�+�D�B �r�v�T�m�F�ˆ�v�+�? �D�2�/�M�2�D �x�K�B�2�M�M�2�D�X �q �T�`���+�v �(�3�N�) �/�Q�r�B�2�/�x�B�Q�M�Q�- �Š�2

�7�m�M�F�+�D�2Wi �b�² �r�v�T�m�F�ˆ�2 �r�x�;�H� �/�2�K �Q�/�T�Q�r�B�2�/�M�B�+�? �x�K�B�2�M�M�v�+�?F�-Cof F �Q�`���xdetF > 0�-

�+�Q �+�x�v�M�BW(F) �7�m�M�F�+�D�² �T�Q�H�B�r�v�T�m�F�ˆ�²�X �q �T�`���F�i�v�+�2 �i�2�Q�`�2�i�v�+�x�M�2 �K�Q�/�2�H�2 �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B

�x���x�r�v�+�x���D �Q�;�`���M�B�+�x���D�² �b�B� �/�Q �7�m�M�F�+�D�B �r �7�Q�`�K�B�2�8�X�R�R�N�X �S�`�x�v�F�ˆ���/�v �M���D�+�x� ���+�B�2�D �b�i�Q�b�Q�r���M�v�+�?

�7�m�M�F�+�D�B �r�v�T�m�F�ˆ�v�+�? �T�Q�/���M�2 �b�² �r �i���#�X�8�X�R�- �T�Q�`�X �(�8�9�)�- �(�e�R�)�- �(�3�N�)�- �(�R�y�R�)�X

�N�8



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�h���#�2�H�� �8�X�R�X�S�`�x�v�F�ˆ���/�Q�r�2 �7�m�M�F�+�D�2 �r�v�T�m�F�ˆ�2 �D�2�/�M�2�D �x�K�B�2�M�M�2�D�- �†�`�¦�/�ˆ�Q�, �(�d�R�)

�6�m�M�F�+�D�2 �r�v�T�m�F�ˆ�2 �r�x�;�H� �/�2�K�,

F Cof F detF=J > 0

kFk2� ; � � 1 k Cof Fk2� ; � � 1 J � ; � � 1 _ �< 0

I �
1 � (tr C)� =kFk2� ; � � 1 I �

2 � (tr Cof C)� =k Cof Fk2� ; � � 1 � ln J; J� ln J

tr CM ; M =m
 m; kmk=1 tr Cof CM ; M =m
 m; kmk=1 e�J ; � 2 R

tr C � ; � � 1
2 tr Cof C � ; � � 1

2 (J� 1)� ; � � 1

exp(�I 1) exp(�I 2) c J2� d ln J; c>0; d>0

�q �b�x�+�x�2�;�¦�H�M�Q���+�B �B�x�Q�i�`�Q�T�Q�r�2 �T�Q�H�B�r�v�T�m�F�ˆ�2 �T�Q�i�2�M�+�D���ˆ�v �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�Q�Š�M�� �b�i�Q�b�m�M�@

�F�Q�r�Q �ˆ���i�r�Q �b�F�Q�M�b�i�`�m�Q�r���É �T�Q�T�`�x�2�x �7�m�M�F�+�D�2 �T�Q�b�i���+�B�,

~W(I 1; I 2; I 3) = ~W1(I 1) + ~W2(I 2) + ~W3(I 3) �U�8�X�R�k�y�V

�;�/�x�B�2I i �i�Q �M�B�2�x�K�B�2�M�M�B�F�B �i�2�M�b�Q�`�� �Q�/�F�b�x�i���ˆ�+�2�M�B��C �H�m�#U �X �q �T�`�Q�+�2�b�B�2 �F�Q�M�b�i�`�m�Q�r���M�B��

�i���F�B�+�? �7�m�M�F�+�D�B �#���`�/�x�Q �T�Q�K�Q�+�M�2 �D�2�b�i �i�r�B�2�`�/�x�2�M�B�2 ���B�H�?���p�w�ö�2�;�Q�- �F�i�¦�`�2 �m�K�Q�Š�H�B�r�B�� �#�m�/�Q�r���M�B�2

�7�m�M�F�+�D�B �T�Q�H�B�r�v�T�m�F�ˆ�2�D �D���F�Q �x�ˆ�Q�Š�2�M�B�� �7�m�M�F�+�D�B �r�v�T�m�F�ˆ�2�D �x �M�B�2�K���H�2�D�²�+�v�K�B �7�m�M�F�+�D���K�B �r�v�T�m�F�ˆ�v�K�B

�r�x�;�H� �/�2�KF �BCof F �Q�`���x �7�m�M�F�+�D�B �r�v�T�m�F�ˆ�2�D �r�x�;�H� �/�2�KdetF > 0 �(�8�9�)�X �h�r�B�2�`�/�x�2�M�B�2 �i�Q

�r�v�M�B�F�� �x �F�H���b�v�+�x�M�v�+�? �r�v�M�B�F�¦�r ���M���H�B�x�v �r�v�T�m�F�ˆ�Q���+�B �7�m�M�F�+�D�B �r�B�2�H�m �x�K�B�2�M�M�v�+�? �(�3�N�) �Q�`���x

�/�2�}�M�B�+�D�B �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B�X �q�v�K�¦�;�- �Š�2�#�v �7�m�M�F�+�D�� �#�v�ˆ�� �M�B�2�K���H�2�D�²�+�� �r�v�M�B�F�� �x �7���F�i�m�- �Š�2 �x�ˆ�Q�Š�2�M�B�2

�M�B�2�K���H�2�D�²�+�2�D �7�m�M�F�+�D�B �r�v�T�m�F�ˆ�2�D �x �7�m�M�F�+�D�² �r�v�T�m�F�ˆ�² �D�2�b�i �7�m�M�F�+�D�² �r�v�T�m�F�ˆ�² �(�R�y�k�)�X

�q���`�m�M�2�F �T�`�x�2�/�b�i���r�B�2�M�B�� �7�m�M�F�+�D�B �C�1�a �T�`�x�v �T�Q�K�Q�+�v �b�m�K �i�`�x�2�+�? �7�m�M�F�+�D�B �B�x�Q�i�`�Q�T�Q�r�v�+�?

�x���H�2�Š�M�v�+�? �Q�/ �D�2�/�M�2�D �x�K�B�2�M�M�2�D�8�X�R�R�N�D�2�b�i �r�v�b�i���`�+�x���D�²�+�v�- ���H�2 �M�B�2 �D�2�b�i �F�Q�M�B�2�+�x�M�v�- �M�B�2�F�i�¦�`�2

�7�m�M�F�+�D�2 �T�Q�H�B�r�v�T�m�F�ˆ�2 �M�B�2 �K�Q�;�² �#�v�É �x���T�`�Q�D�2�F�i�Q�r���M�2 �T�`�x�v �m�Š�v�+�B�m �`�¦�r�M���M�B���8�X�j�e�X �.�Q�F�ˆ���/�M�B�2�D

�K�¦�r�B�²�+�- �M�� �T�`�x�v�F�ˆ���/�- �;�/�v �2�M�2�`�;�B�� �x���r�B�2�`�� �b�F�ˆ���/�M�B�F�B �H�B�M�B�Q�r�2 �r�x�;�H� �/�2�KF�- ���#�v �x���T�B�b���É

�D�2 �T�`�x�2�x �i�2 �M�B�2�x�K�B�2�M�M�B�F�B�- �i�`�x�2�#�� �x���b�i�Q�b�Q�r���É �T�B�2�`�r�B���b�i�2�F �F�r���/�`���i�Q�r�v�- �T�Q�M�B�2�r���Š �i�2�M�b�Q�`

�*���m�+�?�v�ö�2�;�Q���:�`�2�2�M�� �T�`���r�2�;�Q �K�� �T�Q�b�i���ÉC = FT F�X �S�B�2�`�r�B���b�i�2�F �F�r���/�`���i�Q�r�v �M�B�2 �D�2�b�i �D�2�/�M���F

�7�m�M�F�+�D�² �r�v�T�m�F�ˆ�²�X �:�/�v �b�i�Q�b�m�D�2�K�v �T�B�2�`�r�B���b�i�2�F �/�Q �7�m�M�F�+�D�B �r�v�T�m�F�ˆ�2�D�- �r�+���H�2 �M�B�2 �K�m�b�B �T�Q�r�b�i���É

�7�m�M�F�+�D�� �r�v�T�m�F�ˆ�� �(�R�y�k�)�X �L�B�2�K�M�B�2�D �D�2�/�M���F�- �D�2���H�B �b�i�r�B�2�`�/�x�B�K�v �#�`���F �r�v�T�m�F�ˆ�Q���+�B �r�x�;�H� �/�2�K

�x�K�B�2�M�M�v�+�?I 1; I 2; I 3 �i�Q �x �T�2�r�M�Q���+�B�² �/���M�� �7�m�M�F�+�D�� �M�B�2 �b�T�2�ˆ�M�B�� �r���`�m�M�F�m �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B�X

�N�e



�a�7�Q�`�K�m�ˆ�Q�r���M�B�2 �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �r �`���K���+�? �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?

�.�H���i�2�;�Q ���M���H�B�x�Q�r���M�B�2 �r�v�T�m�F�ˆ�Q���+�B �r�x�;�H� �/�2�KI 1; I 2; I 3 �D�2�b�i �m�Š�v�i�2�+�x�M�v�K �i�2�b�i�2�K �b�i���#�B�H�M�Q���+�B

�K�Q�/�2�H�m �?�B�T�2�`�b�T�`� �Š�v�b�i�2�;�Q�X

�.�H�� �b�F���H���`�M�2�D �7�m�M�F�+�D�Bf (F) �r�T�`�Q�r���/�x�� �b�B� �M���b�i� �T�m�D�²�+�2 �B�K�T�H�B�F���+�D�2 �(�e�d�)�,

�r�v�T�m�F�ˆ�Q���É) �T�Q�H�B�r�v�T�m�F�ˆ�Q���É) �[�m���b�B�@�r�v�T�m�F�ˆ�Q���É) �r�v�T�m�F�ˆ�Q���É �`�x� �/�m �T�B�2�`�r�b�x�2�;�Q:

�U�8�X�R�k�R�V

�q �M�B�M�B�2�D�b�x�2�D �T�`���+�v �T�Q�i�2�M�+�D���ˆ�v �b�T�`� �Š�v�b�i�Q���+�B �#���/���M�2 �#� �/�² �/�r�m�i�Q�`�Q�r�Q�,

�R�X�r�2�`�v�}�F�Q�r���M�2 �#� �/�x�B�2 �b�T�2�ˆ�M�B�2�M�B�2 �r���`�m�M�F�m� �̀��M�F�@�Q�M�2 �+�Q�M�p�2�t�B�i�v�U�r�v�T�m�F�ˆ�Q���+�B �r�x�;�H� �/�2�K

�F�B�2�`�m�M�F�¦�r �`���M�;�B �D�2�/�2�M�V�- �#� �/�²�+�2�;�Q �r���`�m�M�F�B�2�K �F�Q�M�B�2�+�x�M�v�K �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B �� �b�T�`���r�/�x�2�@

�M�B�2 �i�Q �r�v�F�Q�M�v�r���M�2 �#� �/�x�B�2 �/�H�� �T�`�x�v�T���/�F�m �S�a�P �M�� �T�Q�/�b�i���r�B�2 �r�v�F�`�2�b�¦�r �r���`�b�i�r�B�+�Q�r�v�+�?

�C�1�a�-

�k�X�T�Q�i�2�M�+�D���ˆ �b�T�`� �Š�v�b�i�Q���+�B �#� �/�x�B�2 �F�Q�M�b�i�`�m�Q�r���M�v �r �x���H�2�Š�M�Q���+�B �Q�/ �M�B�2�x�K�B�2�M�M�B�F�¦�r �i�2�M�b�Q�`��

�/�2�7�Q�`�K���+�D�B�- �+�Q �T�Q�x�r�Q�H�B �x���T�2�r�M�B�É �T�Q�H�B�r�v�T�m�F�ˆ�Q���É �T�Q�T�`�x�2�x �Q�/�T�Q�r�B�2�/�M�B �/�Q�#�¦�` �7�m�M�F�+�D�B
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�A�/�2�M�i�B�}�+���i�B�Q�M ���M�/ �.�B�b�+�Q�p�2�`�v�V�- �r �F�i�¦�`�v�K �7�m�M�F�+�D�� �C�1�a �D�2�b�i ���T�`�Q�F�b�v�K�Q�r���M�� �D���F�Q �b�m�T�2�`�T�Q�x�v�+�D��

�x�#�B�Q�`�m �7�m�M�F�+�D�B �#���x�Q�r�v�+�?�- �r�v�F�Q�`�x�v�b�i�m�D�²�+ �`�2�;�`�2�b�D� �`�x���/�F�²Lp �x �T�`�Q�;�Q�r���M�B�2�K�X �S�Q�M���/�i�Q �B�+�?

�x�#�B�¦�` �/���M�v�+�? �i�`�2�M�B�M�;�Q�r�v�+�? �b�i���M�Q�r�B�ˆ�v �/���M�2 �T�`�x�2�K�B�2�b�x�+�x�2�M�B�Q�r�2 �T�Q�+�?�Q�/�x�²�+�2 �x �F�Q�`�2�H���+�D�B

�+�v�7�`�Q�r�2�D �Q�#�`���x�¦�r �U�.�A�*�V �Q�`���x �;�H�Q�#���H�M�2�D �b�B�ˆ�v �#�2�x �T�Q�K�B���`�¦�r �M���T�`� �Š�2�–�- �b�i�²�/ �M�Q�i���#�2�M�2 �M���x�r��

�m�M�b�m�T�2�`�p�B�b�2�/�X �l�`�`�2���@�Z�m�B�M�i�2�`�Q �B �B�M�X �`�Q�x�b�x�2�`�x�v�H�B �i�Q �T�Q�/�2�D���+�B�2�- �ˆ�²�+�x�²�+ ���H�;�Q�`�v�i�K�v �`�2�;�`�2�b�D�B

�`�x���/�F�B�2�D�- �i���F�B�2 �D���F �G���a�a�P�- �G���_�a �Q�`���x �P�J�S�- �x �F�`�v�i�2�`�B���K�B �B�M�7�Q�`�K���+�v�D�M�v�K�B ���A�* �B �"�A�* �(�R�y�N�)�X

�e�X�R�X�k�X �a�B�2�+�B �M�2�m�`�Q�M�Q�r�2

�_�¦�r�M�Q�H�2�;�H�2 �`�Q�x�r�B�M� �ˆ�v �b�B� �T�Q�/�2�D���+�B�� �Q�T���`�i�2 �M�� �b�B�2�+�B���+�? �M�2�m�`�Q�M�Q�r�v�+�?�- �r �F�i�¦�`�v�+�? �C�1�a

�D�2�b�i �T���`���K�2�i�`�v�x�Q�r���M�� �r���`�b�i�r���K�B �b�B�2�+�B�X �G�B�M�F�� �B �B�M�X �(�R�9�) �x���T�`�Q�T�Q�M�Q�r���H�B ���`�+�?�B�i�2�F�i�m�`� �*���L�L

�U�*�Q�M�b�i�B�i�m�i�B�p�2 ���`�i�B�}�+�B���H �L�2�m� �̀��H �L�2�i�r�Q�`�F�b�V�- �r �F�i�¦�`�2�D �F���Š�/�v �M�2�m�`�Q�M �Q�/�T�Q�r�B���/�� �D�2�/�M�2�D �7�m�M�F�+�D�B

�#���x�Q�r�2�D �U�M�T�X �a�Q�7�i�T�H�m�b�- �T�Q�i� �;���V �x���H�2�Š�M�2�D �Q�/ �M�B�2�x�K�B�2�M�M�B�F�¦�r�- �+�Q �+�x�v�M�B ���`�+�?�B�i�2�F�i�m�`� �B�M�i�2�`�T�`�2�@

�i�Q�r���H�M�² �r �b�2�M�b�B�2 �K�2�+�?���M�B�F�B�X �G�B�M�F�� �B �E�m�?�H �(�R�8�)�- �(�R�R�y�) �`�Q�x�b�x�2�`�x�v�H�B �i�2�M �T�Q�K�v�b�ˆ�- �T�`�Q�T�Q�M�m�D�²�+

�M�Q�r�2 �`�Q�/�x�B�M�v �*���L�L �x ���m�i�Q�K���i�v�+�x�M�v�K �Q�/�F�`�v�r���M�B�2�K �K�Q�/�2�H�m�X

�N�N



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�6�H���b�+�?�2�H �B �B�M�X �(�R�R�R�) �x���T�`�Q�T�Q�M�Q�r���H�B �L�L�@�1�l�*�G�A�. �U�L�2�m� �̀��H �L�2�i�r�Q�`�F�@�#���b�2�/ �1�{�+�B�2�M�i �l�M�b�m�@

�T�2�`�p�B�b�2�/ �*�Q�M�b�i�B�i�m�i�B�p�2 �G���r �A�/�2�M�i�B�}�+���i�B�Q�M ���M�/ �.�B�b�+�Q�p�2�`�v�V�- �F�i�¦�`�v �`�Q�x�b�x�2�`�x�� �T�Q�/�2�D���+�B�2 �1�l�*�G�A�.

�Q �b�B�2�É �M�2�m�`�Q�M�Q�r�² �i�`�2�M�Q�r���M�² �r �m�+�x�2�M�B�m �M�B�2�M���/�x�Q�`�Q�r���M�v�K �M�� �/���M�v�+�? �x �T�¦�H �T�`�x�2�K�B�2�b�x�+�x�2�–�X

�w �F�Q�H�2�B �A�M�T�m�i �*�Q�M�p�2�t �L�2�m�`���H �L�2�i�r�Q�`�F�b �U�A�*�L�L�V ���K�Q�b�� �B �B�M�X �(�N�e�) �T�Q�x�r���H���D�² �b�F�Q�M�b�i�`�m�Q�r���É

�b�B�2�É�- �F�i�¦�`�2�D �r�v�D���+�B�2 �D�2�b�i �r�v�T�m�F�ˆ�2 �r�x�;�H� �/�2�K �r�2�D���É �/�x�B� �F�B �Q�/�T�Q�r�B�2�/�M�B�2�D �F�Q�M�b�i�`�m�F�+�D�B ���`�+�?�B�@

�i�2�F�i�m�`�v �U�M�B�2�m�D�2�K�M�2 �r���;�B�- �r�v�T�m�F�ˆ�2 �B �M�B�2�K���H�2�D�²�+�2 ���F�i�v�r���+�D�2�V�X �E�H�2�B�M �B �B�M�X �(�N�d�) �Q�`���x �G�B�M�/�2�M

�B �B�M�X �(�N�R�) �x�����/���T�i�Q�r���H�B �A�*�L�L �/�Q �K�2�+�?���M�B�F�B �+�B���ˆ �?�B�T�2�`�b�T�`� �Š�v�b�i�v�+�?�- �b�i�Q�b�m�D�²�+ �D�2 �M�� �x�2�b�i���r�B�2

�M�B�2�x�K�B�2�M�M�B�F�¦�r �/�2�7�Q�`�K���+�D�BI 1; I 2; J �X

�q �Q�T�B�M�B�B ���m�i�Q�`�� �M�B�M�B�2�D�b�x�2�D �T�`���+�v �K�Q�Š�H�B�r�v�K �`�Q�x�r�B�²�x���M�B�2�K �D�2�b�i �x���b�i�Q�b�Q�r���M�B�2 ���`�+�?�B�i�2�F�i�m�`�v

�`�¦�r�M�Q�H�2�;�ˆ�2�D �S�6�L�L �U�S��� �̀��H�H�2�H �6�2�2�/�@�7�Q�`�r��� �̀/ �L�2�m� �̀��H �L�2�i�r�Q�`�F�V�- �r �F�i�¦�`�2�D �M�B�2�x���H�2�Š�M�2 �T�Q�/�b�B�2�+�B

�T�`�x�2�i�r���`�x���D�² �`�¦�Š�M�2 �x�2�b�i���r�v �r�2�D���É�- �� �B�+�? �r�v�D���+�B�� �#�v�ˆ�v�#�v �b�m�K�Q�r���M�2�,

W = WICNN (I 1; I 2; J ) + ~W1(I 1) + ~W2(I 2) + ~W3(J ): �U�e�X�R�V

�S�B�2�`�r�b�x�� �T�Q�/�b�B�2�ÉWICNN �D�2�b�i �b�B�2�+�B�² �A�*�L�L �r�v�T�m�F�ˆ�² �r �M�B�2�x�K�B�2�M�M�B�F���+�? �ˆ�²�+�x�M�B�2 �� �+�Q �B�K�T�H�B�F�m�D�2

�T�Q�H�B�r�v�T�m�F�ˆ�Q���É�- �+�?�Q�É �D�2�b�i �r���`�m�M�F�B�2�K �b�B�H�M�B�2�D�b�x�v�K �� �B �Q�/�T�Q�r�B���/�� �x�� �K�Q�/�2�H�Q�r���M�B�2 �B�M�i�2�`���F�+�D�B

�K�B� �/�x�v �M�B�2�x�K�B�2�M�M�B�F���K�B�X �S�Q�x�Q�b�i���ˆ�2 �i�`�x�v �T�Q�/�b�B�2�+�B~Wi �b�² �D�2�/�M�Q���`�;�m�K�2�M�i�Q�r�2�, �F���Š�/�� �K�m�b�B

�#�v�É �D�2�/�v�M�B�2 �r�v�T�m�F�ˆ�� �U�B �M�B�2�K���H�2�D�²�+�� �/�H��I 1�-I 2�V�- �T�Q�`�X �`�¦�r�M���M�B�2�U�8�X�R�k�y�V�X �S�Q�M�B�2�r���Š �b�m�K��

�7�m�M�F�+�D�B �r�v�T�m�F�ˆ�v�+�? �D�2�b�i �r�v�T�m�F�ˆ���- �+���ˆ�v �K�Q�/�2�H�U�e�X�R�V�D�2�b�i �T�Q�H�B�r�v�T�m�F�ˆ�v�X �C�2�/�M�Q�+�x�2���M�B�2 �+�x�ˆ�Q�M�v

�b�2�T���`�Q�r���H�M�2 �`�Q�x�b�x�2�`�x���D�² �T�`�x�2�b�i�`�x�2�– �`�2�T�`�2�x�2�M�i�Q�r���H�M�v�+�? �T�Q�i�2�M�+�D���ˆ�¦�r �T�Q�x�� �F�H���b� �Q�;�`���M�B�+�x�Q�M�²

�T�`�x�2�x �ˆ�²�+�x�M�² �r�v�T�m�F�ˆ�Q���É�X

�L���H�2�Š�v �T�Q�/�F�`�2���H�B�É�- �Š�2 �F�Q�/ �†�`�¦�/�ˆ�Q�r�v �B�K�T�H�2�K�2�M�i���+�D�B �E�H�2�B�M�� �B �B�M�X �(�N�d�) �Q�`���x �G�B�M�/�2�M��

�B �B�M�X �(�N�R�) �M�B�2 �x�Q�b�i���ˆ �m�/�Q�b�i� �T�M�B�Q�M�v �T�m�#�H�B�+�x�M�B�2�- �+�Q �m�i�`�m�/�M�B�� �M�B�2�x���H�2�Š�M�² �r�2�`�v�}�F���+�D� �x���F�`�2�b�m

�`�2�b�i�`�v�F�+�v�D�M�Q���+�B �T�`�x�v�D� �i�2�D ���`�+�?�B�i�2�F�i�m�`�v�X �q �M�B�M�B�2�D�b�x�2�D �T�`���+�v �T�Q�/�2�D���+�B�2 �Q�T���`�i�2 �M�� �A�*�L�L �M�B�2 �D�2�b�i

�b�i�Q�b�Q�r���M�2�- �T�Q�M�B�2�r���Š �b�B�2�+�B �A�*�L�L �r�v�K���;���D�² �M�B�2�H�B�M�B�Q�r�v�+�? �7�m�M�F�+�D�B ���F�i�v�r���+�D�B �U�M�T�X �a�Q�7�i�T�H�m�b�V�-

�F�i�¦�`�2 �m�M�B�2�K�Q�Š�H�B�r�B���D�² �#�2�x�T�Q���`�2�/�M�B�2 �Q�/�+�x�v�i���M�B�2 �r���; �D���F�Q �b�i���ˆ�v�+�? �K���i�2�`�B���ˆ�Q�r�v�+�?�X

�S�Q�/�b�m�K�Q�r�m�D�²�+�- �+�?�Q�É �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �K���D�² �x�/�Q�H�M�Q���É ���T�`�Q�F�b�v�K���+�D�B �F���Š�/�2�D �7�m�M�F�+�D�B �+�B�²�;�ˆ�2�D

�(�9�)�- �(�9�y�)�- �M�B�2 �K�Q�;�² �#�v�É �b�i�Q�b�Q�r���M�2 �#�2�x�F�`�v�i�v�+�x�M�B�2 �r �K�Q�/�2�H�Q�r���M�B�m �F�Q�M�b�i�v�i�m�i�v�r�M�v�K�X �a�B�2�+�B

�M�2�m�`�Q�M�Q�r�2 �x���x�r�v�+�x���D �b�F�ˆ���/���D�² �b�B� �x �r�B�2�H�m �r���`�b�i�r �B �/�H���i�2�;�Q �b�² �Q�F�`�2���H���M�2 �K�B���M�2�K�+�x���`�M�v�+�?

�b�F�`�x�v�M�2�F�X �h���F�� �b�B�2�É �K�Q�Š�2 �#���`�/�x�Q �/�Q�F�ˆ���/�M�B�2 �Q�/�i�r�Q�`�x�v�É �/���M�2 �i�`�2�M�B�M�;�Q�r�2�- �M���i�Q�K�B���b�i �M�B�2

�/�Q�b�i���`�+�x�v �Š���/�M�2�;�Q �r�v�D�����M�B�2�M�B���- �/�H���+�x�2�;�Q �/���M�v �K���i�2�`�B���ˆ �x���+�?�Q�r�m�D�2 �b�B� �r �Q�F�`�2���H�Q�M�v �b�T�Q�b�¦�#�-

�� �T�Q�x�� �x���F�`�2�b�2�K �/���M�v�+�? �i�`�2�M�B�M�;�Q�r�v�+�?�- �r �T�`�x�v�T���/�F�m �B�+�? �2�F�b�i�`���T�Q�H���+�D�B �+�x�v �T�`�x�v �B�M�M�v�+�?

�b�i���M���+�? �M���T�`� �Š�2�M�B�� �D�2�D �T�`�x�2�r�B�/�v�r���M�B�� �b�i���D�² �b�B� �x���r�Q�/�M�2�X �J�Q�/�2�H�2 �F�Q�M�b�i�v�i�m�i�v�r�M�2 �K�m�b�x�²

�R�y�y



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�M�B�2 �i�v�H�F�Q �/�Q�T���b�Q�r�v�r���É �F�`�x�v�r�2 �/�Q �/���M�v�+�? �i�`�2�M�B�M�;�Q�r�v�+�?�- ���H�2 �i�2�Š �b�T�2�ˆ�M�B���É �b�x�2�`�2�; �r�v�K���;���–

�b�i���r�B���M�v�+�? �T�`�x�2�x �K�2�+�?���M�B�F� �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?�- �Q�T�B�b���M�v�+�? �r �b�2�F�+�D�B�8�X�3�- �T�Q�x�Q�b�i���D�²�+ �T�`�x�v

�i�v�K �B�M�i�2�`�T�`�2�i�Q�r���H�M�v�K�B �B �/�Q�#�`�x�2 �;�2�M�2�`���H�B�x�m�D�²�+�v�K�B�X

�e�X�R�X�j�X �S�`�Q�T�Q�M�Q�r���M�2 �T�Q�/�2�D���+�B��

�S�B�2�`�r�b�x�� �+�x� ���É �M�B�M�B�2�D�b�x�2�;�Q �`�Q�x�/�x�B���ˆ�m �� �Q�#�2�D�K�m�D�²�+�2�;�Q �B�/�2�M�i�v�}�F���+�D� �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�@

�i�v�r�M�v�+�? �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �T�`�x�v �m�Š�v�+�B�m �M�B�2�x�K�B�2�M�M�B�F�¦�r �i�2�M�b�Q�`�� �/�2�7�Q�`�K���+�D�B ��

�T�Q�r�b�i���r���ˆ�� �r �k�y�k�k �`�Q�F�m�- �D�2�b�x�+�x�2 �x���M�B�K �b�B�2�+�B �S�A�L�L �U�Q�K�¦�r�B�Q�M�2 �r �`�Q�x�/�x�B���H�2�d�V �b�i���ˆ�v �b�B� 

�T�Q�r�b�x�2�+�?�M�B�2 �b�i�Q�b�Q�r���M�v�K �M���`�x� �/�x�B�2�K �/�Q �`�Q�x�r�B�²�x�v�r���M�B�� �x���;���/�M�B�2�– �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B

�Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?�X �S�`�x�2�/�b�i���r�B�Q�M�2 �r�¦�r�+�x���b �T�Q�/�2�D���+�B�2�- �+�?�Q�É �F�Q�M�+�2�T�i�m���H�M�B�2 �T�`�Q�b�i�2�- �M�B�2 �/���D�2

�b�B� �r�#�m�/�Q�r���É �r �;�`���7 �Q�#�H�B�+�x�2�M�B�Q�r�v �b�B�2�+�B �S�A�L�L �� �`�2�;�`�2�b�D�� �Q�T�B�2�`�� �b�B� �M�� �b�v�K�#�Q�H�B�+�x�M�v�K �`�¦�Š�@

�M�B�+�x�F�Q�r���M�B�m �B �Q�T�2�`�m�D�2 �T�Q�x�� �K�2�+�?���M�B�x�K�2�K ���m�i�Q�K���i�v�+�x�M�2�;�Q �`�¦�Š�M�B�+�x�F�Q�r���M�B���X ���#�v �m�K�Q�Š�H�B�r�B�É

�r�b�T�¦�H�M�² �Q�T�i�v�K���H�B�x���+�D� �K�Q�/�2�H�m �F�Q�M�b�i�v�i�m�i�v�r�M�2�;�Q �x �`�Q�x�r�B�²�x���M�B�2�K �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q�-

�`�2�;�`�2�b�Q�` �x���b�i�²�T�B�Q�M�Q �b�B�2�+�B�² �M�2�m�`�Q�M�Q�r�²�- �F�i�¦�`�� �`�2���H�B�x�m�D�2 �+���ˆ�v �ˆ���–�+�m�+�? �Q�#�H�B�+�x�2�– �r�2�r�M�²�i�`�x �;�`���7�m

�S�v�h�Q�`�+�?���X

�.�2�7�Q�`�K���i�B�Q�M �;�`���/�B�2�M�iF

�E�B�M�2�K���i�B�+�b

C = F>F; B = FF > ! I 1; I 2; I 3

W (I 1; I 2; I 3) �p�B��B W (I 1; I 2; I 3) �p�B��C

�G�B�M�2���`

�`�2�;�`�2�b�b�B�Q�M

�L�2�m�`���H

�M�2�i�r�Q�`�F

�G�B�M�2���`

�`�2�;�`�2�b�b�B�Q�M

�L�2�m�`���H

�M�2�i�r�Q�`�F

� T

� ; � ; S; T

�_�v�b�m�M�2�F �e�X�R�X���`�+�?�B�i�2�F�i�m�`�� �K�Q�/�m�ˆ�m ���*�G�1 �� �Q�/ �;�`���/�B�2�M�i�m �/�2�7�Q�`�K���+�D�BF �T�`�x�2�x �F�B�M�2�K���i�v�F� 
�B ���T�`�Q�F�b�v�K���+�D� �T�Q�i�2�M�+�D���ˆ�m �C�1�a �/�Q �K�B���` �M���T�`� �Š�2�–

�R�y�R



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�S�m�M�F�i �r�v�D���+�B�� �b�i���M�Q�r�B �;�`���/�B�2�M�i �/�2�7�Q�`�K���+�D�BF�- �x �F�i�¦�`�2�;�Q �r�v�x�M���+�x���M�2 �b�² �i�2�M�b�Q�`�v �*���m�@

�+�?�v�ö�2�;�Q���:�`�2�2�M���- �� �M���b�i� �T�M�B�2 �B�+�? �M�B�2�x�K�B�2�M�M�B�F�BI 1�-I 2�-I 3�X �L�B�2�x�K�B�2�M�M�B�F�B �i�2 �b�² �x�K�B�2�M�M�v�K�B

�r�v�`���Š�2�– ���H�;�2�#�`���B�+�x�M�v�+�?�- �F�i�¦�`�2 �i�Q �b�i���M�Q�r�B�² �r���`�b�i�r� �r�2�D���+�B�Q�r�² �/�Q ���T�`�Q�F�b�v�K���i�Q�`�� �7�m�M�F�+�D�B

�C�1�a�- �`�2���H�B�x�Q�r���M�2�;�Q �`�2�;�`�2�b�D�² �H�B�M�B�Q�r�² �H�m�# �b�B�2�+�B�² �M�2�m�`�Q�M�Q�r�²�X �L���b�i� �T�M�B�2 �M���T�`� �Š�2�M�B�� �r�v�x�M���+�x���M�2

�b�² �T�Q�T�`�x�2�x �`�¦�Š�M�B�+�x�F�Q�r���M�B�2 �7�m�M�F�+�D�B �C�1�a �r�x�;�H� �/�2�K �Q�/�T�Q�r�B�2�/�M�B�2�;�Q �i�2�M�b�Q�`�� �/�2�7�Q�`�K���+�D�B�X �q �M�B�@

�M�B�2�D�b�x�v�K �`�Q�x�r�B�²�x���M�B�m �7�m�M�F�+�D�� �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �x�Q�b�i���ˆ�� �x�/�2�}�M�B�Q�r���M�� �r �F�Q�M�@

�}�;�m�`���+�D�B �K���i�2�`�B���H�M�2�D �T�`�x�2�x �M�B�2�x�K�B�2�M�M�B�F�B �T�`���r�2�;�Q �i�2�M�b�Q�`�� �/�2�7�Q�`�K���+�D�B �*���m�+�?�v�ö�2�;�Q�@�:�`�2�2�M��C�-

�� �M���T�`� �Š�2�M�B�2�K �r�v�D���+�B�Q�r�v�K �D�2�b�i �/�`�m�;�B �i�2�M�b�Q�` �S�B�Q�H�B���E�B�`�+�?�?�Q�z��T �U�T�`���r�� �;���ˆ�²�† �M�� �`�v�b�X�e�X�R�V�-

�M���i�Q�K�B���b�i �M�B�+ �M�B�2 �b�i�Q�B �M�� �T�`�x�2�b�x�F�Q�/�x�B�2�- �#�v �x�/�2�}�M�B�Q�r���É �D�² �T�`�x�2�x �i�2�M�b�Q�` �;�`���/�B�2�M�i�m �/�2�7�Q�`�K���+�D�B

F �+�x�v �M�B�2�x�K�B�2�M�M�B�F�B �H�2�r�2�;�Q �i�2�M�b�Q�`�� �*���m�+�?�v�ö�2�;�Q�@�:�`�2�2�M��B �X �L���H�2�Š�v �D�2�/�M���F �T���K�B� �i���É�- ���#�v

�r �Q�b�i���i�M�B�K �F�`�Q�F�m �r�v�F�Q�M���É �Q�/�T�Q�r�B�2�/�M�B�2 �i�`���M�b�7�Q�`�K���+�D�2 �U�T�Q�`�X �`�v�b�X�8�X�k�V �T�Q�x�r���H���D�²�+�2 �m�x�v�b�F���É

�B�M�i�2�`�2�b�m�D�²�+�v �M���b �i�2�M�b�Q�` �M���T�`� �Š�2�M�B���X

�q �b�r�Q�D�2�D �M���D�#���`�/�x�B�2�D �T�Q�/�b�i���r�Q�r�2�D �T�Q�b�i���+�B �b�B�2�É �M�2�m�`�Q�M�Q�r�� �r�v�F�Q�M�m�D�²�+�� �T�Q�r�v�Š�b�x�2 �x���/���M�B�2

�D�2�b�i �T�Q �T�`�Q�b�i�m �T�Q�D�2�/�v�M�+�x�² �r���`�b�i�r�² �H�B�M�B�Q�r�² �#�2�x �Q�/�+�?�v�H�2�M�B�� �U���M�;�X�#�B���b�V�X �C�2�D �b�i�`�m�F�i�m�`�� �K���i�2�K���@

�i�v�+�x�M�� �T�`�x�v�T�Q�K�B�M�� �`�2�;�`�2�b�D� �H�B�M�B�Q�r�²�- �r �F�i�¦�`�2�D �F���Š�/�� �r���;�� �b�B�2�+�B �Q�/�T�Q�r�B���/�� �r�b�T�¦�ˆ�+�x�v�M�M�B�F�Q�r�B

�K�M�Q�Š�²�+�2�K�m �F�Q�H�2�D�M�2 �r�v�`���Š�2�M�B�� �#���x�Q�r�2�X �L���D�r�B� �F�b�x�² �`�¦�Š�M�B�+�² �K�B� �/�x�v �i�v�K�B �/�r�B�2�K�� �K�2�i�Q�/���K�B

�D�2�b�i �b�T�Q�b�¦�# �Q�T�i�v�K���H�B�x���+�D�B �7�m�M�F�+�D�B �F�Q�b�x�i�m �� �`�2�;�`�2�b�D�� �r�v�F�Q�`�x�v�b�i�m�D�2 �K�2�i�Q�/� �M���D�K�M�B�2�D�b�x�v�+�?

�F�r���/�`���i�¦�r �/�Q �`�Q�x�r�B�²�x���M�B�� �m�F�ˆ���/�m �`�¦�r�M���– �r �D�2�/�M�v�K �F�`�Q�F�m�- �T�Q�/�+�x���b �;�/�v �b�B�2�É �r�v�F�Q�`�x�v�b�i�m�D�2

�B�i�2�`���+�v�D�M�v ���H�;�Q�`�v�i�K �T�`�Q�T���;���+�D�B �r�b�i�2�+�x�M�2�D�X �L���D�r�B� �F�b�x�² �F�Q�`�x�v���+�B�² �x �x���b�i�Q�b�Q�r���M�B�� �i�2�;�Q �/�`�m�@

�;�B�2�;�Q �T�Q�/�2�D���+�B�� �D�2�b�i �i�Q�- �Š�2 ���T�`�Q�F�b�v�K�Q�r���M�v �K�Q�/�2�H �F�Q�M�b�i�v�i�m�i�v�r�M�v �x �T�2�ˆ�M�v�K �`�¦�Š�M�B�+�x�F�Q�r���H�M�v�K

�;�`���7�2�K �Q�#�H�B�+�x�2�M�B�Q�r�v�K �K�Q�Š�2 �x�Q�b�i���É �r�T�B� �i�v �/�Q �b�x�2�`�b�x�2�D ���`�+�?�B�i�2�F�i�m�`�v �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D �B �Q�T�i�v�@

�K���H�B�x�Q�r���M�v �r�b�T�¦�H�M�B�2 �x �T�Q�x�Q�b�i���ˆ�v�K�B �2�H�2�K�2�M�i���K�B �r �i�`���F�+�B�2 �D�2�/�M�2�;�Q �T�`�x�2�#�B�2�;�m�X �S�`�x�v�F�ˆ���/�2�K

�D�2�;�Q �m�Š�v�+�B�� �K�Q�Š�2 �#�v�É �`�Q�x�r�B�²�x���M�B�2 �T�`�Q�#�H�2�K�m �#�`�x�2�;�Q�r�2�;�Q �i�2�Q�`�B�B �b�T�`� �Š�v�b�i�Q���+�B�- �r �F�i�¦�`�v�K

�T�Q�b�x�m�F�B�r���M�2 �#�v�ˆ�v�#�v �`�¦�r�M�B�2�Š �T���`���K�2�i�`�v �K���i�2�`�B���ˆ�Q�r�2�X

�S�B�2�`�r�Q�i�M�v�K �T�H���M�2�K �#�v�ˆ�Q �x���b�i�²�T�B�2�M�B�2 �H�B�M�B�Q�r�2�D �`�2�;�`�2�b�D�B �i���F�² �D�2�/�M�Q�r���`�b�i�r�Q�r�² �b�B�2�+�B�²

�M�2�m�`�Q�M�Q�r�²�- �M���i�Q�K�B���b�i �x�Q�b�i���ˆ �Q�M �x���b�i�²�T�B�Q�M�v ���H�;�Q�`�v�i�K�2�K �x �M�B�2�+�Q �;�ˆ� �#�b�x�² ���`�+�?�B�i�2�F�i�m�`�²�-

�F�Q�M�b�i�v�i�m�i�v�r�M�2�D �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D �U�*���L�L�V �Q�T�`���+�Q�r���M�2�D �T�`�x�2�x �G�B�M�F� �B �B�M�X�(�R�9�)�- �(�R�8�)�X �h�2�Q�@

�`�2�i�v�+�x�M�B�2 �D�m�Š �T�ˆ�v�i�F�� �b�B�2�É �M�2�m�`�Q�M�Q�r�� �K�Q�Š�2 �T�`�x�v�#�H�B�Š���É �/�Q�r�Q�H�M�² �7�m�M�F�+�D� �+�B�²�;�ˆ�² �(�9�y�)�- ���H�2

�r �T�`���+�v �(�R�R�k�) �J�Q�M�i�m�7���` �B �B�M�X �m�/�Q�r�Q�/�M�B�H�B�- �Š�2 �T�Q�i�`�x�2�#�m�D�2 �/�Q �i�2�;�Q �r�B� �F�b�x�2�D �H�B�+�x�#�v �T���`���K�2�i�`�¦�r�X

�.�2�+�v�x�D� �T�Q�T���`�ˆ �T�`�x�v�F�ˆ���/ �x���T�`�2�x�2�M�i�Q�r���M�v �r�e�X�9�X�j�- �r �F�i�¦�`�v�K �x���b�i�Q�b�Q�r���M�Q �`�Q�x�b�x�2�`�x�2�M�B�2

�7�m�M�F�+�D�B �C�1�a �Q �K�Q�/�2�H �.�2�K�B�`���v�� �(�R�R�j�)�- �r �F�i�¦�`�v�K �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B �b�i�Q�D�²�+�2 �T�`�x�v �r�v�`���Š�2�M�B���+�?

�R�y�k



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�x �M�B�2�x�K�B�2�M�M�B�F���K�B �/�2�7�Q�`�K���+�D�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D �x�Q�b�i���ˆ�v �r�v�#�`���M�2 ���`�#�B�i�`���H�M�B�2�- �� �M�B�2 �r �/�`�Q�/�x�2

�Q�T�i�v�K���H�B�x���+�D�B�X �q �*���L�L �M���i�Q�K�B���b�i �r�b�T�Q�K�M�B���M�v �r�b�T�¦�ˆ�+�x�v�M�M�B�F �K�Q�Š�2 �#�v�É �D�2�/�M�² �x �r���; �b�B�2�+�B�X

�E�Q�/ �B �`�Q�x�r�B�²�x���M�B�� �T�`�x�2�/�b�i���r�B�Q�M�2 �T�Q�M�B�Š�2�D �b�² �r�ˆ���b�M�²�- �M�B�2�x���H�2�Š�M�² ���/���T�i���+�D�² �F�Q�/�m �/�Q�b�i���`�@

�+�x�Q�M�2�;�Q �/�Q �T�`���+�v �(�R�8�)�- �M���T�B�b���M�2�;�Q �r �h�2�M�b�Q�`�6�H�Q�r �(�R�R�9�)�X �q�ˆ���b�M�� �B�K�T�H�2�K�2�M�i���+�D�� �x�Q�b�i���ˆ��

�r�v�F�Q�M���M�� �T�`�x�v �r�v�F�Q�`�x�v�b�i���M�B�m �#�B�#�H�B�Q�i�2�F�B �S�v�h�Q�`�+�? �(�9�k�) �B �m�K�Q�Š�H�B�r�B�� �B�M�i�2�;�`���+�D� �x �/�Q�r�Q�H�M�v�K�B

���`�+�?�B�i�2�F�i�m�`���K�B �M���T�B�b���M�v�K�B �r �i�v�K �b���K�v�K �T���F�B�2�+�B�2�- �r �i�v�K �x �`�Q�x�r�B�²�x���M�B���K�B �T�`�2�x�2�M�i�Q�r���M�v�K�B

�r �`�Q�x�/�x�B���H�2�3�X

�e�X�k�X �w�#�B�¦�` �/���M�v�+�? �h�`�2�H�Q���`��

�w�#�B�¦�` �/���M�v�+�? �x �2�F�b�T�2�`�v�K�2�M�i�¦�r �h�`�2�H�Q���`�� �(�j�j�) �m�Š�v�i�v �r �i�2�D �T�`���+�v �x�Q�b�i���ˆ �Q�T�m�#�H�B�F�Q�r���M�v

�M�� �D�2�/�M�v�K �x �b�2�`�r�B�b�¦�r �T�`�x�2�x�M���+�x�Q�M�v�+�? �/�Q �i�2�;�Q �+�2�H�m �(�R�R�8�)�X �q �x�#�B�Q�`�x�2 �K�Q�Š�M�� �x�M���H�2�†�É �/���M�2

�T�Q�+�?�Q�/�x�²�+�2 �x �i�2�b�i�¦�r �D�2�/�M�Q�Q�b�B�Q�r�2�;�Q �B �/�r�m�Q�b�B�Q�r�2�;�Q �`�Q�x�+�B�²�;���M�B�� �Q�`���x �+�x�v�b�i�2�;�Q ���+�B�M���M�B��

�;�m�K�v�X

�_�v�b�m�M�2�F �e�X�k�X�:�`���}�+�x�M�2 �T�`�x�2�/�b�i���r�B�2�M�B�2 �/���@
�M�v�+�? �h�`�2�H�Q���`���X �q�v�F�`�2�b�v �M���T�`� �Š�2�– �r �x���H�2�Š�M�Q�@
���+�B �Q�/ �r�v�/�ˆ�m�Š�2�M�B�� �/�H���, �D�2�/�M�Q�Q�b�B�Q�r�2�;�Q �`�Q�x�+�B�²�@
�;���M�B���- �/�r�m�Q�b�B�Q�r�2�;�Q �`�Q�x�+�B�²�;���M�B���- �+�x�v�b�i�2�;�Q
���+�B�M���M�B��

�h���#�2�H�� �e�X�R�X�S�`�¦�#�F�� �x �T�`�x�2�i���b�Q�r���M�2�;�Q �x�#�B�Q�`�m �/���@
�M�v�+�? �h�`�2�H�Q���`��

�a�i�`���B�M

�(�@�)

�a�i�`�2�b�b

�(�J�S���)

�h�2�b�i

�h�v�T�2
I 1 � 3 �(�@�)I 2 � 3 �(�@�)

�d�X�y�8�9 �9�X�R�R�N �m�i�9�X�3�y�d �k�X�9�8�9

�R�X�R�k�R �y�X�R�e�j �T�b�y�X�y�R�j �y�X�y�R�j

�k�X�N�e�8 �y�X�N�j�8 �T�b�R�X�j�y�k �R�X�j�y�k

�9�X�d�e�y �R�X�8�3�e �m�i�k�X�e�d�d �R�X�8�d�9

�R�X�j�y�e �y�X�j�j�R �T�b�y�X�y�d�k �y�X�y�d�k

�h���#�2�H���e�X�R�T�`�x�2�/�b�i���r�B�� �r�v�/�ˆ�m�Š�2�M�B�2�- �M���T�`� �Š�2�M�B�2 �S�B�Q�H���@�E�B�`�+�?�?�Q�z�� �A�A �`�Q�/�x���D�m�- �F�i�¦�`�v�+�?

�B�M�i�2�`�T�`�2�i���+�D�� �x�Q�b�i���ˆ�� �T�Q�F���x���M�� �r �`�Q�x�/�x�B���H�2�8�- �i�v�T �i�2�b�i�m �/�H�� �F���Š�/�2�;�Q �r�B�2�`�b�x�� �Q�`���x �M�B�2�x�K�B�2�M�@

�M�B�F�B �/�2�7�Q�`�K���+�D�B�- �H�Q�b�Q�r�Q �T�`�x�2�i���b�Q�r���M�2�;�Q �x �Q�`�v�;�B�M���H�M�2�;�Q �x�2�b�i���r�m �/���M�v�+�?�X �S�Q�M���/�i�Q �+���ˆ�v �x�#�B�¦�`

�/���M�v�+�? �T�`�x�2�/�b�i���r�B�Q�M�Q �;�`���}�+�x�M�B�2 �M�� �`�v�b�X�e�X�k�X

�J�Q�/�2�H�2 �F�Q�M�b�i�v�i�m�i�v�r�M�2 �b�7�Q�`�K�m�ˆ�Q�r���M�Q �r�v�ˆ�²�+�x�M�B�2 �T�`�x�v �m�Š�v�+�B�m �M�B�2�x�K�B�2�M�M�B�F�¦�r �/�2�7�Q�`�K���+�D�B

I 1�-I 2�- �F�i�¦�`�2 �Q�/�T�Q�r�B���/���D�² �F�Q�H�2�D�M�Q �x�� �`�Q�x�+�B�²�;���M�B�2�f���+�B�b�F���M�B�2 �Q�`���x ���+�B�M���M�B�2 �K���i�2�`�B���ˆ�m �(�R�R�e�)�X

�L�B�2�x�K�B�2�M�M�B�F�B �i�2 �Q�F�`�2���H�Q�M�Q �x���F�ˆ���/���D�²�+ �r�B� �x�v �M�B�2���+�B���H�B�r�Q���+�BI 3 = det(C) = 1 �X �l�Š�v�+�B�2 �M�B�2�@

�R�y�j



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�x�K�B�2�M�M�B�F�¦�r �T�Q�x�r���H�� �r�v�`���x�B�É �T�Q�i�2�M�+�D���ˆ �?�B�T�2�`�b�T�`� �Š�v�b�i�v �D���F�Q �7�m�M�F�+�D� �M�B�2�K���H�2�D�²�+�² �B �r�v�T�m�F�ˆ�²

�r �M�B�2�x�K�B�2�M�M�B�F���+�?�- �+�Q �T�`�x�vI 3 = 1 �B�K�T�H�B�F�m�D�2 �T�Q�H�B�r�v�T�m�F�ˆ�Q���É �U�T�Q�`�X �`�v�b�X�8�X�j�B�V�X �S�Q�M���/�i�Q

�x���T�2�r�M�B�� �i�Q �b�v�K�2�i�`�B� �i�2�M�b�Q�`�� �M���T�`� �Š�2�– �U�T�Q�`�X �`�v�b�X�8�X�j�#�V�- �Q�#�B�2�F�i�v�r�M�Q���É �U�T�Q�`�X �`�v�b�X�8�X�j�+�V�-

�b�v�K�2�i�`�B� �K���i�2�`�B���H�M�² �U�T�Q�`�X �`�v�b�X�8�X�j�/�V �Q�`���x �x�;�Q�/�M�Q���É �i�2�`�K�Q�/�v�M���K�B�+�x�M�² �U�T�Q�`�X �`�v�b�X�8�X�j���V�(�N�R�)�X

�L�� �`�v�b�m�M�F�m�e�X�j�T�`�x�2�/�b�i���r�B�Q�M�Q �K���+�B�2�`�x �F�Q�`�2�H���+�D�B �S�2���`�b�Q�M�� �/�H�� �+���ˆ�2�;�Q �x�#�B�Q�`�m �/���M�v�+�?�X

�q�v�M�B�F�� �x �M�B�2�D�- �Š�2 �M���T�`� �Š�2�M�B�2 �b�B�H�M�B�2 �F�Q�`�2�H�m�D�2 �x �T�B�2�`�r�b�x�v�K �M�B�2�x�K�B�2�M�M�B�F�B�2�K �Ur = 0:89�V

�B �m�K�B���`�F�Q�r���M�B�2 �b�ˆ���#�Q �x �/�`�m�;�B�K �Ur = 0:31�V�- �M���i�Q�K�B���b�i �F�Q�`�2�H���+�D�� �K�B� �/�x�v �M�B�2�x�K�B�2�M�M�B�F���K�B

�Ur = 0:66�V �Q�x�M���+�x���- �Š�2I 2 �r�M�Q�b�B �B�M�7�Q�`�K���+�D� �+�x� ���+�B�Q�r�Q �M�B�2�x���H�2�Š�M�² �Q�/I 1�X

�_�v�b�m�M�2�F �e�X�j�X�J���+�B�2�`�x �F�Q�`�2�H���+�D�B �S�2���`�b�Q�M��

�.���M�2 �T�B�2�`�r�Q�i�M�B�2 �x�Q�b�i���ˆ�v �Q�T�m�#�H�B�F�Q�r���M�2 �r �7�Q�`�K�B�2 �r�v�F�`�2�b�¦�r�X �S�Q �Q�/�+�x�v�i���M�B�m �T�m�M�F�i�¦�r

�x �r�v�F�`�2�b�¦�r �K�Q�Š�M�� �T�`�x�2�T�`�Q�r���/�x�B�É �B�M�i�2�`�T�Q�H���+�D� �F�r���/�`���i�Q�r�² �/�H�� �F���Š�/�2�D �/�2�7�Q�`�K���+�D�B�- �+�Q

�;�2�M�2�`�m�D�2 �`�¦�r�M�Q�K�B�2�`�M�B�2 �`�Q�x�K�B�2�b�x�+�x�Q�M�2 �T�m�M�F�i�v �M�� �+���ˆ�v�K �x���F�`�2�b�B�2 �Q�/�F�b�x�i���ˆ�+�2�–�X �h�Q �T�Q�/�2�D���+�B�2

�r�v�/���D�2 �b�B� �T�`���F�i�v�+�x�M�2�- �;�/�v �T�`���+�m�D�2�K�v �x �/���M�v�K�B �/�Q�b�i� �T�M�v�K�B �r�v�ˆ�²�+�x�M�B�2 �r �7�Q�`�K�B�2 �;�`���}�+�x�M�2�D�X

�C�2�Š�2�H�B �/�Q�/���i�F�Q�r�Q �m�D�2�/�M�Q�H�B�+�B �b�B� �H�B�+�x�#� �T�m�M�F�i�¦�r �/�H�� �F���Š�/�2�;�Q �i�v�T�m �i�2�b�i�m�- �Š���/�2�M �T�`�x�v�T���/�2�F

�/�2�7�Q�`�K���+�D�B �M�B�2 �/�Q�K�B�M�m�D�2 �M���/ �T�Q�x�Q�b�i���ˆ�v�K�B�- �� �F���Š�/�v �i�2�b�i �K�� �`�¦�r�M�v �r�T�ˆ�v�r �M�� �B�/�2�M�i�v�}�F���+�D� 

�T���`���K�2�i�`�¦�r�X �P�`�v�;�B�M���H�M�B�2 �Q�/�+�x�v�i���M�2 �T�m�M�F�i�v �x �r�v�F�`�2�b�¦�r �b�i���M�Q�r�B�² �x�#�B�¦�` �i�2�b�i�Q�r�v �B �T�Q�x�Q�@

�b�i���D�² �M�B�2�x���H�2�Š�M�2 �Q�/ �T�`�x�v�D� �i�2�D �H�B�+�x�#�v �T�m�M�F�i�¦�r �B�M�i�2�`�T�Q�H���+�D�B�- �� �Q�+�2�M�� �K�Q�/�2�H�m �Q�/�#�v�r�� �b�B� �M��

�`�x�2�+�x�v�r�B�b�i�v�+�? �/���M�v�+�? �T�Q�K�B���`�Q�r�v�+�?�- �� �M�B�2 �M�� �T�m�M�F�i���+�? �b�x�i�m�+�x�M�B�2 �r�v�;�2�M�2�`�Q�r���M�v�+�? �T�`�x�2�x

�B�M�i�2�`�T�Q�H���+�D� �X �E�r�2�b�i�B�� �/�Q�#�Q�`�m �H�B�+�x�#�v �T�m�M�F�i�¦�r �B�M�i�2�`�T�Q�H���+�D�B �x�Q�b�i���M�B�2 �Q�K�¦�r�B�Q�M�� �r �/���H�b�x�2�D

�+�x� ���+�B �T�`���+�v�X

�e�X�j�X �q�v�#�¦�` �`�Q�x�r�B�M�B� �+�B�� �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B

�q �T�`�x�v�T���/�F�m �K���i�2�`�B���ˆ�¦�r �?�B�T�2�`�b�T�`� �Š�v�b�i�v�+�?W = W(C) �7�m�M�F�+�D� �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B

�b�T�`� �Š�v�b�i�Q���+�B�- �#���x�m�D�²�+�² �M�� �M�B�2�x�K�B�2�M�M�B�F���+�?�- �r�v�;�Q�/�M�B�2 �D�2�b�i �`�Q�x�r�B�D���É �r �B�+�? �T�Q�i� �;�B�X �q �T�`���+�v

�R�y�9



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�T�`�x�v�D� �i�Q �Q�;�¦�H�M�² �T�Q�b�i���É�,

Ŵ (I 1; I 2; J ) =
NX

k+ l+ m=1

Ck;l;m

�
I 1 � 3

� k �
I 2 � 3

� l �
J � 1

� m
; �U�e�X�k�V

�S�`�x�2�b�m�M�B� �+�B�� �M�B�2�x�K�B�2�M�M�B�F�¦�r �i�D�X(I 1 � 3); (I 2 � 3); (J � 1) �x���T�2�r�M�B���D�²~W = 0 �r �b�i���M�B�2

�Q�/�M�B�2�b�B�2�M�B�� �UF = I �V�X �q �/���H�b�x�v�+�? �2�i���T���+�? �T�`���+�v �7�m�M�F�+�D� �U�e�X�k�V�`�Q�x�r�B�M�B� �i�Q �Q �+�x�ˆ�Q�M�v �.�2�K�B�@

�`���v�� �(�R�R�j�)�,

~W(I 1; I 2) =
KX

k=1

� k;0 [exp(� k;0 (I 1 � 3)) � 1] +
KX

k=1

~� 0;k [exp(� 0;k (I 2 � 3)) � 1]; �U�e�X�j�V

�r �i���F�B �b�T�Q�b�¦�#�- �Š�2 �+���ˆ�F�Q�r�B�i�� �7�m�M�F�+�D�� �C�1�a �T�`�x�v�D�K�Q�r���ˆ�� �T�Q�b�i���ÉŴ + ~W�X

�S�`�x�2�x �Q�/�T�Q�r�B�2�/�M�B �/�Q�#�¦�` �r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�rCk;l;m �B �x���K�B���M� �x�K�B�2�M�M�v�+�? �M�B�2�x�K�B�2�M�M�B�F�¦�r

�/�2�7�Q�`�K���+�D�B �M�� �M�B�2�x�K�B�2�M�M�B�F�B �/�2�7�Q�`�K���+�D�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D �(�d�3�)�- �(�3�j�)�- �(�R�R�d�) �`�Q�x�r�B�M�B� �+�B�2�U�e�X�k�V

�T�Q�x�r���H�� �m�x�v�b�F���É �T�2�ˆ�M�² �`�Q�x�/�x�B�2�H�M�Q���É �M�� �+�x� ���É �B�x�Q�+�?�Q�`�v�+�x�M�²�WD ( �I 1; �I 2) �B �Q�#�D� �i�Q���+�B�Q�r�²�WI (J )

�Q�`���x �x�`�2�/�m�F�Q�r���É �b�B� �/�Q �r�B�2�H�m �F�H���b�v�+�x�M�v�+�? �7�Q�`�K �Q�T�B�b�m�D�²�+�v�+�? �x���`�¦�r�M�Q �K���i�2�`�B���ˆ�v �M�B�2���+�B���H�B�r�2

�UJ = 1�V �D���F �B �K���ˆ�Q ���+�B���H�B�r�2�X �C�2�/�M�v�K �x �T�`�x�v�F�ˆ���/�¦�r �D�2�b�i �x�K�Q�/�v�}�F�Q�r���M�� �r�B�2�H�Q�K�B���M�Q�r��

�T�`�Q�T�Q�x�v�+�D�� �_�B�p�H�B�M�� �(�d�d�)�- �(�R�R�3�)�,

�W( �I 1; �I 2; J ) =
NX

k+ l=1

Ck;l; 0 ( �I 1 � 3)k ( �I 2 � 3)l +
NX

k=1

C0;0;2k (J � 1)2k : �U�e�X�9�V

�q �T�`�x�v�T���/�F�m �`�Q�x�T���i�`�v�r���M�B�� �K���i�2�`�B���ˆ�m �r �T�`�Q�;�`���K�B�2 ���"���Z�l�a �(�3�y�) �M���H�2�Š�v �T�`�x�v�D�²�É�,

Ck;l; 0 = Ckl ; C0;0;2k =
1

Dk
; �U�e�X�8�V

�;�/�x�B�2 �T���`���K�2�i�`�vDk �Q�F�`�2���H���D�² ���+�B���H�B�r�Q���É �K���i�2�`�B���ˆ�m �U�/�H��Dk ! 0 �Q�i�`�x�v�K�m�D�2�K�v �K�Q�/�2�H

�K���i�2�`�B���ˆ�m ���+�B���H�B�r�2�;�Q�V�X �q �T�`�x�v�T���/�F�m �K���i�2�`�B���ˆ�m �M�B�2���+�B���H�B�r�2�;�Q �M���H�2�Š�v �r �/���M�v�+�? �/�Q �T�`�Q�;�`���K�m

���"���Z�l�a �T�Q�/�b�i���r�B�É �#�H�B�b�F�B�2 �x�2�`�m �T���`���K�2�i�`�vDk �X �S�Q�M�B�2�r���Š �r �M�B�M�B�2�D�b�x�2�D �T�`���+�v �x�#�B�¦�` �/���M�v�+�?

�/�Q���r�B���/�+�x���H�M�v�+�? �h�`�2�H�Q���`�� �x�Q�b�i���ˆ �b�i�r�Q�`�x�Q�M�v �r �Q�T���`�+�B�m �Q �x�r�B�²�x�F�B �M�B�2���+�B���H�B�r�Q���+�B�- �r �/���H�b�x�v�+�?

�+�x� ���+�B���+�? �#� �/�x�B�2 �b�i�Q�b�Q�r���M�� �b�F�`�¦�+�Q�M�� �M�Q�i���+�D��Ckl �x���K�B���b�iCk;l; 0�X �L���H�2�Š�v �x���x�M���+�x�v�É�- �Š�2

�b�x�+�x�2�;�¦�H�M�v�K�B �T�`�x�v�T���/�F���K�B �K�Q�/�2�H�m �r�; �T�`�Q�T�Q�x�v�+�D�B�U�e�X�9�V�b�² �K�B� �/�x�v �B�M�M�v�K�B �M���b�i� �T�m�D�²�+�2

�K�Q�/�2�H�2 �K���i�2�`�B���ˆ�¦�r �K���ˆ�Q ���+�B���H�B�r�v�+�? �f �M�B�2���+�B���H�B�r�v�+�?�,

�.�Q�/���i�F�Q�r�v�K�- �B�b�i�Q�i�M�v�K ���`�;�m�K�2�M�i�2�K �T�`�x�2�K���r�B���D�²�+�v�K �x�� �T�`�x�v�D� �+�B�2�K �r�B�2�H�Q�K�B���M�Q�r�2�;�Q

�`�Q�x�r�B�M�B� �+�B���U�e�X�k�V�D�2�b�i �K�Q�Š�H�B�r�Q���É �ˆ���i�r�2�;�Q �b�F�Q�M�b�i�`�m�Q�r���M�B�� �T�Q�H�B�r�v�T�m�F�ˆ�2�;�Q �T�Q�i�2�M�+�D���ˆ�m �1�a �U�x�Q�#�X

�R�y�8



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�h���#�2�H�� �e�X�k�X�q�v�#�`���M�2 �K�Q�/�2�H�2 �1�a �D���F�Q �b�x�+�x�2�;�¦�H�M�2 �T�`�x�v�T���/�F�B �Q�;�¦�H�M�2�;�Q �`�Q�x�r�B�M�B� �+�B�� �U�e�X�k�V

�G�X�T�X �J�Q�/�2�H �S�Q�b�i���É �7�m�M�F�+�D�B �1�a �M�B�2���+�B���H�B�r�v�+�? �(�K���ˆ�Q ���+�B���H�B�r�v�+�?�)
�R �M�2�Q�@�>�Q�Q�F�2 �(�d�d�) �W = C1;0;0( �I 1 � 3) +

h
(C0;0;2(J � 1)2

i

�k �u�2�Q�? �(�R�e�) �W =
3X

k=1

Ck;0;0 ( �I 1 � 3)k +

" 3X

k=1

C0;0;2k (J � 1)2k

#

�j �J�Q�Q�M�2�v���_�B�p�H�B�M �(�d�d�) �W = C1;0;0 ( �I 1 � 3) + C0;1;0 ( �I 2 � 3) + C0;0;2 (J � 1)2

�9 �"�B�/�2�`�K���M �(�R�R�N�) �W =
3X

k=1

Ck;0;0 ( �I 1 � 3)k + C0;1;0 ( �I 2 � 3)

�T�Q�/�`�Q�x�/�x�B���ˆ�8�X�N�X�9�- �b�X�N�8�- �b�x�+�x�2�;�¦�H�M�B�2 �`�¦�r�M���M�B�2�U�8�X�R�k�y�V�V�X �L���b�x�2 �`�Q�x�r�B�M�B� �+�B�2�U�e�X�k�V�7�m�M�F�+�D�B �1�a

�T�`�x�v�D� �ˆ�Q�#�v �r�¦�r�+�x���b�,

Ŵ (I 1; I 2; J ) =
NX

k=1

Ck;0;0 (I 1 � 3)k +
NX

l=1

C0;l; 0 (I 2 � 3)l +
NX

m=1

C0;0;m (J � 1)m �U�e�X�e�V

�q���`�m�M�2�F �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B �T�`�x�2�F�ˆ���/�� �b�B� �#�2�x�T�Q���`�2�/�M�B�Q �M�� �Q�;�`���M�B�+�x�2�M�B�� �/�H��Ck;l;m �,

�U�B�V Ck;0;0 � 0 k � 1

�U�B�B�V C0;l; 0 � 0 l � 1

�U�B�B�B�V C0;0;m � 0 m � 1� 

�U�e�X�d�V

�q���`�m�M�F�B�U�e�X�d�V�U�B�V���U�B�B�V �;�r���`���M�i�m�D�²�- �Š�2 �r�B�2�H�Q�K�B���M�vŴ1(I 1); Ŵ2(I 2) �b�² �r�v�T�m�F�ˆ�2 �B �M�B�2�K���H�2�D�²�+�2

�/�H��I 1; I 2 � 3 �(�8�9�)�- �(�3�N�)�- �M���i�Q�K�B���b�i �r�v�K�¦�;�U�e�X�d�V�U�B�B�B�V �x���T�2�r�M�B�� �r�v�T�m�F�ˆ�Q���É �r�x�;�H� �/�2�KdetF >

0 �(�8�9�)�X� �q�v�`���x �H�B�M�B�Q�r�v(J � 1) �/�2�+�v�/�m�D�2 �r�v�ˆ�²�+�x�M�B�2 �Q �+�B���M�B�2�M�B�m �r �F�Q�M�}�;�m�`���+�D�B �T�Q�+�x�²�i�F�Q�r�2�D

�B �D�2���H�B �Š�²�/�� �b�B� �b�i���M�m �#�2�x�M���T�`� �Š�2�M�B�Q�r�2�;�Q�- �T�`�x�v�D�K�m�D�2 �b�B� C0;0;1 = 0 �(�e�e�)�- �(�R�k�y�)�X

�e�X�9�X �A�K�T�H�2�K�2�M�i���+�D�� �K�Q�/�2�H�m �`�2�;�`�2�b�D�B �x �r�v�F�Q�`�x�v�b�i���M�B�2�K �M�B�2�x�K�B�2�M�M�B�F�¦�r

�/�2�7�Q�`�K���+�D�B

�q �M�B�M�B�2�D�b�x�v�K �`�Q�x�/�x�B���H�2 �Q�K�¦�r�B�Q�M�2 �x�Q�b�i���M�B�2�- �r �D���F�B �b�T�Q�b�¦�# �M�B�2�x�K�B�2�M�M�B�F�B �/�2�7�Q�`�K���+�D�B �K�Q�;�²

�#�v�É �T�`�x�2�F�b�x�i���ˆ�+���M�2 ���#�v �7�Q�`�K�m�ˆ�Q�r���É�- �i�`�2�M�Q�r���É �B �x���T�B�b�v�r���É �r���;�B �K�Q�/�2�H�m �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D�X

�q �+�2�H�m �2�7�2�F�i�v�r�M�2�;�Q �B �b�T�¦�D�M�2�;�Q �T�`�x�2�F�b�x�i���ˆ�+���M�B�� �/���M�v�+�? �r �T�`�Q�+�2�b�B�2 �K�Q�/�2�H�Q�r���M�B�� �r�v�F�Q�`�x�v�@

�b�i���M�Q �K�Q�/�m�ˆ�v �T�`�x�2�F�b�x�i���ˆ�+�2�M�B�� �/���M�v�+�? �U�i�`���M�b�7�Q�`�K�2�`�b�V�X �a�² �i�Q �2�b�i�v�K���i�Q�`�v �m�/�Q�b�i� �T�M�B�Q�M�2

�r �T���F�B�2�+�B�2�b�+�B�F�B�i�@�H�2���`�M�(�k�8�) �Q�#�b�ˆ�m�;�m�D�²�+�2 �K�2�i�Q�/�v�i�`���M�b�7�Q�`�K�B�f�H�m�#�7�B�i�n�i�`���M�b�7�Q�`�K�X ���#�v

�x�#�m�/�Q�r���É �2�b�i�v�K���i�Q�` �x�ˆ�Q�Š�Q�M�v�- �K�Q�/�m�ˆ�v �i�2 �ˆ�²�+�x�v �b�B� �x �B�M�M�v�K�B �K�Q�/�m�ˆ���K�B �T�`�x�2�F�b�x�i���ˆ�+�2�– �H�m�#

�R�y�e



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�T�`�2�/�v�F�i�Q�`���K�B �U�i���F�B�K�B �D���F �F�H���b�v�}�F���i�Q�`�v �H�m�# �`�2�;�`�2�b�Q�`�v�V�X �.�Q �F�`�2�Q�r���M�B�� �2�b�i�v�K���i�Q�`�¦�r �x�ˆ�Q�Š�Q�@

�M�v�+�? �x���b�i�Q�b�Q�r���M�Q �T�Q�i�Q�F �/���M�v�+�? �U�T�B�T�2�H�B�M�2�V�X �S�Q�i�Q�F �/���M�v�+�? �r�v�K���;���- ���#�v �r�b�x�v�b�i�F�B�2 �2�i���T�v

�T�Q�x�� �Q�b�i���i�M�B�K �`�2���H�B�x�Q�r���ˆ�v �Q�T�2�`���+�D�2 �T�`�x�2�F�b�x�i���ˆ�+�2�– �/���M�v�+�?�X �P�b�i���i�M�B �F�`�Q�F �r �T�Q�i�Q�F�m �K�Q�Š�2

�T�2�ˆ�M�B�É �`�Q�H� �K�Q�/�m�ˆ�m �T�`�x�2�F�b�x�i���ˆ�+�2�–�- �F�H���b�v�}�F���i�Q�`�� �H�m�# �� �i���F �D���F �r �Q�K���r�B���M�v�K �T�`�x�v�T���/�F�m

�� �`�2�;�`�2�b�Q�`���X �.�x�B� �F�B �i���F�B�2�K�m �T�Q�/�2�D���+�B�m�- �T�Q�H�2�;���D�²�+�2�K�m �M�� �ˆ���–�+�m�+�?�Q�r�v�K �/�Q�T���b�Q�r�v�r���M�B�m �F�Q�@

�H�2�D�M�v�+�? �Q�T�2�`���+�D�B �T�`�x�2�F�b�x�i���ˆ�+�2�–�- �K�Q�Š�H�B�r�2 �D�2�b�i �Q�/�r�x�Q�`�Q�r���M�B�2 �/�Q�r�Q�H�M�B�2 �r�v�`���Š�Q�M�v�+�? �x���H�2�Š�M�Q���+�B

�M���T�`� �Š�2�M�B�2���r�v�/�ˆ�m�Š�2�M�B�2�X

�_�v�b�m�M�2�F �e�X�9�X�a�+�?�2�K���i �#�H�Q�F�Q�r�v �Q�K���r�B���M�2�;�Q �T�Q�i�Q�F�m �/���M�v�+�?

�.�Q �T�Q�i�Q�F�m �/���M�v�+�? �r�T�`�Q�r���/�x�Q�M�Q �/�r�� �M�B�2�b�i���M�/���`�/�Q�r�2 �K�Q�/�m�ˆ�v �T�`�x�2�F�b�x�i���ˆ�+�2�– �/���M�v�+�?�,

�h�2�M�b�Q�`�h�Q�A�M�p���`�B���M�i�b �h�`���M�b�7�Q�`�K�2�`�B�.�2�b�B�;�M�J���i�`�B�t�h�`���M�b�7�Q�`�K�2�`�- �� �M���b�i� �T�M�B�2 �T�`�x�2�T�`�Q�r���@

�/�x�Q�M�Q �H�B�M�B�Q�r�² �`�2�;�`�2�b�D� �x�� �T�Q�K�Q�+�²�G�B�M�2���`�_�2�;�`�2�b�b�B�Q�M�/�Q�b�i� �T�M�² �r �T���F�B�2�+�B�2�b�+�B�F�B�i�@�H�2���`�M�,

� �h�2�M�b�Q�`�h�Q�A�M�p���`�B���M�i�b�h�`���M�b�7�Q�`�K�2�`�, �K�Q�/�m�ˆ �T�`�x�2�F�b�x�i���ˆ�+�2�– �/���M�v�+�?�- �F�i�¦�`�v �T�Q�#�B�2�`�� �i�2�M�@

�b�Q�`�v �;�`���/�B�2�M�i�m �/�2�7�Q�`�K���+�D�BF�- �T�`�x�2�F�b�x�i���ˆ�+�� �D�2 �r �T�`���r�2 �i�2�M�b�Q�`�v �/�2�7�Q�`�K���+�D�B �*���m�@

�+�?�v�ö�2�;�Q�@�:�`�2�2�M��C�- �� �M���b�i� �T�M�B�2 �r�v�x�M���+�x�� �M�B�2�x�K�B�2�M�M�B�F�B �/�2�7�Q�`�K���+�D�BI 1�-I 2 �BJ �-

� �.�2�b�B�;�M�J���i�`�B�t�h�`���M�b�7�Q�`�K�2�`�, �K�Q�/�m�ˆ �T�`�x�2�F�b�x�i���ˆ�+�2�– �/���M�v�+�? �#� �/�²�+�v �;�ˆ�¦�r�M�v�K �2�H�2�K�2�M�@

�i�2�K �i�2�;�Q ���H�;�Q�`�v�i�K�m�- �F�i�¦�`�2�;�Q �+�2�H�2�K �D�2�b�i �m�i�r�Q�`�x�2�M�B�2 �K���+�B�2�`�x�v �r�B�2�H�Q�K�B���M�Q�r�v�+�?

�+�2�+�? �M���T�`� �Š�2�M�B�Q�r�v�+�? �B �Q�#�H�B�+�x���M�B�2 �b�v�K�#�Q�H�B�+�x�M�v�+�? �T�Q�+�?�Q�/�M�v�+�? �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D

�2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �r�x�;�H� �/�2�K �M�B�2�x�K�B�2�M�M�B�F�¦�r �/�2�7�Q�`�K���+�D�BI 1�-I 2 �BJ �X �q�v�F�Q�`�x�v�b�i�m�D�2

�6�2���i�m�`�2�:�2�M�2�`���i�Q�`�/�Q �i�r�Q�`�x�2�M�B�� �+�2�+�? �r�B�2�H�Q�K�B���M�Q�r�v�+�? �B �2�F�b�T�Q�M�2�M�+�D���H�M�v�+�? �Q �x���/���M�v�K

�b�i�Q�T�M�B�m �Q�K�¦�r�B�Q�M�v�+�? �r�e�X�j�- �� �M���b�i� �T�M�B�2 �r�v�F�Q�`�x�v�b�i�m�D�2 �#�B�#�H�B�Q�i�2�F� �b�v�K�T�v�(�R�k�R�) �/�Q �Q�#�H�B�+�x���@

�M�B�� �T�Q�+�?�Q�/�M�v�+�? �b�v�K�#�Q�H�B�+�x�M�v�+�? �i���F�B�+�? �+�2�+�?�X �S�Q�+�?�Q�/�M�2 �i�2 �b�² �T�`�x�2�F�b�x�i���ˆ�+���M�2 �r �7�m�M�F�+�D�2

�M�m�K�2�`�v�+�x�M�2�- �� �M���b�i� �T�M�B�2 �r�v�F�Q�`�x�v�b�i�v�r���M�2 �/�Q �#�m�/�Q�r�v �K���+�B�2�`�x�v �+�2�+�? �M���T�`� �Š�2�M�B�Q�r�v�+�?�-

�F�i�¦�`�� �D�2�b�i �m�Š�v�r���M�� �r �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D�-

� �G�B�M�2���`�_�2�;�`�2�b�b�B�Q�M�, �`�2�;�`�2�b�D�� �H�B�M�B�Q�r�� �T�`�¦�#�m�D�2 �x�M���H�2�†�É �x�2�b�i���r �r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�r �U�T���`���@

�K�2�i�`�¦�r �K�Q�/�2�H�m�V�- �F�i�¦�`�2 �M���D�H�2�T�B�2�D �Q�T�B�b�m�D�² �x���H�2�Š�M�Q���É �H�B�M�B�Q�r�² �T�Q�K�B� �/�x�v �+�2�+�?���K�B �M���T�`� �@

�Š�2�M�B�Q�r�v�K�B �� �x�K�B�2�M�M�² �/�Q�+�2�H�Q�r�² �@ �i�2�M�b�Q�`�2�K �M���T�`� �Š�2�M�B�� �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �A �`�Q�/�x���D�m�X

�S���`���K�2�i�`�v �i�2 �b�² �b�x���+�Q�r���M�2 �K�2�i�Q�/�² �M���D�K�M�B�2�D�b�x�v�+�? �F�r���/�`���i�¦�r�- �K�B�M�B�K���H�B�x�m�D�²�+ �b�m�K� 

�F�r���/�`���i�¦�r �`�¦�Š�M�B�+ �T�Q�K�B� �/�x�v �T�`�x�2�r�B�/�v�r���M�B���K�B �K�Q�/�2�H�m �� �`�x�2�+�x�v�r�B�b�i�v�K�B �r���`�i�Q���+�B���K�B

�x�K�B�2�M�M�2�D �/�Q�+�2�H�Q�r�2�D�X

�E�Q�/ �K�Q�/�m�ˆ�¦�r �T�`�x�2�F�b�x�i���ˆ�+�2�– �/���M�v�+�? �/�Q�b�i� �T�M�v �D�2�b�i �r �x���ˆ�²�+�x�M�B�F�m�j�X

�R�y�d



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�E�Q�M�b�i�`�m�F�+�D�� �K���+�B�2�`�x�v �+�2�+�? �M���T�`� �Š�2�M�B�Q�r�v�+�? �T�`�x�v �m�Š�v�+�B�m �i�`���M�b�7�Q�`�K�2�`��

�.�2�b�B�;�M�J���i�`�B�t�h�`���M�b�7�Q�`�K�2�`

�q �x���/���M�B���+�? �T�`�x�2�/�b�i���r�B�Q�M�v�+�? �r �M�B�M�B�2�D�b�x�v�K �`�Q�x�/�x�B���H�2 �F�H�m�+�x�Q�r�v�K �2�H�2�K�2�M�i�2�K �D�2�b�i

�i�r�Q�`�x�2�M�B�2 �K���+�B�2�`�x�v �+�2�+�? �M���T�`� �Š�2�M�B�Q�r�v�+�? �U�/�2�b�B�;�M �K���i�`�B�t�V�- �F�i�¦�`�� �T�Q�x�r�Q�H�B �M�� �x���b�i�Q�b�Q�r���@

�M�B�2 �Q�/�T�Q�r�B�2�/�M�B�+�? �K�2�i�Q�/ �2�b�i�v�K���+�D�B �T���`���K�2�i�`�¦�r �r �K�Q�/�2�H�m �K���i�2�`�B���ˆ�Q�r�v�K�X �J���+�B�2�`�x �+�2�+�?

�M���T�`� �Š�2�M�B�Q�r�v�+�? �D�2�b�i �r�2�D���+�B�2�K �/�Q �r�b�x�v�b�i�F�B�+�? �K�Q�/�2�H�B �H�B�M�B�Q�r�2�D �`�2�;�`�2�b�D�B �Q�T�B�b���M�v�+�? �r �i�v�K

�`�Q�x�/�x�B���H�2�X �E�H���b�� �i�� �F�Q�`�x�v�b�i�� �x �r�B�2�H�Q�K�B���M�Q�r�v�+�? �`�Q�x�r�B�M�B� �É �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B

�b�T�`� �Š�v�b�i�Q���+�B �r �/�x�B�2�/�x�B�M�B�2 �M�B�2�x�K�B�2�M�M�B�F�¦�r �/�2�7�Q�`�K���+�D�B �Q�`���x �Q�#�H�B�+�x�� �T�Q�+�?�Q�/�M�2 �+�x�²�b�i�F�Q�r�2 �i�2�D

�7�m�M�F�+�D�B �r�x�;�H� �/�2�K �M�B�+�?�X

�E�Q�M�b�i�`�m�F�i�Q�` �i�2�D �F�H���b�v �T�`�x�v�D�K�m�D�2 �/�r�� �F�H�m�+�x�Q�r�2 �2�H�2�K�2�M�i�v�,

� �/�2�;�`�2�2�� �b�i�Q�T�B�2�– �r�v�`���Š�2�– ���H�;�2�#�`���B�+�x�M�v�+�?�- �x�� �T�Q�K�Q�+�² �F�i�¦�`�v�+�? �;�2�M�2�`�Q�r���M�� �#� �/�x�B�2

�7�m�M�F�+�D�� �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B�-

� �K�Q�/�2�H�n�}�i�� �r���`�B���M�i �Q�#�H�B�+�x�2�– �K���+�B�2�`�x�v �+�2�+�? �M���T�`� �Š�2�M�B�Q�r�v�+�?�X �.�Q�T�m�b�x�+�x���H�M�v�K�B �r���`�@

�i�Q���+�B���K�B �b�²�,

�� �b�B�K�T�H�B�}�2�/�� �m�T�`�Q�b�x�+�x�Q�M�v �K�Q�/�2�H �/�Q�T���b�Q�r�m�D�2 �b�B� �/�Q �T�B�2�`�r�b�x�2�D �b�F�ˆ���/�Q�r�2�D �i�2�M�b�Q�`��

�M���T�`� �Š�2�–S11�-

�� �7�m�H�H�� �r �i�v�K �T�`�x�v�T���/�F�m �K�Q�/�2�H �/�Q�T���b�Q�r�m�D�2 �b�B� �/�Q �r�b�x�v�b�i�F�B�+�? �b�F�ˆ���/�Q�r�v�+�? �i�2�M�b�Q�`��

�M���T�`� �Š�2�M�B��S�X

�J�2�i�Q�/���7�B�i�B�M�B�+�D�m�D�2 �F�Q�M�}�;�m�`���+�D� �;�2�M�2�`���i�Q�`�� �+�2�+�? �r�B�2�H�Q�K�B���M�Q�r�v�+�? �M�� �T�Q�/�b�i���r�B�2 �/���M�v�+�?

�r�2�D���+�B�Q�r�v�+�?�- �r�v�F�Q�`�x�v�b�i�m�D�²�+ �M�B�2�x�K�B�2�M�M�B�F�BI 1; I 2; J �T�`�x�2�F���x���M�2 �r �T�Q�H�m�s�(�^�B�M�p�^�)�X

�:�ˆ�¦�r�M�v�K�B �F�`�Q�F���K�B �i�2�D �K�2�i�Q�/�v �b�²�,

�R�X�i�r�Q�`�x�2�M�B�2 �7�m�M�F�+�D�B �#���x�Q�r�v�+�?' � �- �;�/�x�B�2� = 1; : : : ; Ncech�- �r �x���H�2�Š�M�Q���+�B �Q�/ �r�v�#�`���M�2�;�Q

�`�Q�x�r�B�M�B� �+�B�� �r�; �T�Q�/�b�2�F�+�D�B�e�X�j�X �S�`�x�v�F�ˆ���/�Q�r�v �r�v�/�`�m�F �x �F�H���b�v �;�2�M�2�`�m�D�²�+�2�D �7�m�M�F�+�D�2 �#���x�Q�r�2

�U�6�2���i�m�`�2�:�2�M�2�`���i�Q�`�V �x�Q�b�i���ˆ �x���K�B�2�b�x�+�x�Q�M�v �r �x���ˆ�²�+�x�M�B�F�m�9�X

�k�X�/�H�� �F���Š�/�2�;�Q �r�v�`���Š�2�M�B��' � �Q�#�H�B�+�x�2�M�B�2 �T�Q�+�?�Q�/�M�v�+�? �+�x�²�b�i�F�Q�r�v�+�? �r�x�;�H� �/�2�K �F�Q�H�2�D�M�v�+�?

�M�B�2�x�K�B�2�M�M�B�F�¦�r�,
@'�
@I1

;
@'�
@I2

;
@'�
@J

�U�e�X�3�V

�B �T�`�x�2�F�b�x�i���ˆ�+���M�B�2 �B�+�? �r �7�m�M�F�+�D�2 �M�m�K�2�`�v�+�x�M�2�X

�.�x�B� �F�B �i���F�B�2�K�m �T�Q�/�2�D���+�B�m �T�Q�/�+�x���b �/���H�b�x�2�;�Q �T�`�x�2�i�r���`�x���M�B���- �r �K�2�i�Q�/�x�B�2�i�`���M�b�7�Q�`�K�-

�K�Q�Š�H�B�r�2 �D�2�b�i �b�x�v�#�F�B�2 �Q�#�H�B�+�x���M�B�2 �r���`�i�Q���+�B �7�m�M�F�+�D�B' � �B �B�+�? �T�Q�+�?�Q�/�M�v�+�? �/�H�� �/�Q�r�Q�H�M�2�;�Q

�x�2�b�i���r�m �r���`�i�Q���+�B(I 1; I 2; J )�X �:�ˆ�¦�r�M�v�K�B �F�`�Q�F���K�B �K�2�i�Q�/�v�i�`���M�b�7�Q�`�K�b�²�,

�R�y�3



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�R�X�M�� �T�Q�/�b�i���r�B�2 �r�+�x�2���M�B�2�D �x�/�2�}�M�B�Q�r���M�v�+�? �7�m�M�F�+�D�B �M�m�K�2�`�v�+�x�M�v�+�?�- �/�H�� �F���Š�/�2�;�Q �F�`�Q�F�m

�Q�#�+�B�²�Š�2�M�B��n �Q�#�H�B�+�x���M�2 �b�² �r���`�i�Q���+�B �T�Q�+�?�Q�/�M�v�+�?�,

@'�
@�I 1

�
�
�
�
�

(n)

;
@'�
@�I 2

�
�
�
�
�

(n)

;
@'�
@J

�
�
�
�
�

(n)

: �U�e�X�N�V

�k�X�F�Q�M�b�i�`�m�F�+�D�� �K���+�B�2�`�x�v �+�2�+�? �M���T�`� �Š�2�M�B�Q�r�v�+�? �� �M�� �T�Q�/�b�i���r�B�2 �Q�#�H�B�+�x�Q�M�v�+�? �r���`�i�Q���+�B

�T�Q�+�?�Q�/�M�v�+�? �K�2�i�Q�/���i�`���M�b�7�Q�`�K�r�v�x�M���+�x�� �i�2�M�b�Q�` �+�2�+�? �r �K�B�2�`�x�2 �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �A�A

�`�Q�/�x���D�m �U�T�Q�`�X �x���ˆ�X�k�V�,

T (n)
� = 2

2

4

0

@@'�
@�I 1

�
�
�
�
�

(n)

+ �I (n)
1

@'�
@�I 2

�
�
�
�
�

(n)
1

A I �
@'�
@�I 2

�
�
�
�
�

(n)

C (n) +
J (n)

2
@'�
@J

�
�
�
�
�

(n) �
C (n)

� � 1

3

5 ; �U�e�X�R�y�V

�;�/�x�B�2I �D�2�b�i �K���+�B�2�`�x�² �D�2�/�M�Q�b�i�F�Q�r�²3 � 3�- ��
�
C (n)

� � 1
�Q�x�M���+�x�� �K���+�B�2�`�x �Q�/�r�`�Q�i�M�² �/�Q

C (n) �X �.���M�2 �/�Q���r�B���/�+�x���H�M�2 �r�v�`���Š�Q�M�2 �b�² �r �K�B�2�`�x�2 �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �A �`�Q�/�x���D�m�- �i�2�M�b�Q�`

�i�2�M �D�2�b�i �M���b�i� �T�M�B�2 �Q�/�r�x�Q�`�Q�r�v�r���M�v �M�� �Q�/�T�Q�r�B�2�/�M�B�² �K�B���`� �,

S(n)
� = F (n) T (n)

� : �U�e�X�R�R�V

�q�B�2�`�b�x�2 �r�v�M�B�F�Q�r�2�D �K���+�B�2�`�x�v �+�2�+�? �M���T�`� �Š�2�M�B�Q�r�v�+�? �Q�/�T�Q�r�B���/���D�² �F�Q�H�2�D�M�v�K �F�`�Q�F�Q�K

�Q�#�+�B�²�Š�2�M�B��n�- �� �F�Q�H�m�K�M�v �� �i�2�M�b�Q�`�Q�KT (n)
� �/�H�� �F�Q�H�2�D�M�v�+�? �7�m�M�F�+�D�B �#���x�Q�r�v�+�?' � �- �F�i�¦�`�2

�r �B�K�T�H�2�K�2�M�i���+�D�B �T�`�x�v�D�K�m�D�² �b�T�ˆ���b�x�+�x�Q�M�² �`�2�T�`�2�x�2�M�i���+�D� �K���+�B�2�`�x�Q�r�²�X

�l�r���;���, �r�x�¦� �̀U�e�X�R�y�V�x�Q�b�i���ˆ �T�`�x�2�/�b�i���r�B�Q�M�v �/�H�� �Q�;�¦�H�M�2�;�Q �T�`�x�v�T���/�F�m �K���i�2�`�B���ˆ�m

���+�B���H�B�r�2�;�Q �B �M���H�2�Š�v �;�Q �/�Q�T���b�Q�r���É �/�Q �T�`�x�v�D� �i�Q �K�Q�/�2�H�m �K���i�2�`�B���ˆ�Q�r�2�;�Q �x�;�Q�/�M�B�2

�x �x���ˆ�X�k�X

�l�Š�v�+�B�2 �i�`���M�b�7�Q�`�K�2�`�� �x�r�`���+���D�²�+�2�;�Q �M���T�`� �Š�2�M�B�Q�r�² �K���+�B�2�`�x �+�2�+�? �T�Q�x�r���H�� �M���K �B�M�i�2�`�T�`�2�i�Q�r���É

�r�b�T�¦�ˆ�+�x�v�M�M�B�F�B �b�i�Q�D�²�+�2 �T�`�x�v �+�2�+�?���+�? �D���F�Q �T���`���K�2�i�`�v �U�r���;�B�V �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B

�b�T�`� �Š�v�b�i�Q���+�B�X �S�Q�M���/�i�Q �m�K�Q�Š�H�B�r�B�� �x�/�2�}�M�B�Q�r���M�B�2 �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �x��

�T�Q�K�Q�+�² �/�Q�r�Q�H�M�v�+�? �7�m�M�F�+�D�B �r �/�x�B�2�/�x�B�M�B�2 �M�B�2�x�K�B�2�M�M�B�F�¦�r �/�2�7�Q�`�K���+�D�B�X �q �+�2�H�m �`�Q�x�D�����M�B�2�M�B��

�/�x�B���ˆ���M�B���.�2�b�B�;�M�J���i�`�B�t�h�`���M�b�7�Q�`�K�2�`�r �x���ˆ�²�+�x�M�B�F�m�j �x���K�B�2�b�x�+�x�Q�M�Q �F�Q�/ �†�`�¦�/�ˆ�Q�r�v �i�2�D �F�H���b�v�-

�� �r �x���ˆ�²�+�x�M�B�F�m�8�T�`�x�2�T�`�Q�r���/�x�Q�M�Q �b�i�m�/�B�m�K �T�`�x�v�T���/�F�m �/�H�� �T�`�¦�#�v �D�2�/�M�Q�Q�b�B�Q�r�2�D �B �x���ˆ�Q�Š�2�M�B��

�M�B�2���+�B���H�B�r�Q���+�B �K���i�2�`�B���ˆ�m �Q�T�B�b���M�2�;�Q �M�� �#���x�B�2 �r�B�2�H�Q�K�B���M�¦�r �+�Q �M���D�r�v�Š�2�D �b�i�Q�T�M�B�� �/�`�m�;�B�2�;�Q�X

�R�y�N



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�e�X�9�X�R�X �G�B�M�B�Q�r�� �`�2�;�`�2�b�D�� �x �m�Š�v�+�B�2�K �K���+�B�2�`�x�v �+�2�+�? �M���T�`� �Š�2�M�B�Q�r�v�+�? �/�H�� �K�Q�/�2�H�B

�x���B�K�T�H�2�K�2�M�i�Q�r���M�v�+�? �r �b�v�b�i�2�K�B�2 ���"���Z�l�a

�q �M�B�M�B�2�D�b�x�2�D �b�2�F�+�D�B �b�T�`���r�/�x�Q�M�Q �/�x�B���ˆ���M�B�2 �T�`�x�v�;�Q�i�Q�r���M�2�;�Q �T�Q�i�Q�F�m �Q�#�H�B�+�x�2�M�B�Q�r�2�;�Q �U�Q�T�B�@

�b���M�2�;�Q �r �b�2�F�+�D�B�e�X�9�V�X �q �i�v�K �+�2�H�m �r�v�x�M���+�x�Q�M�Q �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B �r�B�2�H�Q�K�B���M�¦�r �7�m�M�F�+�D�B �C�1�a �/�H��

�K�Q�/�2�H�B �/�Q�b�i� �T�M�v�+�? �r �T���F�B�2�+�B�2 ���"���Z�l�a �(�3�y�) �U�x�Q�#�X �i���#�X�e�X�k�V�,

� �L�2�Q���>�Q�Q�F�2�-

� �u�2�Q�?�-

� �m�Q�;�¦�H�M�B�Q�M�2�;�Q �J�Q�Q�M�2�v�����_�B�p�H�B�M�� �Un = 2�V�-

� �"�B�/�2�`�K���M���X

�S���`���K�2�i�`�v �B�/�2�M�i�v�}�F�Q�r���M�Q �D�2�/�M�Q�+�x�2���M�B�2 �M�� �/���M�v�+�? �x �D�2�/�M�Q�Q�b�B�Q�r�2�;�Q �`�Q�x�+�B�²�;���M�B���- �/�r�m�Q�b�B�Q�@

�r�2�;�Q �`�Q�x�+�B�²�;���M�B�� �Q�`���x �+�x�v�b�i�2�;�Q ���+�B�M���M�B���X �q �M�B�M�B�2�D�b�x�v�K �T�`�x�v�F�ˆ���/�x�B�2 �T�`�x�v�D� �i�Qnp = 40

�T�m�M�F�i�¦�r �B�M�i�2�`�T�Q�H���+�D�B �/�H�� �F���Š�/�2�;�Q �T�`�x�v�T���/�F�m �/�2�7�Q�`�K���+�D�B�X �q�v�x�M���+�x�Q�M�2 �r���`�i�Q���+�B �x�2�b�i���r�B�Q�M�Q

�r �i���#�2�H�B�e�X�j�- �r �F�i�¦�`�2�D �T�Q�b�x�+�x�2�;�¦�H�M�v�K �F�Q�M�}�;�m�`���+�D�Q�K �K�Q�/�2�H�B �T�`�x�v�T�B�b���M�Q �Q�x�M���+�x�2�M�B�� �r�2�`�b�D�B

�x�;�Q�/�M�B�2 �x �F�Q�M�r�2�M�+�D�² �Q�T�B�b���M�² �r �`�Q�x�/�x�B���H�2�j�X�9�X�e�X

�R�R�y



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�h���#�2�H�� �e�X�j�X�S���`���K�2�i�`�v �K�Q�/�2�H�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �r�v�x�M���+�x�Q�M�2 �K�2�i�Q�/�² �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �M�� �/���M�v�+�?
�h�`�2�H�Q���`�� �(�j�j�)�X �.�H�� �T�Q�`�¦�r�M���M�B�� �T�Q�/���M�Q �T���`���K�2�i�`�v �K�Q�/�2�H�m �u�2�Q�?�� �r�; �J�2�H�H�v�ö�2�;�Q �(�R�k�k�)

�q�2�`�b�D�� �J�Q�/�2�H �S���`���K�2�i�`�v �(�J�S���)

�p�R�X�y�X�y�X�R �L�2�Q���>�Q�Q�F�2C10 = 0:2212

�p�R�X�y�X�y�X�k �u�2�Q�? C10 = 0:1791

C20 = � 1:000� 10� 3

C30 = 3:472� 10� 5

�p�R�X�y�X�y�X�k�@�K�2�H�H�v �u�2�Q�? �U�J�2�H�H�v �(�R�k�k�)�V C10 = 0:1649

C20 = � 9:556� 10� 4

C30 = 3:376� 10� 5

�p�R�X�y�X�y�X�j �J�Q�Q�M�2�v���_�B�p�H�B�M �Un = 2�V C10 = 0:0972

C01 = 0:0282

C20 = 2:411� 10� 3

C11 = � 1:316� 10� 3

C02 = 6:050� 10� 5

�p�R�X�y�X�y�X�9 �"�B�/�2�`�K���M C10 = 0:1842

C01 = 3:706� 10� 3

C20 = � 1:825� 10� 3

C30 = 4:467� 10� 5

�w���T�`�Q�T�Q�M�Q�r���M�2 �`�Q�x�r�B�²�x���M�B�2 �x�Q�b�i���ˆ�Q �x�r�2�`�v�}�F�Q�r���M�2 �M�� �T���`���K�2�i�`���+�? �K�Q�/�2�H�m �u�2�Q�?��

�r�v�x�M���+�x�Q�M�2�;�Q �M�� �T�Q�/�b�i���r�B�2 �i�2�b�i�m �D�2�/�M�Q�Q�b�B�Q�r�2�;�Q �`�Q�x�+�B�²�;���M�B�� �T�`�x�2�x �J�2�H�H�v�ö�2�;�Q �r �T�`���+�v �(�R�k�k�)�X

�q�b�T�¦�ˆ�+�x�v�M�M�B�F�B �i�2 �M���/�T�B�b���M�Q �r �r�v�i�`�2�M�Q�r���M�v�K �T�Q�i�Q�F�m �Q�#�H�B�+�x�2�M�B�Q�r�v�K �/�H�� �K�Q�/�2�H�m �u�2�Q�?��

�B �T�Q�`�¦�r�M���M�Q �F�`�x�v�r�2 �M���T�`� �Š�2�M�B�2���r�v�/�ˆ�m�Š�2�M�B�2 �x �(�R�k�k�) �x �i�v�K�B �m�x�v�b�F���M�v�K�B �T�`�x�2�x ���H�;�Q�`�v�i�K�X

�R�R�R



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�U���V�C�2�/�M�Q�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2 �U�#�V�.�r�m�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2

�U�+�V�*�x�v�b�i�2 ���+�B�M���M�B�2

�_�v�b�m�M�2�F �e�X�8�X�q�v�F�`�2�b�vS11 �r�x�;�H� �/�2�K �r�v�/�ˆ�m�Š�2�M�B��� 1�, �T�Q�`�¦�r�M���M�B�2 �K�Q�/�2�H�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B
�r�v�x�M���+�x�Q�M�v�+�? �x���T�`�Q�T�Q�M�Q�r���M�v�K ���H�;�Q�`�v�i�K�2�K �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �M�� �i�H�2 �/���M�v�+�? �2�F�b�T�2�`�v�K�2�M�i���H�M�v�+�?

�L�� �`�v�b�m�M�F�m�e�X�8�K�Q�Š�M�� �x���m�r���Š�v�É�- �Š�2 �K�Q�/�2�H �L�2�Q�@�>�Q�Q�F�2�ö�� �M�B�2 �D�2�b�i �r �b�i���M�B�2 �Q�/�i�r�Q�`�x�v�É

�b�@�F�b�x�i���ˆ�i�M�2�D �F�`�x�v�r�2�D �M���T�`� �Š�2�M�B�2�@�r�v�/�ˆ�m�Š�2�M�B�2�X �S�Q�i�r�B�2�`�/�x�� �i�Q �M�B�b�F�� �r���`�i�Q���É �r�b�T�¦�ˆ�+�x�v�M�M�B�F��

�/�2�i�2�`�K�B�M���+�D�BR2 = 0:794�X �q�b�x�v�b�i�F�B�2 �B�M�M�2 �K�Q�/�2�H�2 �Q�b�B�²�;���D�² �x�M���+�x�M�B�2 �H�2�T�b�x�2 �/�Q�T���b�Q�r���M�B�2

�/�Q �/���M�v�+�?�X �q�v�M�B�F�B �x�M���D�/�m�D�² �b�B� �r �i���#�2�H�B�e�X�9�X �L���D�H�2�T�b�x�v �r�v�M�B�F �m�x�v�b�F���ˆ �K�Q�/�2�H �"�B�/�2�`�K���M��

�xR2 = 0:997 �Q�`���x �J�a�1= 0:008 �(�J�S���7�)�X

�R�R�k



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�h���#�2�H�� �e�X�9�X�J�2�i�`�v�F�B �i�2�b�i�Q�r�2 �K�Q�/�2�H�B �?�B�T�2�`�b�T�`� �Š�v�b�i�v�+�? �r�v�x�M���+�x�Q�M�v�+�? �K�2�i�Q�/�² �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D ��
�m�b�x�2�`�2�;�Q�r���M�2 �Q�/ �M���D�H�2�T�b�x�2�;�Q �/�Q �M���D�;�Q�`�b�x�2�;�Q

�q�2�`�b�D�� �J�Q�/�2�H �_�7�U�i�2�b�i�V �J�a�1�U�i�2�b�i�V �(�J�S���)

�p�R�X�y�X�y�X�9 �"�B�/�2�`�K���M 0:997 0:008

�p�R�X�y�X�y�X�k �u�2�Q�? 0:991 0:023

�p�R�X�y�X�y�X�k�@�K�2�H�H�v �u�2�Q�? �U�J�2�H�H�v�V0:987 0:034

�p�R�X�y�X�y�X�j �J�Q�Q�M�2�v���_�B�p�H�B�M �Un = 2�V 0:978 0:055

�p�R�X�y�X�y�X�R �L�2�Q���>�Q�Q�F�2 0:794 0:514

�q�v�F�`�2�b �r���`�b�i�r�B�+�Q�r�v �;� �b�i�Q���+�B �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�BW(�� 1; �� 2) �r �T�`�x�2�b�i�`�x�2�M�B �;�ˆ�¦�r�M�v�+�?

�r�v�/�ˆ�m�Š�2�– �T�Q�x�r���H�� �M�� �r�B�x�m���H�M�² �r�2�`�v�}�F���+�D� �r�v�T�m�F�ˆ�Q���+�B �7�m�M�F�+�D�B �2�M�2�`�;�B�B �r �T�`�x�v�T���/�F�m �S�a�P�X

�S�`���r�B�/�ˆ�Q�r�v �F�b�x�i���ˆ�i �F�Q�M�i�m�`�¦�r�- �x���K�F�M�B� �i�2�- �r�v�T�m�F�ˆ�2 �T�Q�x�B�Q�K�B�+�2 �K�Q�M�Q�i�Q�M�B�+�x�M�B�2 �`�Q�b�M�²�+�2 �r�`���x

�x �Q�/�/���H���M�B�2�K �b�B� �Q�/ �b�i���M�m �M�B�2�Q�/�F�b�x�i���ˆ�+�Q�M�2�;�Q(�� 1; �� 2) = (1 ; 1)�- �D�2�b�i �r���`�m�M�F�B�2�K �F�Q�M�B�2�+�x�M�v�K

�T�Q�H�B�r�v�F�ˆ�Q���+�B�X �L�� �`�v�b�m�M�F���+�?�e�X�e���� �e�X�e�/�T�`�x�2�/�b�i���r�B�Q�M�Q �r�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2 �/�H�� �K�Q�/�2�H�m

�J�Q�Q�M�2�v�@�_�B�p�H�B�M�� �Un = 2�- �p�R�X�y�X�y�X�j�V �Q�`���x �K�Q�/�2�H�m �"�B�/�2�`�K���M�� �U�p�R�X�y�X�y�X�9�V �r �/�r�¦�+�? �x���F�`�2�b���+�?

�Q�/�F�b�x�i���ˆ�+�2�–�X

�R�R�j



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�U���V�J�Q�Q�M�2�v���_�B�p�H�B�M �Un = 2 �V�- �K���ˆ�v �x���F�`�2�b �U�#�V�J�Q�Q�M�2�v���_�B�p�H�B�M �Un = 2 �V�- �/�m�Š�v �x���F�`�2�b

�U�+�V�"�B�/�2�`�K���M�- �K���ˆ�v �x���F�`�2�b �U�/�V�"�B�/�2�`�K���M�- �/�m�Š�v �x���F�`�2�b

�_�v�b�m�M�2�F �e�X�e�X�q�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2 �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�BW (�� 1; �� 2) �r �T�`�x�v�@
�T���/�F�m �/�2�7�Q�`�K���+�D�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D �/�H�� �K�Q�/�2�H�m �J�Q�Q�M�2�v���_�B�p�H�B�M�� �Un = 2 �- �p�R�X�y�X�y�X�j�V �Q�`���x �K�Q�/�2�H�m
�"�B�/�2�`�K���M�� �U�p�R�X�y�X�y�X�9�V�X �L�B�2�#�B�2�b�F�B�K�B �H�B�M�B���K�B �x���x�M���+�x�Q�M�Q �F�`�x�v�r�2 �Q�/�T�Q�r�B���/���D�²�+�2 �T�Q�/�b�i���r�Q�r�v�K
�i�2�b�i�Q�K �/�Q���r�B���/�+�x���H�M�v�K�, �D�2�/�M�Q�Q�b�B�Q�r�2�K�m �`�Q�x�+�B�²�;���M�B�m�- �/�r�m�Q�b�B�Q�r�2�K�m �`�Q�x�+�B�²�;���M�B�m �Q�`���x �+�x�v�b�i�2�K�m
���+�B�M���M�B�m�- �� �H�B�M�B�² �T�`�x�2�`�v�r���M�² �� �T�`�x�2�F�²�i�M�²�� 1 = �� 2�X

�q �T�`�x�v�T���/�F�m �K�Q�/�2�H�m �J�Q�Q�M�2�v�@�_�B�p�H�B�M�� �Un = 2�V �r�v�b�i� �T�m�D�² �r�v�`���†�M�2 �M���`�m�b�x�2�M�B�� �r�v�T�m�F�ˆ�Q�@

���+�B�X �E�Q�M�i�m�`�v �K���D�² �F�b�x�i���ˆ�i�v �r�F�H� �b�ˆ�2 �B �T�Q�D���r�B���D�² �b�B� �b���K�Q�T�`�x�2�+�B� �+�B�� �H�B�M�B�B �T�Q�x�B�Q�K�B�+�Q�r�v�+�?�- �+�Q

�b�x�+�x�2�;�¦�H�M�B�2 �K�Q�Š�M�� �x���Q�#�b�2�`�r�Q�r���É �T�`�x�v �b�x�2�`�b�x�v�K �x���F�`�2�b�B�2 �r�v�/�ˆ�m�Š�2�– �U�`�v�b�X�e�X�e�#�V�X �w���+�?�Q�r���M�B�2

�i�Q �r�v�M�B�F�� �x �Q�#�2�+�M�Q���+�B �+�x�ˆ�Q�M�m( �I 1 � 3)( �I 2 � 3) �r �7�m�M�F�+�D�B �2�M�2�`�;�B�B�X �A�H�Q�+�x�v�M �/�r�¦�+�? �r�v�`���Š�2�–�-

�x �F�i�¦�`�v�+�? �F���Š�/�2 �Q�b�Q�#�M�Q �D�2�b�i �r�v�T�m�F�ˆ�2�- �M�B�2 �K�m�b�B �#�v�É �r�v�T�m�F�ˆ�v �r �+���ˆ�2�D �/�x�B�2�/�x�B�M�B�2�X �h�Q �r�b�F���x�m�D�2

�R�R�9



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�M�� �M���`�m�b�x�2�M�B�2 �r���`�m�M�F�m �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B �B �/�v�b�F�r���H�B�}�F�m�D�2 �K�Q�/�2�H �x �x���b�i�Q�b�Q�r���– �r�v�K���;���D�²�+�v�+�?

�b�i���#�B�H�M�Q���+�B �M�m�K�2�`�v�+�x�M�2�D �T�`�x�v �/�m�Š�v�+�? �/�2�7�Q�`�K���+�D���+�?�X �S�Q�x�Q�b�i���ˆ�2 �`�Q�x�r���Š���M�2 �K�Q�/�2�H�2 �K�B���ˆ�v

�T�Q�T�`���r�M�v �F�b�x�i���ˆ�i �F�Q�M�i�m�`�¦�r�- �� �D���F�Q �T�`�x�v�F�ˆ���/ �T�Q�T�`���r�M�2�;�Q �x���+�?�Q�r���M�B�� �T�`�x�2�/�b�i���r�B�Q�M�Q �K�Q�/�2�H

�"�B�/�2�`�K���M�� �U�`�v�b�X�e�X�e�+���e�X�e�/�V�X

�e�X�9�X�k�X �_�2�;�m�H���`�v�x���+�D�� �B �B�/�2�M�i�v�}�F���+�D�� �B�b�i�Q�i�M�v�+�? �b�F�ˆ���/�M�B�F�¦�r �C�1�a

�.�Q�i�v�+�?�+�x���b �b�i�Q�T�B�2�– �r�B�2�H�Q�K�B���M�m �7�m�M�F�+�D�B �C�1�a �#�v�ˆ �/�Q�#�B�2�`���M�v�� �T�`�B�Q�`�B�M�� �T�Q�/�b�i���r�B�2

�T�`�x�v�D� �i�2�D �T�Q�b�i���+�B �K�Q�/�2�H�m �K���i�2�`�B���ˆ�Q�r�2�;�Q�X �h���F�B�2 �T�Q�/�2�D���+�B�2 �r�v�K���;�� �Q�/ �M���b �r�+�x�2���M�B�2�D�b�x�2�;�Q

�x���ˆ�Q�Š�2�M�B���- �F�i�¦�`�2 �+�x�ˆ�Q�M�v �7�m�M�F�+�D�B �C�1�a �b�² �`�x�2�+�x�v�r�B���+�B�2 �}�x�v�+�x�M�B�2 �B�b�i�Q�i�M�2�X �A�M�M�² �K�Q�Š�H�B�r�Q���+�B�² �D�2�b�i

�T�`�x�v�D� �+�B�2 �r�B�2�H�Q�K�B���M�m �Q �/�Q���É �/�m�Š�v�K �b�i�Q�T�M�B�mn �B �T�Q�b�i���r�B�É �x���/���M�B�2 �r�v�x�2�`�Q�r���M�B�� �M�B�2�B�b�i�Q�i�M�v�+�?

�r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�r�X �A�M�M�v�K�B �b�ˆ�Q�r�v �x���K�B���b�i �T�Q�/�2�D�K�Q�r���É �/�2�+�v�x�D� �- �D���F�B�2�;�Q �b�i�Q�T�M�B�� �r�B�2�H�Q�K�B���M

�r�v�#�`���É�- �K�Q�Š�2�K�v �Q�/�T�Q�r�B�2�/�x�B�2�É �M�� �T�v�i���M�B�2�ò�F�i�¦� �̀2 �+�x�ˆ�Q�M�v �r�B�2�H�Q�K�B���M�m �Q �b�i�Q�T�M�B�mn �b�²

�`�x�2�+�x�v�r�B���+�B�2 �T�Q�i�`�x�2�#�M�2�\�ô

�q �i�v�K �+�2�H�m �M���H�2�Š�v �/�Q�/���É �/�Q ���H�;�Q�`�v�i�K�m �x�r�v�F�ˆ�2�D �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �+�x�ˆ�Q�M �`�2�;�m�H���`�v�x�m�D�²�+�v�-

�i�x�M�X �T�2�M���H�B�x�m�D�²�+�v ���H�;�Q�`�v�i�K �x�� �T�`�x�v�D� �+�B�2 �M���/�K�B�2�`�M�2�D �H�B�+�x�#�v �T���`���K�2�i�`�¦�r�X �q �m�+�x�2�M�B�m �K���@

�b�x�v�M�Q�r�v�K �`�2�;�m�H���`�v�x���+�D� �b�i�Q�b�m�D�2 �b�B� �T�`�x�2�/�2 �r�b�x�v�b�i�F�B�K �r �+�2�H�m �x���T�Q�#�B�2�;���M�B�� �T�`�x�2�m�+�x�2�M�B�m

�U���M�;�X�Q�p�2�`�}�i�i�B�M�;�V�X �J�Q�/�2�H �Q �x�#�v�i �/�m�Š�2�D �H�B�+�x�#�B�2 �T���`���K�2�i�`�¦�r �/�Q�T���b�Q�r�m�D�2 �b�B� �x�#�v�i �K�Q�+�M�Q

�/�Q �b�x�m�K�m �r �/���M�v�+�? �i�`�2�M�B�M�;�Q�r�v�+�? �B �i�`���+�B �x�/�Q�H�M�Q���É �;�2�M�2�`���H�B�x���+�D�B�X �.�r�Q�K�� �T�Q�r�b�x�2�+�?�M�B�2

�m�Š�v�r���M�v�K�B �K�2�i�Q�/���K�B �`�2�;�m�H���`�v�x���+�D�B �b�² �`�2�;�`�2�b�D�� �;�`�x�#�B�2�i�Q�r�� �U���M�;�X�_�B�/�;�2�- �F���`��L2�V�,

L2(w) =





 y � X w








2

2
+ � kwk2

2 ; �U�e�X�R�k�V

�Q�`���x �`�2�;�`�2�b�D�� �G���b�b�Q �U���M�;�X�G�2���b�i ���#�b�Q�H�m�i�2 �a�?�`�B�M�F���;�2 ���M�/ �a�2�H�2�+�i�B�Q�M �P�T�2� �̀��i�Q�`�- �F���`��L1�V�,

L1(w) =
1

2np






 y � X w








2

2
+ � kwk1 ; �U�e�X�R�j�V

�;�/�x�B�2� > 0 �D�2�b�i �T���`���K�2�i�`�2�K �`�2�;�m�H���`�v�x���+�D�B �F�Q�M�i�`�Q�H�m�D�²�+�v�K �b�B�ˆ� �F���`�v�X �q�x�Q�`�v�U�e�X�R�k�V���U�e�X�R�j�V

�x�Q�b�i���ˆ�v �T�`�x�v�i�Q�+�x�Q�M�2 �x�;�Q�/�M�B�2 �x �F�Q�M�r�2�M�+�D�² �T�`�x�v�D� �i�² �r �/�Q�F�m�K�2�M�i���+�D�B �#�B�#�H�B�Q�i�2�F�B�b�+�B�F�B�i�@�H�2���`�M�X

�*�x�v�M�M�B�F1
2np

�T�`�x�v �+�x�ˆ�Q�M�B�2 �F�r���/�`���i�Q�r�v�K �r �`�¦�r�M���M�B�m�U�e�X�R�j�V�m�T�`���b�x�+�x�� �x���T�B�b �T�Q�+�?�Q�/�M�2�D

�m�Š�v�r���M�2�D �r�2�r�M� �i�`�x�M�B�2 �T�`�x�2�x �G���b�b�Q�X �S�Q�M���/�i�Q �m�M�B�2�x���H�2�Š�M�B�� �Q�T�i�v�K���H�M�² �r���`�i�Q���É� �Q�/ �H�B�+�x�#�v

�T�m�M�F�i�¦�r �T�Q�K�B���`�Q�r�v�+�?np�X �S�Q�`�¦�r�M�m�D�²�+ �r���`�i�Q���+�B� �r �/�r�¦�+�? �K�2�i�Q�/���+�?�- �M���H�2�Š�v �K�B�2�É �M��

�m�r���/�x�2�- �Š�2 �`�2�;�`�2�b�D�� �;�`�x�#�B�2�i�Q�r�� �i�2�;�Q �+�x�v�M�M�B�F�� �M�B�2 �x���r�B�2�`���X

�R�R�8



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�P�#�B�2 �K�2�i�Q�/�v �x�K�M�B�2�D�b�x���D�² �r���`�i�Q���+�B �K���ˆ�Q �B�b�i�Q�i�M�v�+�? �r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�r�- ���H�2 �i�v�H�F�Q �F���`��L1

�T�`�x�v �r�v�b�i���`�+�x���D�²�+�Q �/�m�Š�v�K� �x�2�`�m�D�2 �K���ˆ�Q �B�b�i�Q�i�M�2 �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B�X �h�� �+�2�+�?�� �/�2�+�v�/�m�D�2 �T�`�x�v

�r�v�#�Q�`�x�2 �`�2�;�m�H���`�v�x���+�D�B �G���b�b�Q �r �M�B�M�B�2�D�b�x�2�D �T�`���+�v�����H�;�Q�`�v�i�K �b���K �r�b�F���x�m�D�2�- �F�i�¦�`�2 �+�x�ˆ�Q�M�v �T�`�x�v

( �I 1 � 3)i ( �I 2 � 3)j �b�² �M�B�2�x�#� �/�M�2 �/�Q �x���K�Q�/�2�H�Q�r���M�B�� �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�2�D�- �� �F�i�¦�`�2 �K�Q�;�²

�x�Q�b�i���É �T�Q�K�B�M�B� �i�2�X

�E���`��L1 �M���F�ˆ���/���M�� �D�2�b�i �D�2�/�M���F�Q�r�Q �M�� �r�b�x�v�b�i�F�B�2 �r���;�BCijk �- �r�B� �+ �D�2�D �`�2�H���i�v�r�M�v �r�T�ˆ�v�r

�x���H�2�Š�v �Q�/ �b�F���H�B �F�Q�H�m�K�M �K���+�B�2�`�x�vX �X �w���m�r���Š�K�v�- �Š�2 �M�Q�`�K�� �r �K���+�B�2�`�x�v �M���T�`� �Š�2�M�B�Q�r�2�D

�+�2�+�? �F�Q�H�m�K�M�v( �I 1 � 3)9 �D�2�b�i �F�B�H�F�� �`�x� �/�¦�r �r�B�2�H�F�Q���+�B �r�B� �F�b�x�� �M�B�Š �M�Q�`�K�� �F�Q�H�m�K�M�v( �I 1 � 3)1

�U�D�2�b�i �T�`�Q�T�Q�`�+�D�Q�M���H�M�� �/�Qi �@�i�2�D �T�Q�i� �;�B �r���`�i�Q���+�B �M�B�2�x�K�B�2�M�M�B�F���- �r�B� �+ �`�Q���M�B�2 �r�v�F�ˆ���/�M�B�+�x�Q �r�`���x

�x�2 �x�r�B� �F�b�x���M�B�2�K �b�i�Q�T�M�B�� �r�B�2�H�Q�K�B���M�m�V�X �q �+�2�H�m �x�Q�#�`���x�Q�r���M�B�� �T�`�Q�#�H�2�K�m �T�`�x�v�D�`�x�v�D�K�v �b�B� 

�r�x�Q�`�Q�r�B�U�e�X�R�j�V�B �x���ˆ�¦�Š�K�v�- �Š�2 �M�Q�`�K�� �F�Q�H�m�K�M�v( �I 1 � 3)9 �D�2�b�i109 �`���x�v �r�B� �F�b�x�� �Q�/ �M�Q�`�K�v

�F�Q�H�m�K�M�v( �I 1 � 3)1�X �q �i���F�B�K �T�`�x�v�T���/�F�m109 �K�M�B�2�D�b�x�� �r���;�� �T�`�x�v �r�v�Š�b�x�2�D �T�Q�i� �/�x�29 �/���D�2

�/�Q�F�ˆ���/�M�B�2 �i���F �b���K�Q �/�m�Š�v �r�F�ˆ���/ �r �/�Q�T���b�Q�r���M�B�2 �D���F �r���;�� �T�`�x�v �T�Q�i� �/�x�21�X �G���b�b�Q �/�²�Š�v �/�Q

�m�i�`�x�v�K���M�B�� �D���F�Q���+�B �/�Q�T���b�Q�r���M�B�� �T�`�x�v �M�B�b�F�B�+�? �r���;���+�? �r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�r�- �F�i�¦�`�2 �/���D�² �M�B�b�F�B

�F�Q�b�x�i �`�2�;�m�H���`�v�x���+�D�B�- �+�Q �T�`�x�v �i���F �T�Q�b�i���r�B�Q�M�v�K �x���/���M�B�m �2�H�B�K�B�M�Q�r���ˆ�Q�#�v �r���;�B �T�`�x�v �M�B�b�F�B�+�?

�T�Q�i� �;���+�? �r�v�`���Š�2�– �x �M�B�2�x�K�B�2�M�M�B�F���K�B�- �F�i�¦�`�2 �b�² �}�x�v�+�x�M�B�2 �M���D�B�b�i�Q�i�M�B�2�D�b�x�2�X

�_�Q�x�r�B�²�x���M�B�2�K �D�2�b�i �b�i���M�/���`�v�x���+�D�� �F�Q�H�m�K�M �K���+�B�2�`�x�v �M���T�`� �Š�2�M�B�Q�r�2�D �+�2�+�? �T�`�x�2�/ �r�v�F�Q�M���@

�M�B�2�K �Q�T�i�v�K���H�B�x���+�D�B �T���`���K�2�i�`�¦�r ���H�;�Q�`�v�i�K�2�K �G���b�b�Q�X �w���b�i�Q�b�Q�r���M�Q�a�i���M�/���`�/�a�+���H�2�`�U�r�B�i�?

�n�K�2���M�4�6���H�b�2�V�- �F�i�¦�`�v �/�x�B�2�H�B �F���Š�/�² �F�Q�H�m�K�M� �T�`�x�2�x �D�2�D �Q�/�+�?�v�H�2�M�B�2 �b�i���M�/���`�/�Q�r�2 �r�v�x�M���+�x�Q�M�2

�M�� �x�#�B�Q�`�x�2 �i�`�2�M�B�M�;�Q�r�v�K�,

~X ik =
X ik

�̂ k
; �̂ k =

vu
u
t 1

np

npX

i =1

X 2
ik : �U�e�X�R�9�V

�S���`���K�2�i�`�r�B�i�?�n�K�2���M�4�6���H�b�2�D�2�b�i �F�Q�M�B�2�+�x�M�v�- �;�/�v�Š �Q�/�D� �+�B�2 ���`�2�/�M�B�2�D �M���`�m�b�x�v�ˆ�Q�#�v �r���`�m�M�2�F

W = 0 �Q�`���xS = 0 �r �b�i���M�B�2 �M�B�2�Q�/�F�b�x�i���ˆ�+�Q�M�v�K�X �S�Q �i�`�2�M�B�M�;�m �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B �/�Q �T�B�2�`�r�Q�i�M�2�D

�b�F���H�B �Q�/�i�r���`�x�� �b�B� �T�`�x�2�xCijk = ~Cijk =�̂ ijk �X �q�2�F�i�Q�`�� �M���T�`� �Š�2�–y �M�B�2 �b�F���H�m�D�2 �b�B� �- �;�/�v�Š

�m�x�v�b�F�B�r���M�2 �r�v�M�B�F�B �b�² �x���/�Q�r���H���D�²�+�2 �#�2�x �i�2�;�Q �x���#�B�2�;�m�- �� �`�2�x�v�;�M���+�D�� �x �M�B�2�;�Q �m�T�`���b�x�+�x��

�Q�/�i�r�Q�`�x�2�M�B�2Cijk �X

�_�2�;�`�2�b�D�� �G���b�b�Q �x�2 �b�i���M�/���`�v�x���+�D�² �x�Q�b�i���ˆ�� �r�b�i���r�B�Q�M�� �/�Q �T�Q�i�Q�F�m �Q�#�H�B�+�x�2�M�B�Q�r�2�;�Q �B �x�Q�b�i���ˆ��

�T�`�x�2�i�2�b�i�Q�r���M�� �M�� �M���b�i� �T�m�D�²�+�v�K �r�B�2�H�Q�K�B���M�B�2�,

Ŵ ( �I 1; �I 2) =
9X

k=1

Ck;0;0 ( �I 1 � 3)k +
9X

l=1

C0;l; 0 ( �I 2 � 3)l �U�e�X�R�8�V

�R�R�e



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�S�`�x�2�T�`�Q�r���/�x�Q�M�Q �i�`�x�v �2�F�b�T�2�`�v�K�2�M�i�v �`�¦�Š�M�B�²�+�2 �b�B� �b�T�Q�b�Q�#�2�K �/�Q�#�Q�`�m �T���`���K�2�i�`�m �`�2�;�m�H���`�v�x���+�D�B

� �,

� �p�R�X�y�X�R�X�R ��� = 10� 2�- �/�Q�#�`���M�v �`� �+�x�M�B�2�-

� �p�R�X�y�X�R�X�k ��� = 10� 1�- �/�Q�#�`���M�v �`� �+�x�M�B�2�-

� �p�R�X�y�X�R�X�j ��� �/�Q�#�`���M�v ���m�i�Q�K���i�v�+�x�M�B�2 �K�2�i�Q�/�² �T�B� �+�B�Q�F�`�Q�i�M�2�D �r���H�B�/���+�D�B �F�`�x�v�Š�Q�r�2�D

�U�G���b�b�Q�*�o�- �b�B���i�F�� �R�y�y �r���`�i�Q���+�B�V�X �q�v�#�`���M�� �r���`�i�Q���É�,� = 3:41� 10� 3�X

�P�i�`�x�v�K���M�Q �M���b�i� �T�m�D�²�+�2 �`�2�x�m�H�i���i�v�,

�h���#�2�H�� �e�X�8�X�S���`���K�2�i�`�v �K�Q�/�2�H�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �r�v�x�M���+�x�Q�M�2 �K�2�i�Q�/�² �`�2�;�`�2�b�D�B �G���b�b�Q �M�� �/���M�v�+�?
�h�`�2�H�Q���`�� �(�j�j�)

�q�2�`�b�D�� �J�Q�/�2�H �S���`���K�2�i�`�v �(�J�S���)

�p�R�X�y�X�R�X�R �G���b�b�Q �U� = 10� 2�V C10 = 0:1621

C01 = 3:437� 10� 3

C30 = 3:487� 10� 7

C40 = 2:975� 10� 7

C90 = 5:212� 10� 17 y

�p�R�X�y�X�R�X�k �G���b�b�Q �U� = 10� 1�V C10 = 0:1686

C01 = 1:229� 10� 3

C30 = 1:847� 10� 6

C40 = 2:574� 10� 7

�p�R�X�y�X�R�X�j �G���b�b�Q�*�o �U� = 3:41� 10� 3�V C10 = 0:1598

C01 = 4:296� 10� 3

C03 = � 2:901� 10� 9 y

C30 = 9:969� 10� 7

C40 = 2:965� 10� 7

C90 = 5:194� 10� 17 y

�R�R�d



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�a�v�K�#�Q�H�2�Ky �Q�x�M���+�x�Q�M�Q �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B �T�Q�D���r�B���D�²�+�2 �b�B� �r�x�;�H� �/�2�K �r�2�`�b�D�B �K�Q�/�2�H�m �p�R�X�y�X�R�X�k

�x �M���D�r�B� �F�b�x�² �b�B�ˆ�² �`�2�;�m�H���`�v�x���+�D�B�X �S�Q�M�B�Š�2�D �T�`�x�2�/�b�i���r�B�Q�M�Q �F�`�x�v�r�2 �M���T�`� �Š�2�M�B�2���r�v�/�ˆ�m�Š�2�M�B�2�-

�F�i�¦�`�2 �x�2�b�i���r�B�Q�M�Q �x �/���M�v�K�B �2�F�b�T�2�`�v�K�2�M�i���H�M�v�K�B �B �M���D�H�2�T�b�x�v�K �K�Q�/�2�H�2�K �H�B�M�B�Q�r�2�D �`�2�;�`�2�b�D�B

�x �7�m�M�F�+�D�² �C�1�a �"�B�/�2�`�K���M���X

�U���V�C�2�/�M�Q�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2 �U�#�V�.�r�m�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2

�U�+�V�*�x�v�b�i�2 ���+�B�M���M�B�2

�_�v�b�m�M�2�F �e�X�d�X�q�v�F�`�2�b�vS11 �r�x�;�H� �/�2�K �r�v�/�ˆ�m�Š�2�M�B��� 1�, �T�Q�`�¦�r�M���M�B�2 �K�Q�/�2�H�B �m�x�v�b�F���M�v�+�? �`�2�;�`�2�b�D�²
�G���b�b�Q �x �/���M�v�K�B �2�F�b�T�2�`�v�K�2�M�i���H�M�v�K�B �h�`�2�H�Q���`�� �(�j�j�) �Q�`���x �K�Q�/�2�H�2�K �"�B�/�2�`�K���M�� �r�v�x�M���+�x�Q�M�v�K �`�2�;�`�2�b�D�²
�H�B�M�B�Q�r�² �U�p�R�X�y�X�y�X�9�V

�L�� �`�v�b�m�M�F�m�e�X�d�K�Q�Š�M�� �x���m�r���Š�v�É�- �Š�2 �r�b�x�v�b�i�F�B�2 �i�`�x�v �r�2�`�b�D�2 �K�Q�/�2�H�m �G���b�b�Q �/�Q�#�`�x�2 �Q�/�r�x�Q�`�Q�@

�r�m�D�² �/���M�2 �2�F�b�T�2�`�v�K�2�M�i���H�M�2 �r �x�K�B�2�`�x�Q�M�v�K �x���F�`�2�b�B�2 �r�v�/�ˆ�m�Š�2�–�X �S�Q�M���/�i�Q �K���ˆ�2 �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B

�R�R�3



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�T�`�x�v �r�v�b�Q�F�B�+�? �T�Q�i� �;���+�? �M�B�2�x�K�B�2�M�M�B�F�¦�r�- �F�i�¦�`�2 �K�Q�;�ˆ�v �#�v�É �K�v�H�M�B�2 �x�B�M�i�2�`�T�`�2�i�Q�r���M�2 �D���F�Q

���`�i�2�7���F�i�v �M�m�K�2�`�v�+�x�M�2 �r�v�/���D�² �b�B� �M�B�2 �#�2�x �x�M���+�x�2�M�B�� �}�x�v�+�x�M�2�;�Q�X �L���+�?�v�H�2�M�B�2 �T�`�x�2�r�B�/�v�r���M�v�+�?

�F�`�x�v�r�v�+�? �M�� �;�`���M�B�+�v �x���F�`�2�b�m �/���M�v�+�? �h�`�2�H�Q���`�� �b�m�;�2�`�m�D�²�- �Š�2 �T�Q�T�`���r�B���D�² �Q�M�2 �x���+�?�Q�r���M�B�2

�K�Q�/�2�H�m �r �2�F�b�i�`���T�Q�H���+�D�B�X

�.�H�� �F�Q�K�T�H�2�i�M�Q���+�B �x�2�b�i���r�m �r�v�M�B�F�¦�r �r �i���#�2�H�B�e�X�e�x�2�b�i���r�B�Q�M�Q �K�2�i�`�v�F�B �r�2�`�b�D�B �K�Q�/�2�H�B

�r�v�x�M���+�x�Q�M�v�+�? �K�2�i�Q�/�² �`�2�;�`�2�b�D�B �G���b�b�Q�- �� �M�� �`�v�b�m�M�F�m�e�X�3�T�`�x�2�/�b�i���r�B�Q�M�Q �r�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2

�7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B �/�H�� �K�Q�/�2�H�m �p�R�X�y�X�R�X�j�- �F�i�¦�`�v�+�? �T�`�x�2�#�B�2�;�B �r�v�;�H�²�/���D�²

�T�Q�T�`���r�M�B�2�X

�h���#�2�H�� �e�X�e�X�J�2�i�`�v�F�B �i�2�b�i�Q�r�2 �K�Q�/�2�H�B �?�B�T�2�`�b�T�`� �Š�v�b�i�v�+�? �r�v�x�M���+�x�Q�M�v�+�? �K�2�i�Q�/�² �`�2�;�`�2�b�D�B �G���b�b�Q
�r �T�Q�`�¦�r�M���M�B�m �x �K�Q�/�2�H�2�K �"�B�/�2�`�K���M�� �� �m�b�x�2�`�2�;�Q�r���M�2 �Q�/ �M���D�H�2�T�b�x�2�;�Q �/�Q �M���D�;�Q�`�b�x�2�;�Q

�q�2�`�b�D�� �J�Q�/�2�H �_�7�U�i�2�b�i�V �J�a�1�U�i�2�b�i�V �(�J�S���)

�p�R�X�y�X�R�X�j �G���b�b�Q�*�o �U� = 3:41� 10� 3�V 0:998 0:004

�p�R�X�y�X�R�X�R �G���b�b�Q �U� = 10� 2�V 0:998 0:004

�p�R�X�y�X�y�X�9 �"�B�/�2�`�K���M 0:997 0:008

�p�R�X�y�X�R�X�k �G���b�b�Q �U� = 10� 1�V 0:986 0:035

�U���V�J���ˆ�v �x���F�`�2�b �/�2�7�Q�`�K���+�D �U�#�V�.�m�Š�v �x���F�`�2�b �/�2�7�Q�`�K���+�D�B

�_�v�b�m�M�2�F �e�X�3�X�q�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2 �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�BW (�� 1; �� 2) �r �T�`�x�v�@
�T���/�F�m �/�2�7�Q�`�K���+�D�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D �/�H�� �K�Q�/�2�H�m �G���b�b�Q�*�o �U�p�R�X�y�X�R�X�j�V�X �L�B�2�#�B�2�b�F�B�K�B �H�B�M�B���K�B �x���x�M���+�x�Q�M�Q
�F�`�x�v�r�2 �Q�/�T�Q�r�B���/���D�²�+�2 �T�Q�/�b�i���r�Q�r�v�K �i�2�b�i�Q�K �/�Q���r�B���/�+�x���H�M�v�K�, �D�2�/�M�Q�Q�b�B�Q�r�2�K�m �`�Q�x�+�B�²�;���M�B�m�- �/�r�m�@
�Q�b�B�Q�r�2�K�m �`�Q�x�+�B�²�;���M�B�m �Q�`���x �+�x�v�b�i�2�K�m ���+�B�M���M�B�m�- �� �H�B�M�B�² �T�`�x�2�`�v�r���M�² �� �T�`�x�2�F�²�i�M�²�� 1 = �� 2�X

�R�R�N



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�e�X�9�X�j�X �_�Q�x�b�x�2�`�x�2�M�B�2 �#���x�v �7�m�M�F�+�v�D�M�2�D

�C���F �/�Q�i�²�/ �#���x�� �7�m�M�F�+�v�D�M�� �Q�#�2�D�K�Q�r���ˆ�� �D�2�/�v�M�B�2 �r�v�`���Š�2�M�B��( �I 1 � 3)i ( �I 2 � 3)j �B�M�b�T�B�`�Q�@

�r���M�2 �F�H���b�v�+�x�M�v�K �r�B�2�H�Q�K�B���M�2�K �_�B�p�H�B�M�����a���m�M�/�2�`�b���X �h���F�B�2 �x���ˆ�Q�Š�2�M�B�2 �#���x�v �b�i���M�Q�r�B �T�`�Q�@

�#�H�2�K�- �;�/�v�Š �D���F �T�Q�F���x���M�Q �r �b�2�F�+�D�B�e�X�9�X�R�U�r���`�b�i�r�B�+�2 �K�Q�/�2�H�m �J�Q�Q�M�2�v���_�B�p�H�B�M�� �Un = 2�V�V

�i���F �x�/�2�}�M�B�Q�r���M�� �#���x�� �M�B�2 �;�r���`���M�i�m�D�2 �b�T�2�ˆ�M�B�2�M�B�� �r���`�m�M�F�m �T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B �7�m�M�F�+�D�B �2�M�2�`�;�B�B

�b�T�`� �Š�v�b�i�Q���+�B�X �>���`�i�K���M�M �B �L�2�z �(�R�k�y�) �Q�`���x �C�2�K�B�Q�ˆ�Q �(�d�R�)�- �m�/�Q�r�Q�/�M�B�H�B�- �Š�2 �F�H���b�v�+�x�M�2 �+�x�ˆ�Q�M�v

�K�B�2�b�x���M�2( �I 1 � 3)i ( �I 2 � 3)j �xi; j � 1 �M�B�2 �b�² �T�Q�H�B�r�v�T�m�F�ˆ�2�X �q �`�x�2�+�x�v�r�B�b�i�Q���+�B �M�B�2 �b�² �M���r�2�i

�7�m�M�F�+�D���K�B �r�v�T�m�F�ˆ�v�K�B �A �`�x� �/�m�X �*�Q �r�B� �+�2�D�- �+�x�ˆ�Q�M�v( �I 2 � 3)j �T�Q �K�m�H�i�B�T�H�B�F���i�v�r�M�v�K �`�Q�x�F�ˆ���@

�/�x�B�2 �Q�#�D� �i�Q���+�B�Q�r�Q�@�B�x�Q�+�?�Q�`�v�+�x�M�v�K �i�2�M�b�Q�`�� �;�`���/�B�2�M�i�m �/�2�7�Q�`�K���+�D�B �`�¦�r�M�B�2�Š �M�B�2 �x���T�2�r�M�B���D�²

�T�Q�H�B�r�v�T�m�F�ˆ�Q���+�B �7�m�M�F�+�D�B �C�1�a �x�2 �r�x�;�H� �/�m �M�� �M�B�2�r�ˆ�����+�B�r�v �/�Q�#�¦�` �r�v�F�ˆ���/�M�B�F�¦�r�X

�q �i�2�D �b�2�F�+�D�B �T�Q�b�i���M�Q�r�B�Q�M�Q �`�Q�x�b�x�2�`�x�v�É �#���x� �7�m�M�F�+�v�D�M�² �Q �b�x�+�x�2�;�¦�H�M�v �T�`�x�v�T���/�2�F �T�Q�H�B�r�v�T�m�@

�F�ˆ�v�+�? �+�x�ˆ�Q�M�¦�r �x���T�`�Q�T�Q�M�Q�r���M�v�+�? �T�`�x�2�x �.�2�K�B�`���v�� �(�R�R�j�) �U�T�Q�`�X�8�X�R�V�- �T�Q�T�`���r�B���D�²�+ �D�2�/�M�Q�+�x�2���M�B�2

�r�v�F�ˆ���/�M�B�F�B �b�i�Q�D�²�+�2 �T�`�x�v �/�`�m�;�B�K �M�B�2�x�K�B�2�M�M�B�F�m �/�2�7�Q�`�K���+�D�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D �(�d�R�)�X �S�Q�/�b�m�K�Q�r�m�D�²�+�-

�+�x�ˆ�Q�M�v �+�x� ���+�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D �Q�#�2�D�K�²�,

' (i )
1 ( �I 1) = Ci 0

�
�I 1 � 3

� i
; i = 1; : : : ; N; �U�e�X�R�e�V

' (i )
2 ( �I 2) = ~C0i

�
�I 3=2
2 � 3

p
3

� i
; i = 1; : : : ; N; �U�e�X�R�d�V

' (k)
3 ( �I 1) = � k0

h
exp

�
� k0 ( �I 1 � 3)

�
� 1

i
; k = 1; : : : ; K; �U�e�X�R�3�V

' (k)
4 ( �I 2) = ~� 0k

h
exp

�
� 0k

�
�I 3=2
2 � 3

p
3

��
� 1

i
; k = 1; : : : ; K: �U�e�X�R�N�V

�1�H�2�K�2�M�i�v' (k)
3 �B' (k)

4 �b�² �T�Q�H�B�r�v�T�m�F�ˆ�v�K�B �m�Q�;�¦�H�M�B�2�M�B���K�B �K�Q�/�2�H�m �.�2�K�B�`���v�� �(�R�R�j�)�X �w���b�i�Q�b�Q�@

�r���M�Q �D�2 �/�Q �Q�#�v�/�r�m �M�B�2�x�K�B�2�M�M�B�F�¦�r �B�x�Q�+�?�Q�`�v�+�x�M�v�+�?�X �w���K�B���b�i �`� �+�x�M�B�2 �m�b�i���r�B���É �T���`���K�2�i�`�v

�b�F���H�Q�r���M�B��� (1)
k �B� (2)

k �Q�#�H�B�+�x�� �b�B� �D�2 ���m�i�Q�K���i�v�+�x�M�B�2 �M�� �T�Q�/�b�i���r�B�2 �/���M�v�+�? �i�`�2�M�B�M�;�Q�r�v�+�?�X �.�H��

�F���Š�/�2�;�Q �M�B�2�x�K�B�2�M�M�B�F�� �Q�F�`�2���H�� �b�B� �M���D�T�B�2�`�r �K���F�b�v�K���H�M�v �x���F�`�2�b ���`�;�m�K�2�M�i�¦�r �r�v�F�ˆ���/�M�B�+�x�v�+�?�,

A10 = max
�i�`���B�M�B�M�; �/���i��

�
�I 1 � 3

�
; A01 = max

�i�`���B�M�B�M�; �/���i��

�
�I 3=2
2 � 3

p
3

�
: �U�e�X�k�y�V

�:�/�v �D�m�Š �K���K�v �i�2 �r���`�i�Q���+�B�- �m�b�i���H���K�v �T�Q�/�b�i���r�Q�r�2 �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B �b�F���H�Q�r���M�B�� �r �M���b�i� �T�m�D�²�+�v

�b�T�Q�b�¦�#�,

� 10 =
amax

A10
; � 01 =

amax

A01
: �U�e�X�k�R�V

�h�m�i���Damax �D�2�b�i �x �;�¦�`�v �x�/�2�}�M�B�Q�r���M�v�K �?�B�T�2�`�T���`���K�2�i�`�2�K�- �F�i�¦�`�v �`�2�T�`�2�x�2�M�i�m�D�2 �M���D�r�v�Š�b�x�²

�r���`�i�Q���É ���`�;�m�K�2�M�i�m �r�v�F�ˆ���/�M�B�F�� �r �M���b�x�v�K �x�#�B�Q�`�x�2 �b�x�F�Q�H�2�M�B�Q�r�v�K�X �l�b�i���H�Q�M�Qamax �M�� �8�- �+�Q

�R�k�y



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�Q�/�T�Q�r�B���/�� �r���`�i�Q���+�B �Q�F�Q�ˆ�Q �R�9�3 �T�`�x�v �m�Š�v�+�B�m �7�m�M�F�+�D�B �r�v�F�ˆ���/�M�B�+�x�2�D�X �L���H�2�Š�v �x���m�r���Š�v�É�- �Š�2 �#�2�x

�x���#�B�2�;�m �b�F���H�Q�r���M�B�� �r�v�`���Š�2�M�B�� �r�v�F�ˆ���/�M�B�+�x�2' (k)
3 �B' (k)

4 �b�i���D�² �b�B� �M�B�2�b�i���#�B�H�M�2 �M�m�K�2�`�v�+�x�M�B�2�X �.�H��

�T�`�x�v�F�ˆ���/�m�- �r �T�`�¦�#�B�2 �/�r�m�Q�b�B�Q�r�2�D �U�"�h�V�- �;�/�x�B�2� 1 = � 2 = � �- �/�`�m�;�B �M�B�2�x�K�B�2�M�M�B�F �B�x�Q�+�?�Q�`�v�+�x�M�v

�D�2�b�i �/�2�}�M�B�Q�r���M�v �D���F�Q�I 2 = 2� � 2 + � 4�- �F�i�¦�`�v �`�Q���M�B�2 �r�`���x �x� 4�X �q �Q�b�i���i�M�B�K �T�m�M�F�+�B�2

�T�Q�K�B���`�Q�r�v�K �/�H�� �h�`�2�H�Q���`���- �;�/�v� � 4�- �I 2 �T�`�x�v�D�K�m�D�2 �r���`�i�Q���É �Q�F�Q�ˆ�Q �k�8�e�X �C�2���H�B �T�Q�/�M�B�2�b�B�2�K�v

�i� �r���`�i�Q���É �/�Q �T�Q�i� �;�B3=2 �Q�i�`�x�v�K���K�v �r���`�i�Q���É �T�Q�r�v�Š�2�D �9�y�y�y�- �F�i�¦�`�� �D���F�Q ���`�;�m�K�2�M�i �7�m�M�F�+�D�B

exp �T�`�x�2�F�`�Q�+�x�v �K���F�b�v�K���H�M�v �x���F�`�2�b �7�Q�`�K���i�m �x�K�B�2�M�M�Q�T�`�x�2�+�B�M�F�Q�r�2�;�Q �Q �T�Q�M���/ �i�v�b�B�²�+ �`�x� �/�¦�r

�r�B�2�H�F�Q���+�B�5

�q �T�`�x�v�T���/�F���+�?�- �;�/�vk �D�2�b�i �r�B� �F�b�x�2 �Q�/ �R�- �x���b�i�Q�b�Q�r���M�Q �H�B�M�B�Q�r�Q �K���H�2�D�²�+�2 �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B�,

� k0 =
� 10

k
; � 0k =

� 01
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�r���`�m�M�2�F �M�B�2�m�D�2�K�M�Q���+�B �r�b�x�v�b�i�F�B�+�? �r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�r �T�Q�T�`�x�2�x �Q�;�`���M�B�+�x�2�M�B�2�T�Q�b�B�i�B�p�2�4�h�`�m�2

�r �`�2�;�`�2�b�D�B �G���a�a�P �r �T���F�B�2�+�B�2�b�+�B�F�B�i�@�H�2���`�M�X

�"���x� �/�Q�/���i�F�Q�r�Q �ˆ���i�r�Q �K�Q�Š�M�� �`�Q�x�b�x�2�`�x���É �Q �T�Q�H�B�r�v�T�m�F�ˆ�2 �+�x�ˆ�Q�M�v �Q�#�D� �i�Q���+�B�Q�r�2 �i���F�B�2 �D���F

� ln J �-J � ln J �-J 2 � 2 ln J + 4( ln J )2 �+�x�v(J 2p + J � 2p � 2)k �U�T�Q�`�X�8�X�R�B �(�R�k�y�)�V�X �q �M�B�M�B�2�D�b�x�2�D

�T�`���+�v �x�2 �r�x�;�H� �/�m �M�� �M�B�2���+�B���H�B�r�v �+�?���`���F�i�2�` �/���M�v�+�? �h�`�2�H�Q���`�� �i�2�M �2�i���T �x�Q�b�i���ˆ �T�Q�K�B�M�B� �i�v�X

�J�Q�/�2�H �Q�b�B�²�;�M�²�ˆ �K�2�i�`�v�F�B �i�2�b�i�Q�r�2R2 = 0:998 �BMSE = 0:006 �J�S��2�- �T�Q�`�¦�r�M�v�r���H�M�2

�x �M���D�H�2�T�b�x�v�K�B �x �T�Q�T�`�x�2�/�M�B�2�D �b�2�F�+�D�B�X �C�2�;�Q �T���`���K�2�i�`�v �x�2�b�i���r�B�Q�M�Q �r �i���#�2�H�B�e�X�d�X

�h���#�2�H�� �e�X�d�X�S���`���K�2�i�`�v �K�Q�/�2�H�m �x �r�v�`���Š�2�M�B���K�B �.�2�K�B�`���v�� �(�R�R�j�) �r�v�x�M���+�x�Q�M�2 �K�2�i�Q�/�² �G���b�b�Q�*�o �M��
�/���M�v�+�? �h�`�2�H�Q���`�� �(�j�j�) �/�H��K = 3 �BN = 9

�q�2�`�b�D�� �J�Q�/�2�H �S���`���K�2�i�`�v

�p�R�X�y�X�k�X�R �x �r�v�`���Š�2�M�B���K�B �.�2�K�B�`���v��C10 = 0:1649
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~C01 = 1:307� 10� 4

� 10 = 8:938� 10� 3�- � 10 = 9:074� 10� 2

�_�v�b�m�M�2�F�e�X�N�T�Q�F���x�m�D�2 �D���F �T�Q�b�x�+�x�2�;�¦�H�M�2 �+�x�ˆ�Q�M�v �7�m�M�F�+�D�B �C�1�a �r�T�ˆ�v�r���D�² �M�� �M���T�`� �Š�2�@

�M�B�2 �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �A�A �`�Q�/�x���D�m �/�H�� �+�x�i�2�`�2�+�? �r�2�`�b�D�B �K�Q�/�2�H�B �B �i�`�x�2�+�? �i�v�T�¦�r �/�2�7�Q�`�K���+�D�B�X
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�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?
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�_�v�b�m�M�2�F �e�X�N�X�q�F�ˆ���/ �T�Q�b�x�+�x�2�;�¦�H�M�v�+�? �+�x�ˆ�Q�M�¦�r �7�m�M�F�+�D�B �C�1�a �/�Q �M���i� �Š�2�M�B��S11( �� 1) �/�H�� �+�x�i�2�`�2�+�?
�r���`�B���M�i�¦�r �K�Q�/�2�H�m
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�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�q �F���Š�/�v�K �T�`�x�v�T���/�F�m �H�B�M�B�Q�r�v �+�x�ˆ�Q�MC10( �I 1 � 3) �K�� �M���D�r�B� �F�b�x�v �r�T�ˆ�v�r �M�� �Q�/�T�Q�r�B�2�/�†

�K���i�2�`�B���ˆ�m�- �b�x�+�x�2�;�¦�H�M�B�2 �r �x���F�`�2�b�B�2 �K���ˆ�v�+�? �Q�/�F�b�x�i���ˆ�+�2�–�X �q�b�x�v�b�i�F�B�2 �T�Q�x�Q�b�i���ˆ�2 �+�x�ˆ�Q�M�v �b�i���M�Q�r�B�²

�T�Q�T�`���r�F�B�- �F�i�¦�`�2 �K���D�² �+�Q�`���x �r�B� �F�b�x�v �r�T�ˆ�v�r �T�`�x�v �`�Q�b�M�²�+�v�+�? �r�v�/�ˆ�m�Š�2�M�B���+�?�X

�l�D�2�K�M�v �r�F�ˆ���/ �U�;�`���M���i�Q�r�v �Q�#�b�x���` �M�� �r�v�F�`�2�b�B�2 �/�r�m�Q�b�B�Q�r�2�;�Q �`�Q�x�+�B�²�;���M�B���V �T�Q�+�?�Q�/�x�²�+�v

�x �r�v�`���Š�2�M�B��� 2:9� 10� 9( �I 2 � 3)3; �r �r�2�`�b�D�B �p�R�X�y�X�R�X�j �b�m�;�2�`�m�D�2 �#�ˆ�²�/ �r �x���ˆ�Q�Š�2�M�B�m �T�Q�H�B�r�v�T�m�F�ˆ�Q�@

���+�B�X �J�B�K�Q �Š�2 �r�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2�e�X�3�r�v�;�H�²�/���D�² �T�Q�T�`���r�M�B�2�- �i�Q �/�Q�T�B�2�`�Q �r�v�F�`�2�b�v �r�F�ˆ���/�m

�T�Q�b�x�+�x�2�;�¦�H�M�v�+�? �+�x�ˆ�Q�M�¦�r �T�Q�x�r���H���D�² �b�Q�#�B�2 �r�v�Q�#�`���x�B�É�- �Š�2 �/���M�v �+�x�ˆ�Q�M �K�Q�Š�2 �#�v�É �/�Q�K�B�M�m�D�²�+�v

�r �T�2�r�M�v�K �/�m�Š�v�K �x���F�`�2�b�B�2 �/�2�7�Q�`�K���+�D�B�- �+�?�Q�É �r �T�`�x�v�T���/�F�m �2�H���b�i�Q�K�2�`�m �� �T�2�r�M�B�2 �D�m�Š �T�Q �T�`�x�2�@

�F�`�Q�+�x�2�M�B�m �;�`���M�B�+�v �r�v�i�`�x�v�K���ˆ�Q���+�B �M�� �`�Q�x�+�B�²�;���M�B�2�X �q �r�2�`�b�D�B �p�R�X�y�X�k�X�R �T�Q�H�B�r�v�T�m�F�ˆ�Q���É �x�Q�b�i���ˆ��

�x���;�r���`���M�i�Q�r���M�� ���M���H�B�i�v�+�x�M�B�2 �T�`�x�2�x �r�T�`�Q�r���/�x�2�M�B�2 �Q�;�`���M�B�+�x�2�M�B�� �M�B�2�m�D�2�K�M�Q���+�B �r�b�x�v�b�i�F�B�+�?

�r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�r�X

�q�2�`�b�D�� �p�R�X�y�X�k�X�R �x�Q�b�i���ˆ�� �r�x�#�Q�;���+�Q�M�� �Q �r�v�`���Š�2�M�B�� �.�2�K�B�`���v���X �2�F�b�T�Q�M�2�M�+�D���H�M�v �+�x�ˆ�Q�M �Q�/�@

�T�Q�r�B���/�� �x�� �+�?���`���F�i�2�`�v�b�i�v�+�x�M�2 �m�b�x�i�v�r�M�B�2�M�B�2 �2�H���b�i�Q�K�2�`�m �r �/�m�Š�v�+�? �/�2�7�Q�`�K���+�D���+�?�X �E�H���b�v�+�x�M�2

�r�B�2�H�Q�K�B���M�Q�r�2 �+�x�ˆ�Q�M�v �M�B�2 �r�v�F���x�m�D�² �i�2�;�Q �2�7�2�F�i�m ���Š �/�Q �m�r�x�;�H� �/�M�B�2�M�B�� �r�v�`���x�¦�r �r�v�b�Q�F�B�2�;�Q

�`�x� �/�m�X

�q �F���Š�/�v�K �x �K�Q�/�2�H�B �B �T�`�x�v�T���/�F�¦�r �Q�#�+�B�²�Š�2�– �r�T�ˆ�v�r �r�v�`���Š�2�– �x �T�B�2�`�r�b�x�v�K �M�B�2�x�K�B�2�M�M�B�F�B�2�K

�B�x�Q�+�?�Q�`�v�+�x�M�v�K �#�v�ˆ �r�B� �F�b�x�v �M�B�Š �x �/�`�m�;�B�K�- �b�x�+�x�2�;�¦�H�M�B�2 �r �T�`�x�v�T���/�F�m �T�`�¦�#�v �D�2�/�M�Q�Q�b�B�Q�r�2�D�X

�L���i�Q�K�B���b�i �r �b�v�i�m���+�D�B �/�r�m�Q�b�B�Q�r�2�;�Q �`�Q�x�+�B�²�;���M�B�� �D�2�b�i �Q�M �x�M���+�x�M�v�- �+�Q �T�Q�i�r�B�2�`�/�x�� �b�ˆ�m�b�x�M�Q���É

�r�ˆ�²�+�x�2�M�B�� �;�Q �/�Q �#���x�v �B �T�Q�T�`���r�M�2 �r�b�F���x���M�B�� �K���+�B�2�`�x�v �F�Q�`�2�H���+�D�B �x �`�v�b�X�e�X�j�X

�e�X�8�X �q�v�x�M���+�x�2�M�B�2 �K�Q�/�2�H�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �T�`�x�v �r�v�F�Q�`�x�v�b�i���M�B�m

�F�Q�M�b�i�v�i�m�i�v�r�M�2�D �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D

�L�B�M�B�2�D�b�x�� �b�2�F�+�D�� �T�`�x�2�/�b�i���r�B�� �Q�T�B�b �B�K�T�H�2�K�2�M�i���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�2�D �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D �?�B�T�2�`�@

�b�T�`� �Š�v�b�i�v�+�? �K���i�2�`�B���ˆ�¦�r �M�B�2���+�B���H�B�r�v�+�? �B �B�x�Q�i�`�Q�T�Q�r�v�+�?�X �C�2�D �F�Q�/ �T�Q�/�x�B�2�H�Q�M�Q �M�� �i�`�x�v �K�Q�/�m�ˆ�v�-

�r �F�i�¦�`�v�K�+�Q�M�i�B�M�m�m�K�X�T�v�Q�/�T�Q�r�B���/�� �x�� �r�x�Q�`�v �x �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?�- �r �K�Q�@

�/�m�H�2�K�Q�/�2�H�b�X�T�v�x�M���D�/�m�D�2 �b�B� ���`�+�?�B�i�2�F�i�m�`�� �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D�- ���i�`���B�M�X�T�v�- �D���F �b���K�� �M���x�r��

�r�b�F���x�m�D�2�- �D�2�b�i �b�F�`�v�T�i�2�K �i�`�2�M�B�M�;�Q�r�v�K�X

�_�Q�x�r�B�²�x���M�B�2 �Q�#�2�D�K�m�D�2 �i�`�x�v �T�Q�/�b�i���r�Q�r�2 �i�2�b�i�v �r�v�i�`�x�v�K���ˆ�Q���+�B�Q�r�2 �Q�T�B�b���M�2 �r�8�X�e�X�9�X �h���F

�M���T�`���r�/� �K�Q�/�m�ˆ�+�Q�M�i�B�M�m�m�K�X�T�v�i�Q �r�B�2�`�M�2 �T�`�x�2�T�B�b���M�B�2 �r�x�Q�`�¦�r�U�8�X�8�8�V�@�U�8�X�e�y�V�B �D�2�b�i �T�Q�/ �i�v�K

�r�x�;�H� �/�2�K �m�#�Q�Š�b�x�v �Q�/ �K�Q�/�2�H�m �`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D�X �h�Q�- �M�� �+�Q �M���T�`���r�/� �r���`�i�Q �x�r�`�¦�+�B�É �m�r���;� 

�r �K�Q�/�m�H�2�+�Q�M�i�B�M�m�m�K�X�T�v�- �i�Q �m�x�v�b�F�B�r���M�B�2 �T�Q�+�?�Q�/�M�v�+�? �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B

�T�Q �M�B�2�x�K�B�2�M�M�B�F���+�? �/�2�7�Q�`�K���+�D�B�X �L�B�2 �x���T�B�b�m�D�2 �b�B� �M�� �M�B�2 �D���r�M�v�+�? �r�x�Q�`�¦�r�- �� �`�¦�Š�M�B�+�x�F�m�D�2
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�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

���m�i�Q�K���i�v�+�x�M�B�2�- �/�x�B� �F�B �+�x�2�K�m �i�`���}���D�² �Q�M�2 �/�Q �;�`���7�m �Q�#�H�B�+�x�2�M�B�Q�r�2�;�Q�X �q �F�Q�M�b�2�F�r�2�M�+�D�B �7�m�M�F�+�D��

�b�i�`���i�v �K�Q�Š�2 �T�`�Q�T���;�Q�r���É �i�2 �;�`���/�B�2�M�i�v ���Š �/�Q �r���; �*���L�L�X

���`�+�?�B�i�2�F�i�m�`�² �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D �D�2�b�i �b�B�2�É �S�6�L�L �U�S���`���H�H�2�H �6�Q�`�r���`�/ �L�2�m�`���H �L�2�i�r�Q�`�F�V

�x �`�v�;�Q�`�v�b�i�v�+�x�M�v�K�B �r���`�m�M�F���K�B �F�Q�M�b�i�`�m�Q�r���M�B�� �F���Š�/�2�D �T�Q�/�b�B�2�+�B �r�v�M�B�F���D�²�+�v�K�B �x�2 �b�T�2�ˆ�M�B�2�M�B��

�r�v�K�Q�;�¦�r �K�2�+�?���M�B�F�B �Q���`�Q�/�F�¦�r �+�B�²�;�ˆ�v�+�?�X �C�2�/�M�v�K �x �i�v�+�? �r���`�m�M�F�¦�r �r�T�ˆ�v�r���D�²�+�v�+�? �M��

���`�+�?�B�i�2�F�i�m�`� �D�2�b�i �Q�;�`���M�B�+�x�2�M�B�2 �r�b�x�v�b�i�F�B�+�? �r���; �b�B�2�+�B �/�Q �M�B�2�m�D�2�K�M�v�+�?�X �P�;�¦�H�M�� �b�i�`�m�F�i�m�`��

�b�B�2�+�B �S�6�L�L �x�Q�b�i���ˆ�� �Q�T�B�b���M�� �M�� �b�i�`�X�R�e�j�T�`�x�v �Q�F���x�D�B �Q�K�¦�r�B�2�M�B�� �r���`�B���M�i�m �q�j �r �T�Q�/�`�Q�x�@

�/�x�B���H�2�d�X�9�X�j�X �a�T�Q�b�¦�# �F�Q�M�b�i�`�m�Q�r���M�B�� �T�Q�/�b�B�2�+�B �D�2�b�i �m�x���H�2�Š�M�B�Q�M�v �Q�/ �i�2�;�Q�- �D���F�B�K�B �7�m�M�F�+�D���K�B

�x���H�2�Š�M�v�K�B �Q�/ �M�B�2�x�K�B�2�M�M�B�F�¦�r �+�?�+�2�K�v ���T�`�Q�F�b�v�K�Q�r���É �M���b�x�² �7�m�M�F�+�D� �C�1�a�X �S�Q�r�B�M�M�v �#�v�É �Q�M�2

�x�ˆ�Q�Š�2�M�B�2�K �x �b�x�2�`�2�;�m �F�H���b�v�+�x�M�v�+�? �K�Q�/�2�H�B �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�X �.�x�B� �F�B �i�2�K�m �b�B�2�É �M�B�2 �/�x�B���ˆ��

�D���F�+�x���`�M�� �b�F�`�x�v�M�F���- �� �T�Q �r�v�i�`�2�M�Q�r���M�B�m �m�D���r�M�B���- �F�i�¦�`�2 �+�x�ˆ�Q�M�v �b�² ���F�i�v�r�M�2 �B �x �D���F�B�+�?

�K�Q�/�2�H�B �T�Q�+�?�Q�/�x�²�X �P�;�¦�H�M�v �b�+�?�2�K���i �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D �T�`�x�2�/�b�i���r�B�Q�M�Q �M�� �`�v�b�m�M�F�m�e�X�R�y�X �.���M�2

�_�v�b�m�M�2�F �e�X�R�y�X�P�;�¦�H�M�v �b�+�?�2�K���i �F�Q�M�b�i�v�i�m�i�v�r�M�2�D �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�D

�i�`�2�M�B�M�;�Q�r�2 �x�Q�b�i���ˆ�v �x�B�M�i�2�`�T�Q�H�Q�r���M�2 �r �i���F�B �b�T�Q�b�¦�#�- ���#�v �F���Š�/�v �x �i�`�x�2�+�? �T�Q�/�b�i���r�Q�r�v�+�? �i�2�b�i�¦�r

�r�v�i�`�x�v�K���ˆ�Q���+�B�Q�r�v�+�? �b�F�ˆ���/���ˆ �b�B� �x �i���F�B�2�D �b���K�2�D �H�B�+�x�#�v �T�m�M�F�i�¦�rn=3�X �6�m�M�F�+�D�� �b�i�`���i�v �D�2�b�i

�#�ˆ� �/�2�K ���`�2�/�M�B�Q�F�r���/�`���i�Q�r�v�K �r�b�x�v�b�i�F�B�+�? �T�m�M�F�i���+�? �i�`�2�M�B�M�;�Q�r�v�+�? �B �x�Q�b�i���ˆ�� �m�x�m�T�2�ˆ�M�B�Q�M��

�Q �b�F�ˆ���/�M�B�F �`�2�;�m�H���`�v�x���+�v�D�M�vL2�,

L(w; F ) =
1
n

nX

i =1






 S(F i ; w) � Ŝi








2
+ � w > w �U�e�X�k�j�V

�;�/�x�B�2S �i�Q �T�Q�K�B�2�`�x�Q�M�2 �M���T�`� �Š�2�M�B�� �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �A �`�Q�/�x���D�m�- ��� �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B�2�K �`�2�;�m�H���@

�`�v�x���+�D�BL2 �`�¦�r�M�v�KL2 = 10� 3�X �J�B�M�B�K���H�B�x���+�D� �T�`�Q�r���/�x�Q�M�Q ���H�;�Q�`�v�i�K�2�K ���/���K �x �F�`�Q�F�B�2�K

�m�+�x�2�M�B��� = 10� 3�X �q �T� �i�H�B �i�`�2�M�B�M�;�Q�r�2�D �x���b�i�Q�b�Q�r���M�Q �K�2�+�?���M�B�x�K �r�+�x�2�b�M�2�;�Q �x���i�`�x�v�K���M�B��

�T�Q �R�y�y�y �2�T�Q�F���+�? �#�2�x �T�Q�T�`���r�v�- �� �H�B�+�x�#� �2�T�Q�F �/�Q�#�`���M�Q �i���F�- ���#�v �Q�M �x���/�x�B���ˆ���ˆ�X �l�r���Š�M�2�;�Q

�+�x�v�i�2�H�M�B�F�� �K�Q�Š�2 �x���b�i���M�Q�r�B�É�-�/�H���+�x�2�;�Q �r �i�v�K �T�`�x�v�T���/�F�m �F��� �̀�L2 �r�v�;���b�x�� �r���;�B�- �b�F�Q� �̀Q �i�Q �D�2�b�i

�+�2�+�?�² � �̀2�;�m�H���`�v�x���+�D�BL1�\�X �_�2�;�m�H���`�v�x���+�D�� �+�B�²�;�M�B�2 �F���Š�/�² �r���;� �r �F�B�2�`�m�M�F�m �x�2�`�� �B �D�2���H�B �F�`�Q�F

�R�k�9



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�Q�T�i�v�K���H�B�x���i�Q�`�� �D�² �T�`�x�2�F�`�Q�+�x�v�- �r���;�� �x�Q�b�i���M�B�2 �i���K �T�`�x�v�+�B� �i�� �B �x�2 �r�x�;�H� �/�m �M�� �x���b�i�Q�b�Q�r���M�B�2

�M�B�2�m�D�2�K�M�v�+�? �r���; ���H�;�Q�`�v�i�K �M�B�2 �T�Q�x�r�Q�H�B �D�m�Š �D�2�D �r�`�¦�+�B�É�X

�e�X�8�X�R�X �q���`�B���M�i �x �+�x�ˆ�Q�M���K�B �H�B�M�B�Q�r�v�K�B�- �T�Q�i� �;�Q�r�v�K�B �B �2�F�b�T�Q�M�2�M�+�D���H�M�v�K�B

�C���F �D�m�Š �r�b�T�Q�K�M�B���M�Q �r�+�x�2���M�B�2�D �b�B�2�É �*���L�L �D�2�b�i �m�Q�;�¦�H�M�B�2�M�B�2�K �b�x�2�`�2�;�m �F�H���b�v�+�x�M�v�+�? �K�Q�/�2�H�B�-

�r �i�v�K �T�`�x�v�T���/�F�m �b�² �i�Q �K�Q�/�2�H�2 �M�2�Q�@�>�Q�Q�F�2�ö���- �u�2�Q�?�� �B �.�2�K�B�`���v�� �T�Q�`�X�e�X�k�X �S�B�2�`�r�b�x�� �r���`�b�i�r��

�F���Š�/�2�D �x �/�r�¦�+�? �T�Q�/�b�B�2�+�B �;�2�M�2�`�m�D�2 �T�Q�i� �;�B �M�B�2�x�K�B�2�M�M�B�F�� �/�2�7�Q�`�K���+�D�B �B�x�Q�+�?�Q�`�v�+�x�M�2�D
�

�I i � 3
�

��

(� ) �Q�`���x(� )2�- �M���i�Q�K�B���b�i �/�`�m�;�� �b�i�Q�b�m�D�2 �/�Q �M�B�+�? �/�r�B�2 �7�m�M�F�+�D�2 �M�B�2�i�v�T�Q�r�2 ���F�i�v�r���+�D�B�, �i�Q�Š�b���K�Q���É

(� ) �Q�`���x �r�v�F�ˆ���/�M�B�+�x�²exp(� ) � 1�X �w���x�r�v�+�x���D �M���F�ˆ���/���M�2 �7�m�M�F�+�D�2 ���F�i�v�r���+�D�B �M�� �F���Š�/�2 �r�v�D���+�B�2

�r �m�F�`�v�i�2�D �r���`�b�i�r�v �b�² �B�/�2�M�i�v�+�x�M�2 �� �i�m �b�v�i�m���+�D�� �D�2�b�i �Q�/�K�B�2�M�M���X �_���x�2�K �K���K�v �+�x�i�2�`�v �#���x�v

�7�m�M�F�+�v�D�M�2 �M�� �F���Š�/�v �M�B�2�x�K�B�2�M�M�B�F�- �� �+���ˆ�² �b�B�2�É �K�Q�Š�2�K�v �x���T�B�b���É �D���F�Q�,

W
�

�I 1; �I 2

�
= w2;1 w1;1

�
�I 1 � 3

�
+ w2;2

�

exp
�
w1;2

�
�I 1 � 3

��
� 1

�

+ w2;3 w1;3

�
�I 1 � 3

� 2
+ w2;4

�

exp
�
w1;4

�
�I 1 � 3

� 2�
� 1

�

+ w2;5 w1;5

�
�I 2 � 3

�
+ w2;6

�

exp
�
w1;6

�
�I 2 � 3

��
� 1

�

+ w2;7 w1;7

�
�I 2 � 3

� 2
+ w2;8

�

exp
�
w1;8

�
�I 2 � 3

� 2�
� 1

�

:

�U�e�X�k�9�V

���`�+�?�B�i�2�F�i�m�`�� �D�2�b�i �Q�/�i�r�Q�`�x�2�M�B�2�K �/�`�m�;�B�2�;�Q �T�`�x�v�F�ˆ���/�m �r �`�Q�x�/�x�B���H�2 �8 �x �(�R�8�)�X �A�M�B�+�D���H�B�x���+�D�� �r���;

�r�B�2�H�Q�K�B���M�Q�r�v�+�? �Q�T�B�2�`�� �b�B� �M�� �`�Q�x�F�ˆ���/�x�B�2N (0; 0:3)�- �� �r���; �r�v�F�ˆ���/�M�B�+�x�v�+�? �M��U(0; 10� 5)

�� �+�x�ˆ�Q�M�v �r�v�F�ˆ���/�M�B�+�x�2 �b�i���`�i�m�D�² �#�H�B�b�F�B�2 �x�2�`�m �T�`�x�2�x �+�Q �K�Q�/�2�H �T�Q�r�B�M�B�2�M �T�`�2�7�2�`�Q�r���É �T�`�Q�b�i�b�x�2

�r�B�2�H�Q�K�B���M�Q�r�2 �r�v�`���Š�2�M�B�� ���H�;�2�#�`���B�+�x�M�2�X

�e�X�8�X�k�X �_�Q�x�b�x�2�`�x�2�M�B�2 �Q �+�x�ˆ�Q�M�v �b�x�2���+�B�2�M�M�2 �B �M�Q�`�K���H�B�x���+�D�� �M�B�2�x�K�B�2�M�M�B�F�¦�r

�C���F �D�m�Š �b�m�;�2�`�m�D�2 �M���K �i�v�i�m�ˆ�- �r �M�B�M�B�2�D�b�x�v�K �T�`�x�v�F�ˆ���/�x�B�2 �`�Q�x�b�x�2�`�x�Q�M�Q ���`�+�?�B�i�2�F�i�m�`� �Q �+�x�ˆ�Q�M�v

�b�x�2���+�B�2�M�M�2�X �S�Q�x�r���H�� �i�Q �m�r�x�;�H� �/�M�B�É �r�b�x�v�b�i�F�B�2 �+�x�ˆ�Q�M�v �K�Q�/�2�H�m �u�2�Q�?���X �h�2�M �x���#�B�2�; �m�D���r�M�B�ˆ �T�`�Q�@

�#�H�2�K �M�m�K�2�`�v�+�x�M�v �x�M���M�v �M���K �D�m�Š �x�e�X�9�X�j�- �T�Q�`�X�U�e�X�R�9�V�X �q �i�v�K �T�`�x�v�T���/�F�m �`�¦�r�M�B�2�Š �r�2�D���+�B�Q�r�2

�r�v�`���Š�2�M�B�� �x �M�B�2�x�K�B�2�M�M�B�F���K�B �x�M�Q�`�K���H�B�x�Q�r���M�Q�- �+�Q �`�¦�r�M�B�2�Š �}�M���H�M�B�2 �r�v�K���;���ˆ�Q �T�`�x�2�b�F���H�Q�r���M�B��

�r���;�X �q �B�K�T�H�2�K�2�M�i���+�D�B �b�B�2�É �Q�+�x�v�r�B���+�B�2 �Q�T�2�`�m�D�2 �M�� �x�M�Q�`�K���H�B�x�Q�r���M�v�+�? �r�2�D���+�B���+�?�- ���H�2 �`�Q�x�b�x�2�@

�`�x�Q�M�² �r�2�`�b�D� ���`�+�?�B�i�2�F�i�m�`�v�- �i���F �#�v �T�Q�x�Q�b�i���ˆ�� �#�2�x�T�Q���`�2�/�M�B�² �`�2�T�`�2�x�2�M�i���+�D�² �r�v�m�+�x�Q�M�2�;�Q �T�`���r��

�R�k�8



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�K���i�2�`�B���ˆ�Q�r�2�;�Q�- �� �i���F�Š�2 �#�v�ˆ�� �x�;�Q�/�M�� �x �U�e�X�k�9�V�- �T�`�x�2�/�b�i���r�B�� �b�B� �T�Q �T�Q�r�`�Q�i�M�v�K �b�F���H�Q�r���M�B�m�,

W( �I 1; �I 2) = w2;1 w1;1 ( �I 1 � 3) + w2;2

�

exp
�
w1;2 ( �I 1 � 3)

�
� 1

�

+ w2;3 w1;3 ( �I 1 � 3)2 + w2;4

�

exp
�
w1;4 ( �I 1 � 3)2

�
� 1

�

+ w2;5 w1;5 ( �I 1 � 3)3 + w2;6

�

exp
�
w1;6 ( �I 1 � 3)3

�
� 1

�

+ w2;7 w1;7 ( �I 2 � 3) + w2;8

�

exp
�
w1;8 ( �I 2 � 3)

�
� 1

�

+ w2;9 w1;9 ( �I 2 � 3)2 + w2;10

�

exp
�
w1;10 ( �I 2 � 3)2

�
� 1

�

+ w2;11 w1;11 ( �I 2 � 3)3 + w2;12

�

exp
�
w1;12 ( �I 2 � 3)3

�
� 1

�

:

�U�e�X�k�8�V

�w�2 �r�x�;�H� �/�m �M�� �K�M�B�2�D�b�x�2 �r���`�i�Q���+�B �r�2�D���É �/�Q �b�B�2�+�B �x�r�B� �F�b�x�Q�M�Q �r���`�i�Q���+�B �r �B�M�B�+�D���H�B�x���+�D�B �r���;

�r�v�F�ˆ���/�M�B�+�x�v�+�? �/�Q �`�Q�x�F�ˆ���/�mU(0; 10� 3)�X �E�Q�/ �`�2���H�B�x�m�D�²�+�v ���`�+�?�B�i�2�F�i�m�`� �b�B�2�+�B �*���L�L �m�Š�v�i�²

�r �r�2�`�b�D�B �p�R�X�R�X�R�X�R �x�M���D�/�m�D�2 �b�B� �r �x���ˆ�X�e�- �� �D�2�D �b�+�?�2�K���i �#�H�Q�F�Q�r�v �K�Q�Š�2�K�v �x�M���H�2�†�É �M�� �`�v�b�m�M�F�m

�T�Q�M�B�Š�2�D�,

�I 1 � 3

�I 2 � 3

(�)1

(�)2

(�)3

(�)1

(�)2

(�)3

(�)

exp(�)

(�)

exp(�)

(�)

exp(�)

(�)

exp(�)

(�)

exp(�)

(�)

exp(�)

W

w1;1

w1;12

w
2;1

w
2;

12

�_�v�b�m�M�2�F �e�X�R�R�X�a�+�?�2�K���i �T�Q�/�b�B�2�+�B ���`�+�?�B�i�2�F�i�m�`�v �*���L�L �r �r�2�`�b�D�B �p�R�X�R�X�R�X�R

�e�X�8�X�j�X �S�Q�`�¦�r�M���M�B�2 �r�v�M�B�F�¦�r

�q �M�B�M�B�2�D�b�x�2�D �b�2�F�+�D�B �x�M���D�/�² �b�B� �r�v�M�B�F�B �/�Q�T���b�Q�r���M�B�� �/�Q �r�b�x�v�b�i�F�B�+�? �T�Q�/�b�i���r�Q�r�v�+�? �i�2�b�i�¦�r

�r�v�i�`�x�v�K���ˆ�Q���+�B�Q�r�v�+�? �D�2�/�M�Q�+�x�2���M�B�2�X �L���H�2�Š�v �x���x�M���+�x�v�É�- �Š�2 �F�Q�/ �x�Q�b�i���ˆ �x���B�K�T�H�2�K�2�M�i�Q�r���M�v �Q�/

�T�Q�/�b�i���r �r �S�v�h�Q�`�+�?�X �q �x�r�B�²�x�F�m �x �i�v�K �x���T�`�2�x�2�M�i�Q�r���M�2 �r���`�i�Q���+�B �B �r�v�F�`�2�b�v �/�H�� �r���`�B���M�i�m

�p�R�X�R�X�y�X�R �K�Q�;�² �M�B�2�x�M���+�x�M�B�2 �`�¦�Š�M�B�É �b�B� �Q�/ �r�v�M�B�F�¦�r �m�x�v�b�F���M�v�+�? �r �T�`���+�v �(�R�8�)�X �S���`���K�2�i�`�v

�R�k�e



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�K�Q�/�2�H�B �x �`�Q�x�/�x�B���ˆ�¦�r�e�X�8�X�R�B�e�X�8�X�k�x�Q�b�i���ˆ�v �T�`�x�2�/�b�i���r�B�Q�M�2 �r �i���#�X�e�X�3�- �� �r�F�ˆ���/ �T�Q�b�x�+�x�2�;�¦�H�M�v�+�?

�+�x�ˆ�Q�M�¦�r �C�1�a �r �M���T�`� �Š�2�M�B�� �S�B�Q�H�B�@�E�B�`�+�?�?�Q�z�� �A �`�Q�/�x���D�m �x���T�`�2�x�2�M�i�Q�r���M�Q �M�� �`�v�b�X�e�X�R�k�X

�h���#�2�H�� �e�X�3�X�J�Q�/�2�H�2 �*���L�L �� �Q�b�i�2�i�2�+�x�M�2 �T�Q�b�i���+�B �7�m�M�F�+�D�B �D�2�/�M�Q�b�i�F�Q�r�2�D �2�M�2�`�;�B�B �b�T�`� �Š�v�b�i�Q���+�B

�q�2�`�b�D�� �S�Q�b�i���É �C�1�a �S���`���K�2�i�`�v

�p�R�X�R�X�y�X�R

W( �I 1; �I 2) = C10( �I 1 � 3)

+ C01( �I 2 � 3)

+ � 10

h
exp

�
� 10( �I 1 � 3)

�
� 1

i

C10 = 4:777� 10� 2

C01 = 2:631� 10� 3

� 10 = 2:201� 10� 2

� 10 = 3:219

�p�R�X�R�X�R�X�R

W( �I 1; �I 2) = C10( �I 1 � 3)

+ C01( �I 2 � 3)

+ � 10

h
exp

�
� 10( �I 1 � 3)

�
� 1

i

+ � 30

h
exp

�
� 30( �I 1 � 3)3

�
� 1

i

C10 = 0:1255

C01 = 3:278� 10� 3

� 10 = 2:201� 10� 2

� 10 = 1:255

� 30 = 6:681� 10� 6

� 30 = 1:043

�R�k�d



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�H�T�X �l�h �"�h �S�a
�p

�R
�X

�R
�X

�y
�X

�R
�p

�R
�X

�R
�X

�R
�X

�R

�_�v�b�m�M�2�F �e�X�R�k�X�q�F�ˆ���/ �T�Q�b�x�+�x�2�;�¦�H�M�v�+�? �+�x�ˆ�Q�M�¦�r �7�m�M�F�+�D�B �C�1�a �/�Q �M���T�`� �Š�2�M�B��S11( �� 1) �/�H�� �/�r�¦�+�?
�r���`�B���M�i�¦�r �K�Q�/�2�H�m �*���L�L

�S�Q�K�B�K�Q �x�#�H�B�Š�Q�M�v�+�? �7�Q�`�K �T�Q�b�i���+�B �C�1�a �/�Q�e�X�d�- �`�Q�x�r�B�²�x���M�B�� �x �*���L�L �+�?���`���F�i�2�`�v�x�m�D�²

�b�B� �B�M�M�v�K �`�Q�x�F�ˆ���/�2�K �U�T�Q�`�X �x �r�2�`�b�D�² �p�R�X�y�X�k�X�R �M�� �`�v�b�X�e�X�N�V�X �_�2�;�`�2�b�D�� �G���b�b�Q �T�`�2�7�2�`�m�D�2 �+�x�ˆ�Q�M�v

�x �m�Q�;�¦�H�M�B�Q�M�2�;�Q �K�Q�/�2�H�m �J�Q�Q�M�2�v���@�_�B�p�H�B�M���- �M���i�Q�K�B���b�i �b�B�2�É �`�Q�x�F�ˆ���/�� �r�F�ˆ���/ �K�B� �/�x�v �+�x�ˆ�Q�M�v

�r �b�T�Q�b�¦�# �#���`�/�x�B�2�D �`�¦�r�M�Q�K�B�2�`�M�v�X �q�v�M�B�F�� �i�Q �x �F�B�H�F�m �`�x�2�+�x�v �� �r �`�2�;�`�2�b�D�B �r�b�T�¦�ˆ�+�x�v�M�M�B�F�B �T�`�x�v

�7�m�M�F�+�D�B �2�F�b�T�Q�M�2�M�+�D���H�M�2�D �x�Q�b�i���ˆ�v �r�v�x�M���+�x�Q�M�2�� �T�`�B�Q�`�B�T�`�x�2�/ �r�v�F�Q�M���M�B�2�K �Q�T�i�v�K���H�B�x���+�D�B�- �b�B�2�É

�M�2�m�`�Q�M�Q�r�� �M�B�2 �K�B���ˆ�� �/�Q�b�i� �T�m �/�Q �r�v�`���Š�2�– �r�v�F�ˆ���/�M�B�+�x�v�+�? �b�i�Q�T�M�B�� �r�v�Š�b�x�2�;�Q �Q�/ �j�- �� �B �b�T�Q�b�¦�#

�`�2�;�m�H���`�v�x���+�D�B �#�v�ˆ �Q�/�K�B�2�M�M�v�X �_�2�;�m�H���`�v�x���+�D��L1 �x���b�i�Q�b�Q�r���M�� �r �G���b�b�Q�*�o �M���i�m�`���H�M�B�2 �r�v�K�m�b�x��

�x�2�`�Q�r���M�B�2 �b�B� �r�b�T�¦�ˆ�+�x�v�M�M�B�F�¦�r�- �M���i�Q�K�B���b�i �`�2�;�`�2�b�D�� �;�`�x�#�B�2�i�Q�r��L2 �D�2�/�v�M�B�2 �T�`�Q�T�Q�`�+�D�Q�M���H�M�B�2

�x�K�M�B�2�D�b�x�� �B�+�? �r���`�i�Q���+�B �@ �/�Q�T�B�2�`�Q �Q�;�`���M�B�+�x�2�M�B�2 �M�B�2�m�D�2�K�M�Q���+�B �r���; �T�Q �F�`�Q�F�m �Q�T�i�v�K���H�B�x���i�Q�`��

�i�Q �r�v�F�Q�M�m�D�2�X

�q�v�F�`�2�b�v �x �i�`�x�2�+�? �T�Q�/�b�i���r�Q�r�v�+�? �i�2�b�i�¦�r �r�v�i�`�x�v�K���ˆ�Q���+�B�Q�r�v�+�? �x�2�b�i���r�B�Q�M�Q �x �K�Q�/�2�H�2�K

�`�2�;�`�2�b�D�B �H�B�M�B�Q�r�2�D �x �+�x�ˆ�Q�M���K�B �.�2�K�B�`���v�� �x �`�Q�x�/�x�B���ˆ�m�e�X�9�X�j�B �T�`�x�2�/�b�i���r�B�Q�M�Q �M�� �`�v�b�X�e�X�R�j�- �� �K�2�i�`�v�F�B

�i�2�b�i�Q�r�2 �x���K�B�2�b�x�+�x�Q�M�Q �r �i���#�X�e�X�N�X

�R�k�3



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�U���V�C�2�/�M�Q�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2 �U�#�V�.�r�m�Q�b�B�Q�r�2 �`�Q�x�+�B�²�;���M�B�2

�U�+�V�*�x�v�b�i�2 ���+�B�M���M�B�2

�_�v�b�m�M�2�F �e�X�R�j�X�q�v�F�`�2�b�vS11 �r�x�;�H� �/�2�K �r�v�/�ˆ�m�Š�2�M�B��� 1�, �T�Q�`�¦�r�M���M�B�2 �K�Q�/�2�H�B �m�x�v�b�F���M�v�+�? �F�Q�M�b�i�v�i�v�@
�i�m�r�M�v�K�B �b�B�2�+�B���K�B �M�2�m�`�Q�M�Q�r�v�K�B �x �/���M�v�K�B �2�F�b�T�2�`�v�K�2�M�i���H�M�v�K�B �h�`�2�H�Q���`�� �(�j�j�) �Q�`���x �K�Q�/�2�H�2�K �`�2�;�`�2�b�D�B
�H�B�M�B�Q�r�2�D �U�p�R�X�y�X�k�X�R�V

�h���#�2�H�� �e�X�N�X�q�b�T�¦�ˆ�+�x�v�M�M�B�F�B �/�2�i�2�`�K�B�M���+�D�BR2

�q�2�`�b�D�� �J�Q�/�2�H R2
UT R2

PS R2
BT R2

combined

�p�R�X�y�X�k�X�R �_�2�;�`�2�b�D�� �H�B�M�B�Q�r�� �U�.�2�K�B�`���v�V �y�X�N�N�3 �y�X�N�N�e �y�X�N�d�3 �y�X�N�N�3
�p�R�X�R�X�y�X�R �*���L�L �� �G�B�M�F�� �U�3 �+�x�ˆ�Q�M�¦�r�V �y�X�N�3�e �y�X�N�3�y �y�X�N�e�R �y�X�N�3�e
�p�R�X�R�X�R�X�R �*���L�L �� �`�Q�x�b�x�2�`�x�Q�M�v �U�R�k �+�x�ˆ�Q�M�¦�r�V �y�X�N�N�N �y�X�N�N�8 �y�X�N�3�9 �y�X�N�N�3

�R�k�N



�P�F�`�2���H���M�B�2 �`�2�H���+�D�B �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/���K�B �`�2�;�`�2�b�D�B �B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�v�+�?

�q�T�`�Q�r���/�x�2�M�B�2 �M�Q�`�K���H�B�x���+�D�B �/���M�v�+�? �r�2�D���+�B�Q�r�v�+�? �r �r�2�`�b�D�B �p�R�X�R�X�R�X�R �M�B�2 �i�v�H�F�Q �`�Q�x�r�B�²�x���ˆ�Q

�T�`�Q�#�H�2�K �x�r�B�²�x���M�v �x �T�`�x�2�F�`�Q�+�x�2�M�B�2�K �x���F�`�2�b�m �x�K�B�2�M�M�Q�T�`�x�2�+�B�M�F�Q�r�2�;�Q�- �+�Q �r �Q�;�¦�H�2 �m�K�Q�Š�H�B�@

�r�B�ˆ�Q �`�Q�x�b�x�2�`�x�2�M�B�2 �`�Q�x�r�B�²�x���M�B�� �Q �/�Q�/���i�F�Q�r�2 �+�x�ˆ�Q�M�v �7�m�M�F�+�D�B �C�1�a�- ���H�2 �i�2�Š �T�Q�T�`���r�B�ˆ�Q �r�v�M�B�F�B

�r �F���Š�/�v�K �x �i�`�x�2�+�? �T�Q�/�b�i���r�Q�r�v�+�? �i�2�b�i�¦�r �r�v�i�`�x�v�K���ˆ�Q���+�B�Q�r�v�+�?�X �q���`�i�Q �T�Q�/�F�`�2���H�B�É�- �Š�2

�b�i���M�/���`�v�x���+�D�� �+�x�v �M�Q�`�K���H�B�x���+�D�� �x�K�B�2�M�M�v�+�? �r�2�D���+�B�Q�r�v�+�? �T�`�x�v �`�Q�x�r�B�²�x�v�r���M�B�m �x���/���– �m�+�x�2�M�B��

�K���b�x�v�M�Q�r�2�;�Q �r�`���Š�H�B�r�v�+�? �M�� �b�F���H� �/���M�v�+�?�- �i���F�B�+�? �D���F �`�2�;�`�2�b�D�� �H�B�M�B�Q�r�� �+�x�v �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�-

�D�2�b�i �T�`�Q�+�2�b�2�K �T�Q�r�b�x�2�+�?�M�v�K �B �x���H�2�+���M�v�K �� �M�B�2 �7���r�Q�`�v�x�m�D�2 �x�K�B�2�M�M�v�+�? �Q �r�B� �F�b�x�v�K �x���F�`�2�b�B�2�-

�� �r �b�B�2�+�B���+�? �M�2�m�`�Q�M�Q�r�v�+�? �� �T�`�x�v�b�T�B�2�b�x�� �x�#�B�2�Š�M�Q���É �B �M�Q�i���#�2�M�2 �M�B�2�F�i�¦�`�2 �x �7�m�M�F�+�D�B ���F�i�v�r���+�D�B�-

�D���F �M�T�Xtanh �+�x�v �7�m�M�F�+�D�� �b�B�;�K�Q�B�/���H�M�� �b�² �M���D�2�7�2�F�i�v�r�M�B�2�D�b�x�2 �U�K���D�² �M���D�r�v�Š�b�x�² �T�Q�+�?�Q�/�M�²�V

�r �x���F�`�2�b�B�2 �#�H�B�b�F�B�K �x�2�`�� �� �+�?�Q�É �i�m�- �x�2 �r�x�;�H� �/�m �M�� �x���b�i�Q�b�Q�r���M�B�2 �B�+�? �M�B�2�b�i���M�/���`�/�Q�r�v�+�?

�r�2�`�b�D�B�- �T�`�Q�#�H�2�K �M�B�2 �r�v�b�i� �T�m�D�2�X

�q���`�i�Q���+�B �r�b�T�¦�ˆ�+�x�v�M�M�B�F�� �/�2�i�2�`�K�B�M���+�D�BR2 �/�H�� �i�`�x�2�+�? �B�M�M�v�+�? �K�Q�/�2�H�B �x �i���#�X�e�X�N�b�² �#���`�/�x�Q

�r�v�b�Q�F�B�2�- ���H�2 �M�B�2�x�M���+�x�M�B�2 �b�B� �`�¦�Š�M�B�²�X �J�B�K�Q �T�Q�x�Q�`�M�B�2 �M�B�2�r�B�2�H�F�B�+�? �`�¦�Š�M�B�+ �K�B� �/�x�v �K�Q�/�2�H���K�B�-

�T�`�x�v �i���F�B�+�? �`�2�x�m�H�i���i���+�? �r�b�T�¦�ˆ�+�x�v�M�M�B�F �/�2�i�2�`�K�B�M���+�D�B �#�H�B�Š�b�x�v �D�2�/�M�Q���+�B �#� �/�x�B�2 �T�`���r�/�Q�T�Q�/�Q�#�M�B�2

�H�2�T�B�2�D �T�`�x�2�r�B�/�v�r���ˆ �`�¦�r�M�B�2�Š �r���`�i�Q���+�B �x �F�Q�–�+�� �x���F�`�2�b�m�- �+�Q �#� �/�x�B�2 �r�T�ˆ�v�r���ˆ�Q �`�¦�r�M�B�2�Š �M��

�M���+�?�v�H�2�M�B�2 �F�`�x�v�r�v�+�? �r �i�v�+�? �K�B�2�D�b�+���+�?�X �_�¦�Š�M�B�+�2 �b�² �r�B�/�Q�+�x�M�2 �M�� �r�v�F�`�2�b���+�?�e�X�R�j�- �b�x�+�x�2�;�¦�H�M�B�2

�T�Q�x�� �x���F�`�2�b�2�K �/���M�v�+�? �2�F�b�T�2�`�v�K�2�M�i���H�M�v�+�? �r �i�2���+�B�2 �D�2�/�M�Q�Q�b�B�Q�r�2�;�Q �`�Q�x�+�B�²�;���M�B���X �J�Q�/�2�H

�p�R�X�R�X�y�X�R �r�v�`���†�M�B�2 �Q�/�#�B�2�;�� �Q�/ �F�`�x�v�r�2�D �`�2�7�2�`�2�M�+�v�D�M�2�D�- �T�Q�/�+�x���b �;�/�v �T�Q�x�Q�b�i���ˆ�2 �x���+�?�Q�r�m�D�² �b�B� 

�T�Q�T�`���r�M�B�2�X

�e�X�e�X �q�M�B�Q�b�F�B

�q���`�i�Q �x���m�r���Š�v�É�- �Š�2 �r���`�i�Q���+�B �r�b�T�¦�ˆ�+�x�v�M�M�B�F�� �/�2�i�2�`�K�B�M���+�D�BR2 �x �T�`�x�2�/�x�B���ˆ�m0:97��0:999

�#�v�ˆ�Q�#�v �m�r���Š���M�2 �x�� �/�Q�#�`�2 �r �F�Q�M�i�2�F���+�B�2 �F�H���b�v�+�x�M�2�;�Q �x���b�i�Q�b�Q�r���M�B�� ���H�;�Q�`�v�i�K�¦�r �m�+�x�2�M�B��

�K���b�x�v�M�Q�r�2�;�Q�X �L�B�2�K�M�B�2�D �D�2�/�M���F�- �F�B�2�/�v �K�Q�/�2�H�m�D�2�K�v �T�`���r�� �F�Q�M�b�i�v�i�m�i�v�r�M�2 �?�B�T�2�`�b�T�`� �Š�v�b�i�Q���+�B�-

�m�Š�v�r���M�B�2 �;�Q �K�Q�Š�2 �#�v�É �M�B�2�r�v�b�i���`�+�x���D�²�+�2 �� �x�/�Q�H�M�Q���É �/�Q �2�F�b�i�`���T�Q�H���+�D�B �/���M�v�+�? �D�2�b�i �F�H�m�+�x�Q�r���-

�+�x�2�;�QR2 �M�B�2 �x���T�2�r�M�B���X �w���b���/�M�2 �K�Q�;�ˆ�Q�#�v �#�v�É �b�T�`���r�/�x���M�B�2 �x�;�Q�/�M�Q���+�B �r���`�i�Q���+�B �M���+�?�v�H�2�M�B��
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�d�X�k�X �_�Q�x�r�B�²�x���M�B�2 �D�2�/�M�Q�r�v�K�B���`�Q�r�2�;�Q �`�¦�r�M���M�B�� �S�Q�B�b�b�Q�M��

�q �M�B�M�B�2�D�b�x�v�K �T�Q�/�`�Q�x�/�x�B���H�2 �T�`�x�2�/�b�i���r�B�Q�M�Q �T�`�x�v�F�ˆ���/ �`�Q�x�r�B�²�x���M�B�� �D�2�/�M�Q�r�v�K�B���`�Q�r�2�;�Q

�`�¦�r�M���M�B�� �S�Q�B�b�b�Q�M�� �x �r�v�F�Q�`�x�v�b�i���M�B�2�K �S�?�v�b�B�+�b�@�A�M�7�Q�`�K�2�/ �L�2�m�`���H �L�2�i�r�Q�`�F�b �U�S�A�L�L�b�V�X �*�2�H�2�K

�i�2�;�Q �T�`�x�v�F�ˆ���/�m �D�2�b�i �r�T�`�Q�r���/�x�2�M�B�2 �+�x�v�i�2�H�M�B�F�� �r �T�Q�/�b�i���r�Q�r�2 �2�i���T�v �F�Q�M�b�i�`�m�Q�r���M�B�� �B �m�+�x�2�M�B��

�K�Q�/�2�H�B �S�A�L�L �Q�`���x �x���T�`�2�x�2�M�i�Q�r���M�B�2 �#�B�#�H�B�Q�i�2�F�B �.�2�2�T�s�.�1 �D���F�Q �M���`�x� �/�x�B�� �r�b�T�Q�K���;���D�²�+�2�;�Q

�B�K�T�H�2�K�2�M�i���+�D� �i�2�;�Q �i�v�T�m �K�2�i�Q�/�X �q �b�x�+�x�2�;�¦�H�M�Q���+�B �T�Q�F���x���M�Q�- �r �D���F�B �b�T�Q�b�¦�# �#�B�#�H�B�Q�i�2�F��

�.�2�2�T�s�.�1 �m�K�Q�Š�H�B�r�B�� �b�7�Q�`�K�m�ˆ�Q�r���M�B�2 �b�F�ˆ���/�Q�r�v�+�? �x���/���M�B�� �Q�#�2�D�K�m�D�²�+�v�+�? �/�2�}�M�B�+�D� �/�x�B�2�/�x�B�M�v

�7�m�M�F�+�D�B�- �M���`�x�m�+�2�M�B�2 �r���`�m�M�F�¦�r �#�`�x�2�;�Q�r�v�+�?�- �x���T�B�b �`�2�b�x�i �`�¦�r�M���– �`�¦�Š�M�B�+�x�F�Q�r�v�+�? �D���F�Q �b�F�ˆ���/�M�B�F��

�7�m�M�F�+�D�B �F�Q�b�x�i�m�- �/�Q�#�¦�` �T�m�M�F�i�¦�r �i�`�2�M�B�M�;�Q�r�v�+�? �B �i�2�b�i�Q�r�v�+�? �Q�`���x �T�`�Q�+�2�/�m�`� �m�+�x�2�M�B���X �S�Q�/�2�D���+�B�2

�x�Q�b�i���ˆ�Q �T�Q�`�¦�r�M���M�2 �x ���M���H�Q�;�B�+�x�M�² �B�K�T�H�2�K�2�M�i���+�D�² �r ���`�Q�/�Q�r�B�b�F�m �S�v�h�Q�`�+�?�- �r�v�K���;���D�²�+�² �D���r�M�2�D

�`�2���H�B�x���+�D�B �r�v�K�B�2�M�B�Q�M�v�+�? �2�H�2�K�2�M�i�¦�r�X �h���F�B�2 �T�Q�`�¦�r�M���M�B�2 �T�Q�x�r���H�� �x �D�2�/�M�2�D �b�i�`�Q�M�v �x�B�H�m�b�i�`�Q�r���É

�B�b�i�Q�i� �K�2�i�Q�/�v �S�A�L�L�- �� �x �/�`�m�;�B�2�D �� �r�b�F���x���É �`�Q�H� �#�B�#�H�B�Q�i�2�F�B �.�2�2�T�s�.�1 �r �`�2�/�m�F�+�D�B �x�ˆ�Q�Š�Q�M�Q���+�B

�B�K�T�H�2�K�2�M�i���+�v�D�M�2�D �Q�`���x �r �m�T�Q�`�x�²�/�F�Q�r���M�B�m �T�`�Q�+�2�b�m �T�`�Q�r���/�x�2�M�B�� �Q�#�H�B�+�x�2�– �M�m�K�2�`�v�+�x�M�v�+�?�X

�_�Q�x�r���Š�K�v �T�`�Q�b�i�v �T�`�Q�#�H�2�K �#�`�x�2�;�Q�r�v �U�T�Q�`�X �(�R�j�k�)�V�,

d2y(x)
dx2

+ � 2 sin(�x ) = 0 ; x 2 [� 1; 1]: �U�d�X�R�V

�x �r���`�m�M�F���K�B �#�`�x�2�;�Q�r�v�K�B�,

y(� 1) = 0; y(1) = 0 : �U�d�X�k�V

�_�Q�x�r�B�²�x���M�B�2 ���M���H�B�i�v�+�x�M�2 �`�Q�x�r���Š���M�2�;�Q �T�`�Q�#�H�2�K�m �K�� �T�Q�b�i���É�,

y(x) = sin( �x ): �U�d�X�j�V

�h�r�B�2�`�/�x�2�M�B�2 �Q �m�M�B�r�2�`�b���H�M�2�D ���T�`�Q�F�b�v�K�Q�r���H�M�Q���+�B �(�9�)�- �(�9�y�) �b�i�r�B�2�`�/�x���- �Š�2 �D�2�/�M�Q�F�B�2�`�m�M�F�Q�r��

�b�B�2�É �M�2�m�`�Q�M�Q�r�� �i�v�T�m�7�2�2�/�@�7�Q�`�r��� �̀/�x �+�Q �M���D�K�M�B�2�D �D�2�/�M�² �r���`�b�i�r�² �m�F�`�v�i�²�- �T�`�x�v �x���ˆ�Q�Š�2�M�B�m

�Q�/�T�Q�r�B�2�/�M�B�2�D �7�m�M�F�+�D�B ���F�i�v�r���+�D�B �Q�`���x �b�F�Q�–�+�x�Q�M�2�D �H�B�+�x�#�v �M�2�m�`�Q�M�¦�r�- �K�Q�Š�2 �x �/�Q�r�Q�H�M�B�2 �x���@

�/���M�² �/�Q�F�ˆ���/�M�Q���+�B�² �T�`�x�v�#�H�B�Š���É �F���Š�/�² �7�m�M�F�+�D� �+�B�²�;�ˆ�² �Q�F�`�2���H�Q�M�² �M�� �/�x�B�2�/�x�B�M�B�2 �/�Q�K�F�M�B� �i�2�D

�B �Q�;�`���M�B�+�x�Q�M�2�D�X �"� �/�x�B�2�K�v �T�`�Q�D�2�F�i�Q�r���H�B �T�`�Q�b�i�² �b�B�2�É �M�2�m�`�Q�M�Q�r�²yNN (x) �r �+�2�H�m ���T�`�Q�F�b�v�K���+�D�B

�`�Q�x�r�B�²�x���M�B��y(x)�,

y(x) � yNN (x); �U�d�X�9�V

�q �F�H���b�v�+�x�M�v�K �T�Q�/�2�D���+�B�m �/�Q �m�+�x�2�M�B�� �K���b�x�v�M�Q�r�2�;�Q �r �m�+�x�2�M�B�m �M���/�x�Q�`�Q�r���M�v�K �(�R�)�- �(�9�j�)�-

�K�Q�/�2�H �D�2�b�i �i�`�2�M�Q�r���M�v �M�� �x�#�B�Q�`�x�2 �/���M�v�+�? �x���r�B�2�`���D�²�+�v�K �T���`�v �r�2�D���+�B�2���r�v�D���+�B�2�X �q �T�`�x�2�+�B�@

�R�j�j



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�r�B�2�–�b�i�r�B�2 �/�Q �i�2�;�Q�- �b�B�2�+�B �S�A�L�L �U�S�?�v�b�B�+�b�@�A�M�7�Q�`�K�2�/ �L�2�m�`���H �L�2�i�r�Q�`�F�b�V �M�B�2 �r�v�K���;���D�² �T�2�ˆ�M�2�;�Q�-

�F�H���b�v�+�x�M�2�;�Q �x�#�B�Q�`�m �/���M�v�+�?�X �S�`�Q�+�2�b �m�+�x�2�M�B�� �D�2�b�i �/�2�i�2�`�K�B�M�Q�r���M�v �T�`�x�2�x �T�`���r�� �}�x�v�F�B �Q�T�B�b�m�D�²�+�2

�m�F�ˆ���/�- �M���D�+�x� ���+�B�2�D �r �T�Q�b�i���+�B �`�¦�r�M���– �`�¦�Š�M�B�+�x�F�Q�r�v�+�?�X �…�`�¦�/�ˆ�2�K �/���M�v�+�? �b�² �r�¦�r�+�x���b�,

� �`�¦�r�M���M�B�� �#�B�H���M�b�m �(�R�j�j�)�- �(�R�j�9�)�- �F�i�¦�`�2 �K�Q�/�2�H�m�D�² �x���+�?�Q�r���M�B�2 �m�F�ˆ���/�m�-

� �r���`�m�M�F�B �#�`�x�2�;�Q�r�2 �B �T�Q�+�x�²�i�F�Q�r�2�- �F�i�¦�`�2 �M���`�x�m�+���D�² �`�Q�x�r�B�²�x���M�B�m �r���`�i�Q���+�B �M�� �#�`�x�2�;�m

�/�x�B�2�/�x�B�M�v �B�f�H�m�# �r �+�?�r�B�H�B �T�Q�+�x�²�i�F�Q�r�2�D�X

�q �b�B�2�+�B���+�? �S�A�L�L �`�¦�r�M���M�B�� �#�B�H���M�b�m �T�2�ˆ�M�B�² �`�Q�H� �†�`�¦�/�ˆ�� �M�B�2�b�F�Q�–�+�x�Q�M�2�D �H�B�+�x�#�v �T�m�M�F�i�¦�r

�/���M�v�+�?�X �_�¦�r�M���M�B�2 �#�B�H���M�b�m �/�2�}�M�B�m�D�2 �7�m�M�F�+�D�2 �`�2�b�x�i�v�- �F�i�¦�`�² �K�Q�Š�M�� �Q�#�H�B�+�x���É �r �/�Q�r�Q�H�M�v�+�?

�T�m�M�F�i���+�? �/�Q�K�2�M�v�X �C�2�b�i �i�Q �K�Q�Š�H�B�r�2 �/�x�B� �F�B �`�¦�Š�M�B�+�x�F�Q�r���H�M�Q���+�B �b�B�2�+�B �M�2�m�`�Q�M�Q�r�2�DyNN (x)�X �a�B�2�É

�M�2�m�`�Q�M�Q�r�� �D�2�b�i �i�`�2�M�Q�r���M�� �T�Q�T�`�x�2�x �K�B�M�B�K���H�B�x���+�D� �`�2�b�x�i �i�v�+�? �`�¦�r�M���–�- �� �b���K�� �7�m�M�F�+�D�� �`�2�b�x�i�v

�r �M���b�x�v�K �T�`�x�v�F�ˆ���/�x�B�2 �K�� �T�Q�b�i���É�,

R(x) =
d2yNN (x)

dx2
+ � 2 sin(�x ); �U�d�X�8�V

�q �M���b�x�v�K �T�`�x�v�F�ˆ���/�x�B�2 �b�F�ˆ���/�M�B�F�B�2�K �7�m�M�F�+�D�B �F�Q�b�x�i�m �Q�/ �M�B�2�b�T�2�ˆ�M�B�2�M�B�� �`�¦�r�M���M�B�� �#�B�H���M�b�m �#� �/�x�B�2

�#�ˆ�²�/ ���`�2�/�M�B�Q�F�r���/�`���i�Q�r�v �x �`�2�b�x�i �M�� �/�Q�K�2�M�B�2 �r �T�m�M�F�i���+�? �i�`�2�M�B�M�;�Q�r�v�+�?f x i gN
i =1 � 
 �,

LP DE =
1
N

NX

i =1

R(x i )2 �
1

j
 j

Z



R(x)2 dx: �U�d�X�e�V

���M���H�Q�;�B�+�x�M�B�2 �/�Q �b�F�ˆ���/�M�B�F��LP DE �- �r���`�m�M�F�B �#�`�x�2�;�Q�r�2 �U�B�f�H�m�# �T�Q�+�x�²�i�F�Q�r�2�V �/�Q�b�i���`�+�x���D�²

�B�M�7�Q�`�K���+�D�B �Q �`�Q�x�r�B�²�x���M�B�m �M�� �#�`�x�2�;�m@
 �U�H�m�# �r �+�?�r�B�H�Bt = t0�V�X �.�H�� �r���`�m�M�F�m �.�B�`�B�+�?�H�2�i���-

�M���`�x�m�+���D�²�+�2�;�Q �r���`�i�Q���+�B �`�Q�x�r�B�²�x���M�B���- �/�2�}�M�B�m�D�2 �b�B� �`�2�b�x�i� �r���`�m�M�F�m �#�`�x�2�;�Q�r�2�;�Q �D���F�Q �`�¦�Š�M�B�+� 

�T�Q�K�B� �/�x�v �r���`�i�Q���+�B�² �x���/���M�² �� �T�`�2�/�v�F�+�D�² �b�B�2�+�B�,

B (x) = yNN (x) � yBC (x); x 2 @
 ; �U�d�X�d�V

�;�/�x�B�2yBC (x) �Q�x�M���+�x�� �r���`�i�Q���É �r�v�K���;���M�² �T�`�x�2�x �r���`�m�M�2�F �#�`�x�2�;�Q�r�v�X

�q �T�`���F�i�v�+�2 �`�Q�x�r���Š�� �b�B� �+�x� �b�i�QK �`�¦�Š�M�v�+�? �r���`�m�M�F�¦�r �#�`�x�2�;�Q�r�v�+�? �U�H�m�# �;�`�m�T �r���`�m�M�F�¦�r�V�-

�x �F�i�¦�`�v�+�? �F���Š�/�v �D�2�b�i �2�;�x�2�F�r�Q�r���M�v �M�� �r�ˆ���b�M�v�K �x�#�B�Q�`�x�2 �T�m�M�F�i�¦�rf xBC;k
j gNBC;k

j =1 � @
 �X �.�H��

k�@�i�2�;�Q �r���`�m�M�F�m �#�`�x�2�;�Q�r�2�;�Q �Q�/�T�Q�r�B���/���D�²�+�v �K�m �b�F�ˆ���/�M�B�F �7�m�M�F�+�D�B �F�Q�b�x�i�m �T�`�x�v�D�K�m�D�2 �T�Q�b�i���É�,

LBC;k =
1

NBC;k

NBC;kX

j =1

�

Bk(xBC;k
j )

� 2

=
1

NBC;k

NBC;kX

j =1

�

yNN (xBC;k
j ) � yBC;k (xBC;k

j )
� 2

: �U�d�X�3�V

�R�j�9



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�q�¦�r�+�x���b �+���ˆ�F�Q�r�B�i�� �7�m�M�F�+�D�� �F�Q�b�x�i�m �D�2�b�i �r �Q�;�¦�H�M�Q���+�B �b�m�K�² �r���Š�Q�M�² �T�Q�b�x�+�x�2�;�¦�H�M�v�+�?

�b�F�ˆ���/�M�B�F�¦�r�,

L = wP DE LP DE +
KX

k=1

wBC;k LBC;k ; �U�d�X�N�V

�;�/�x�B�2wP DE �D�2�b�i �r���;�² �b�F�ˆ���/�M�B�F�� �`�¦�r�M���M�B�� �U�`�2�b�x�i�v �S�.�1�V�- �M���i�Q�K�B���b�iwBC;k �b�² �r���;���K�B

�T�`�x�v�T�B�b���M�v�K�Bk�@�i�2�K�m �r���`�m�M�F�Q�r�B �#�`�x�2�;�Q�r�2�K�m �U�H�m�#k�@�i�2�D �;�`�m�T�B�2 �r���`�m�M�F�¦�r�V�X

�q �x���ˆ�²�+�x�M�B�F�m�d�T�`�x�2�/�b�i���r�B�Q�M�Q �/�r�B�2 �`�¦�r�M�Q�r���Š�M�2 �B�K�T�H�2�K�2�M�i���+�D�2 �T�Q�r�v�Š�b�x�2�;�Q �x���/���M�B���,

�x �r�v�F�Q�`�x�v�b�i���M�B�2�K �#�B�#�H�B�Q�i�2�F�B �.�2�2�T�s�.�1 �Q�`���x �r �T�Q�b�i���+�B �ò�+�x�v�b�i�2�D�ô �B�K�T�H�2�K�2�M�i���+�D�B �r �S�v�h�Q�`�+�?�X

�q �B�K�T�H�2�K�2�M�i���+�D�B �.�2�2�T�s�.�1 �/�2�}�M�B�+�D�� �`�2�b�x�i�v �`�¦�r�M���M�B��R(x) �D�2�b�i �`�2���H�B�x�Q�r���M�� �r �7�m�M�F�@

�+�D�B�T�/�2�U�t�- �v�V�- �T�`�x�v �+�x�v�K �Q�#�H�B�+�x�2�M�B�2 �T�Q�+�?�Q�/�M�2�D �/�`�m�;�B�2�;�Q �`�x� �/�m@2yNN
@x2 �`�2���H�B�x�Q�r���M�2 �D�2�b�i

�T�`�x�2�x �r�v�r�Q�ˆ���M�B�2�/�/�2�X�;�`���/�X�?�2�b�b�B���M�U�v�- �t�V�X �.�x�B�2�/�x�B�M��
 = [ � 1; 1] �D�2�b�i �x���/���M�� �T�Q�T�`�x�2�x

�/�/�2�X�;�2�Q�K�2�i�`�v�X�A�M�i�2�`�p���H�U�@�R�- �R�V�- �M���i�Q�K�B���b�i �r���`�m�M�F�B �#�`�x�2�;�Q�r�2 �.�B�`�B�+�?�H�2�i�� �U�d�X�k�V �b�² �Q�T�B�@

�b���M�2 �Q�#�B�2�F�i���K�B�/�/�2�X�B�+�#�+�X�.�B�`�B�+�?�H�2�i�"�*�x �7�m�M�F�+�D���K�B �b�2�H�2�F�+�D�B �#�`�x�2�;�m �U�#�Q�m�M�/���`�v�n�H�2�7�i�-

�#�Q�m�M�/���`�v�n�`�B�;�?�i�V�X �E�H���b���/�/�2�X�/���i���X�S�.�1�Q�/�T�Q�r�B���/�� �x�� �F�Q�M�b�i�`�m�F�+�D� �x�#�B�Q�`�m �T�m�M�F�i�¦�r �i�`�2�M�B�M�@

�;�Q�r�v�+�? �r �/�Q�K�2�M�B�2 �B �M�� �#�`�x�2�;�m �Q�`���x �x�� �x�2�b�i���r�B�2�M�B�2 �b�F�ˆ���/�M�B�F�¦�r �7�m�M�F�+�D�B �F�Q�b�x�i�m�X �S�`�Q�+�2�/�m�`��

�m�+�x�2�M�B�� �Q�`���x �K�Q�M�B�i�Q�`�Q�r���M�B�2 �T�`�x�2�#�B�2�;�m �K�B�M�B�K���H�B�x���+�D�B �`�2���H�B�x�Q�r���M�2 �b�² �T�`�x�2�x �r�v�r�Q�ˆ���M�B��

�K�Q�/�2�H�X�+�Q�K�T�B�H�2�U�X�X�X�V�B�K�Q�/�2�H�X�i�`���B�M�U�X�X�X�V�X

�q �B�K�T�H�2�K�2�M�i���+�D�B �S�v�h�Q�`�+�? �r�b�x�v�b�i�F�B�2 �T�Q�r�v�Š�b�x�2 �2�H�2�K�2�M�i�v �b�² �x���T�B�b���M�2 �D���r�M�B�2�X �_�2�b�x�i��

�`�¦�r�M���M�B��R(x) �D�2�b�i �Q�#�H�B�+�x���M�� �T�Q�T�`�x�2�x �r�v�x�M���+�x�2�M�B�2 �T�Q�+�?�Q�/�M�v�+�?@y
@x �B@2y

@x2 �T�`�x�v �m�Š�v�+�B�m

�i�Q�`�+�?�X���m�i�Q�;�`���/�X�;�`���/�- �� �M���b�i� �T�M�B�2 �D�2�b�i �x�ˆ�Q�Š�Q�M�� �r �7�m�M�F�+�D�B�T�/�2�U�K�Q�/�2�H�- �t�V�X �S�m�M�F�i�v �x �/�x�B�2�@

�/�x�B�M�vf x i g �b�² �F�Q�M�b�i�`�m�Q�r���M�2 �D���r�M�B�2 �U�r �i�v�K �T�`�x�v�T���/�F�m �T�`�x�2�x�i�Q�`�+�?�X�H�B�M�b�T���+�2�V�- �� �r���`�m�M�F�B

�#�`�x�2�;�Q�r�2 �`�2�T�`�2�x�2�M�i�Q�r���M�2 �b�² �T�`�x�2�x �Q�b�Q�#�M�v �x�#�B�¦�` �T�m�M�F�i�¦�rxBC �Q�`���x �r���`�i�Q���+�B �x���/���M�2yBC �X

�6�m�M�F�+�D���H�Q�b�b�U�X�X�X�V�Q�/�T�Q�r�B���/�� �x�� �x�#�m�/�Q�r���M�B�2LP DE �BLBC �Q�`���x �B�+�? �b�m�K�Q�r���M�B�2�- �M���i�Q�K�B���b�i

�T� �i�H�� �i�`�2�M�B�M�;�Q�r�� �F�Q�M�i�`�Q�H�m�D�2 ���F�i�m���H�B�x���+�D� �T���`���K�2�i�`�¦�r �b�B�2�+�B �B �H�Q�;�Q�r���M�B�2 �T�Q�b�i� �T�m�X

�q �Q�#�m �B�K�T�H�2�K�2�M�i���+�D���+�? �T�`�x�v�D� �i�Q �i� �b���K�² �F�Q�M�}�;�m�`���+�D� �, ���`�+�?�B�i�2�F�i�m�`� [1; 50; 50; 50; 1]

�x ���F�i�v�r���+�D�²tanh �B �B�M�B�+�D���H�B�x���+�D�² �:�H�Q�`�Q�i���- �`�¦�r�M�Q�K�B�2�`�M�2 �T�m�M�F�i�v �F�Q�H�Q�F���+�v�D�M�2 �M��[� 1; 1]�- �Q�T�i�v�@

�K���H�B�x���i�Q�` ���/���K �x�2 �b�i���ˆ�v�Klr = 10� 3 �T�`�x�2�x104 �B�i�2�`���+�D�B �Q�`���x �F�Q�b�x�iL = LP DE + LBC �X �6�m�M�F�+�D�2

�`�2�b�x�i�vR(x) �M�B�2 �T�Q�F�`�v�r���D�² �b�B� �/�Q�F�ˆ���/�M�B�2�- �+�Q �M�B�2 �r�v�M�B�F�� �x�2 �b�7�Q�`�K�m�ˆ�Q�r���M�B�� �x���/���M�B���- �H�2�+�x �K���D�²

�+�?���`���F�i�2�` �M�m�K�2�`�v�+�x�M�v �B �b�i�Q�+�?���b�i�v�+�x�M�v�X �P�#�B�2 �b�B�2�+�B �b�i���`�i�m�D�² �x �M�B�2�x���H�2�Š�M�B�2 �r�v�H�Q�b�Q�r���M�v�+�? �r���;

�B �r�v�x�M���+�x���D�² �/�`�m�;�² �T�Q�+�?�Q�/�M�² �B�M�M�² ���+�B�2�Š�F�² �`�¦�Š�M�B�+�x�F�Q�r���M�B�� �U�i�Q�`�+�?�X���m�i�Q�;�`���/�X�;�`���/�r�Q�#�2�+

�/�/�2�X�;�`���/�X�?�2�b�b�B���M�V�- �+�Q �T�`�x�v �b�i���ˆ�v�Klr �T�`�Q�r���/�x�B �/�Q �M�B�2�+�Q �B�M�M�v�+�?�- �H�2�+�x �`�¦�r�M�Q�r���Š�M�v�+�?

�`�Q�x�r�B�²�x���–�,y(x) � sin(�x ) �x �`�2�b�x�i�² �`�x� �/�m10� 2 �B �b�i�`���i�²10� 4�X �_�2�b�x�i�v �`�¦�r�M���M�B�� �B �T�`�x�2�#�B�2�;�B

�K�B�M�B�K���H�B�x���+�D�B �7�m�M�F�+�D�B �F�Q�b�x�i�m �x�2�b�i���r�B�Q�M�Q �M�� �`�v�b�X�d�X�R�- �� �r�v�M�B�F�B �Q�#�m �T�Q�/�2�D���É �M�� �`�v�b�X�d�X�k�X

�R�j�8



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�U���V �_�2�b�x�i�� �`�¦�r�M���M�B��R(x) �U�#�V �a�i�`���i�� �i�2�b�i�Q�r��L (�2�T�Q�+�?)

�_�v�b�m�M�2�F �d�X�R�X�S�Q�`�¦�r�M���M�B�2 �`�2�b�x�i�v �`�¦�r�M���M�B�� �Q�`���x �T�`�x�2�#�B�2�;�m �7�m�M�F�+�D�B �F�Q�b�x�i�m �/�H�� �Q�#�m �B�K�T�H�2�K�2�M�i���+�D�B
�S�A�L�L

�U���V �.�2�2�T�s�.�1 �U�#�V �S�v�h�Q�`�+�?

�_�v�b�m�M�2�F �d�X�k�X�S�Q�`�¦�r�M���M�B�2 �`�Q�x�r�B�²�x���– �`�¦�r�M���M�B�� �S�Q�B�b�b�Q�M�� �R�. �m�x�v�b�F���M�v�+�? �K�2�i�Q�/�² �S�A�L�L �r �/�r�¦�+�?
�B�K�T�H�2�K�2�M�i���+�D���+�?

�"�B�#�H�B�Q�i�2�F�� �.�2�2�T�s�.�1 �x���T�2�r�M�B�� �r�v�Š�b�x�v �T�Q�x�B�Q�K ���#�b�i�`���F�+�D�B�- ���m�i�Q�K���i�v�x�m�D�²�+ �/�2�}�M�B�+�D� 

�;�2�Q�K�2�i�`�B�B�- �r���`�m�M�F�¦�r �#�`�x�2�;�Q�r�v�+�? �B �T�`�Q�+�2�/�m�`�v �m�+�x�2�M�B���- �M���i�Q�K�B���b�i �B�K�T�H�2�K�2�M�i���+�D�� �r �ò�+�x�v�@

�b�i�v�K�ô �S�v�h�Q�`�+�? �r�v�K���;�� �D���r�M�2�;�Q �x���T�B�b�m �T�Q�+�?�Q�/�M�v�+�? �B �T� �i�H�B �Q�T�i�v�K���H�B�x���+�D�B�- �Q�7�2�`�m�D�²�+ �r�B� �F�b�x�²

�F�Q�M�i�`�Q�H� �M���/ �T�`�¦�#�F�Q�r���M�B�2�K �B �r���;�Q�r���M�B�2�K �b�F�ˆ���/�M�B�F�¦�r �7�m�M�F�+�D�B �F�Q�b�x�i�m�X �q �x�r�B�²�x�F�m �x �i�v�K

�r �F�Q�H�2�D�M�v�+�? �x���/���M�B���+�? �r�v�F�Q�`�x�v�b�i�v�r���M�� �#� �/�x�B�2 �#�B�#�H�B�Q�i�2�F�� �.�2�2�T�s�.�1�X

�R�j�e



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�d�X�j�X �"�2�H�F�� �r�b�T�Q�`�M�B�F�Q�r�� �Q�#�+�B�²�Š�Q�M�� �`�¦�r�M�Q�K�B�2�`�M�B�2

�q �M�B�M�B�2�D�b�x�2�D �+�x� ���+�B �`�Q�x�r���Š�Q�M�Q �F�H���b�v�+�x�M�2 �x���/���M�B�2 �x�;�B�M���M�B�� �#�2�H�F�B �r�b�T�Q�`�M�B�F�Q�r�2�D �Q�#�+�B�²�Š�Q�M�2�D

�`�¦�r�M�Q�K�B�2�`�M�B�2 �M�� �+���ˆ�2�D �/�ˆ�m�;�Q���+�B�X �J�Q�/�2�H �i�2�M �b�i���M�Q�r�B �T�m�M�F�i �Q�/�M�B�2�b�B�2�M�B�� �/�Q �/���H�b�x�v�+�? �T�Q�`�¦�r�M���–

�x �i���`�+�x�² �r �T�ˆ���b�F�B�K �b�i���M�B�2 �M���T�`� �Š�2�M�B�� �r �`���K���+�? �i�2�Q�`�B�B �b�T�`� �Š�v�b�i�Q���+�B �Q�`���x �/�Q �r�2�`�v�}�F���+�D�B

�B�K�T�H�2�K�2�M�i���+�D�B �M�m�K�2�`�v�+�x�M�v�+�? �S�A�L�L�X �L���D�T�B�2�`�r �x���/���M�B�2 �x�Q�b�i���M�B�2 �`�Q�x�r�B�²�x���M�2 �r �`���K���+�? �2�H�2�@

�K�2�M�i���`�M�2�D �i�2�Q�`�B�B �#�2�H�2�F �1�m�H�2�`���@�"�2�`�M�Q�m�H�H�B�2�;�Q�- �i�D�X �T�`�x�v �x���ˆ�Q�Š�2�M�B�m �i�2�Q�`�B�B �K���ˆ�v�+�? �T�`�x�2�K�B�2�b�x�+�x�2�–

�B �Q�/�F�b�x�i���ˆ�+�2�– �Q�`���x �T�Q�K�B�M�B� �+�B�m �r�T�ˆ�v�r�m ���+�B�M���M�B�� �M�� �F�`�x�v�r�B�x�M� �U�#�2�H�F�� �b�K�m�F�ˆ���V�X �*�B� �Š���` �r�ˆ���b�M�v

�x�Q�b�i���D�2 �T�Q�K�B�M�B� �i�v�X �_�Q�x�r�B�²�x���M�B�� ���M���H�B�i�v�+�x�M�2 �r �i�2�D �b�2�F�+�D�B �T�`�x�v�D� �i�Q �M�� �T�Q�/�b�i���r�B�2 �`� �F�Q�T�B�b�m �/�Q

�q�v�F�ˆ���/�m �x �T�`�x�2�/�K�B�Q�i�m �h�2�Q�`�B�B �a�T�`� �Š�v�b�i�Q���+�B �B �S�H���b�i�v�+�x�M�Q���+�B �(�R�j�8�)�X

�_�v�b�m�M�2�F �d�X�j�X�a�+�?�2�K���i �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �#�2�H�F�B �Q�#�+�B�²�Š�Q�M�2�D
�`�¦�r�M�Q�K�B�2�`�M�B�2

�h���#�2�H�� �d�X�R�X�S�`�x�v�D� �i�2 �T���`���K�2�@
�i�`�v

�S���`���K�2�i�` �q���`�i�Q���É
p 0:4 [kN=cm]
b 20:0 [cm]
q = p

b 0:02 [kN=cm2]
E 30:0 [GPa]
� 0:2
c 25:0 [cm]
l 200:0 [cm]

�d�X�j�X�R�X �_�Q�x�r�B�²�x���M�B�2 ���M���H�B�i�v�+�x�M�2 �r�; �i�2�Q�`�B�B �#�2�H�2�F

�q�T�`�Q�r���/�x���K�v �m�;�B� �+�B�2 �r �x�K�B�2�M�M�2�D �r�v�K�B���`�Q�r�2�D �D���F�Qv(x)�- �� �M���b�i� �T�M�B�2 �T�`�x�2�+�?�Q�/�x�B�K�v

�M�� �r�b�T�¦�ˆ�`�x� �/�M�² �#�2�x�r�v�K�B���`�Q�r�²� = x=l�X �l�;�B� �+�B�2 �D���F�Q �7�m�M�F�+�D� �x�K�B�2�M�M�2�D �#�2�x�r�v�K�B���`�Q�r�2�D

�K�Q�Š�2�K�v �x���T�B�b���É �D���F�Q�,

v(� ) = v(x)
�
�
�
x= l �

= v(l � ); � 2 [0; 1]: �U�d�X�R�y�V

�E�Q�`�x�v�b�i���D�²�+ �x �x���H�2�Š�M�Q���+�Bd
dx = 1

l
d
d� �- �`�¦�r�M���M�B�2 �m�;�B� �+�B�� �#�2�H�F�B �T�`�x�v�D�K�m�D�2 �T�Q�b�i���É�,

1
l4

d4v(� )
d� 4

=
p(l � )
EJz

; �;�/�x�B�2 Jz =
(2c)3 b

12
=

2
3

b c3: �U�d�X�R�R�V

�R�j�d



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�q ���M���H�B�x�Q�r���M�v�K �T�`�x�v�T���/�F�m �K���K�vp(x) = � p�- �+�x�v�H�Bp(l� ) = � p �B �`�¦�r�M���M�B�2 �`�¦�Š�M�B�+�x�F�Q�r�2

�m�;�B� �+�B�� �#�2�H�F�B �T�`�x�v�D�K�m�D�2 �T�Q�b�i���É�,

d4v(� )
d� 4

+
3p l4

2E b c3
= 0: �U�d�X�R�k�V

�q�T�`�Q�r���/�†�K�v �r�b�T�¦�ˆ�+�x�v�M�M�B�F �b�F���H�m�D�²�+�v �m�;�B� �+�B�2
 ref �Q�`���x �m�;�B� �+�B�2 �#�2�x�r�v�K�B���`�Q�r�2v̂�,

v(� ) = 
 ref v̂(� ): �U�d�X�R�j�V

�S�Q �T�Q�/�b�i���r�B�2�M�B�m �/�Q �`�¦�r�M���M�B�� �Q�i�`�x�v�K�m�D�2�K�v�,


 ref
d4v̂(� )

d� 4
+

3p l4

2E b c3
= 0: �U�d�X�R�9�V

�q�b�T�¦�ˆ�+�x�v�M�M�B�F
 ref �r�v�#�B�2�`���K�v �i���F�- ���#�v �`�¦�r�M���M�B�2 �T�`�x�v�D� �ˆ�Q �T�`�Q�b�i�² �T�Q�b�i���É �#�2�x�r�v�K�B���`�Q�r�²�,

d4v̂(� )
d� 4

+ 1 = 0 ; 
 ref =
3p l4

2E b c3
: �U�d�X�R�8�V

�q�T�`�Q�r���/�x�2�M�B�2
 ref �D�2�b�i �B�b�i�Q�i�M�2�- �T�Q�M�B�2�r���Š �M�Q�`�K���H�B�x�m�D�2 �b�F���H� �`�Q�x�r�B�²�x���M�B�� �B �b�T�`�Q�r���/�x��

�r�b�x�v�b�i�F�B�2 �b�F�ˆ���/�M�B�F�B �7�m�M�F�+�D�B �F�Q�b�x�i�m �/�Q �T�Q�`�¦�r�M�v�r���H�M�2�;�Q �`�x� �/�m �r�B�2�H�F�Q���+�B�X �.�x�B� �F�B �i�2�K�m �T�Q�T�`���@

�r�B�� �b�B� �b�i���#�B�H�M�Q���É �B �b�x�v�#�F�Q���É �m�+�x�2�M�B�� �K�Q�/�2�H�m �S�A�L�L�- �T�Q�M�B�2�r���Š �b�B�2�É �M�B�2 �K�m�b�B �D�2�/�M�Q�+�x�2���M�B�2

�`�2�T�`�2�x�2�M�i�Q�r���É �#���`�/�x�Q �K���ˆ�v�+�? �B �#���`�/�x�Q �/�m�Š�v�+�? �r���`�i�Q���+�B �r �7�m�M�F�+�D�B �b�i�`���i�v�X

�l�Q�;�¦�H�M�B�Q�M�2 �b�B�ˆ�v �T�`�x�2�F�`�Q�D�Q�r�2 �B �b�F�ˆ���/�Q�r�2 �b�i���M�m �M���T�`� �Š�2�M�B�� �Q�#�H�B�+�x���K�v �r�; �T�Q�M�B�Š�b�x�v�+�?

�r�x�Q�`�¦�r�,

M z(� ) = � EJz

 ref

l2

d2v̂(� )
d� 2

; Ty(� ) = � EJz

 ref

l3

d3v̂(� )
d� 3

: �U�d�X�R�e�V

� xx =
M z y
Jz

; � xy =
Ty Sz

b Jz
; �;�/�x�B�2Sz = b(c � y)

�

y +
c � y

2

�

=
b
2

�
c2 � y2

�
: �U�d�X�R�d�V

�q���`�m�M�F�B �#�`�x�2�;�Q�r�2 �/�H�� �#�2�H�F�B �r�b�T�Q�`�M�B�F�Q�r�2�D �T�`�x�v�D�K�m�D�² �T�Q�b�i���É�,

v(1) = 0 ; v0(1) = 0 ; M z(0) = 0 ; Ty(0) = 0 : �U�d�X�R�3�V

�P�b�i���i�2�+�x�M�B�2 �7�m�M�F�+�D� �m�;�B� �+�B�� �B �b�B�ˆ�v �T�`�x�2�F�`�Q�D�Q�r�2 �Q�i�`�x�v�K�m�D�2�K�v �r �T�Q�b�i���+�B�,

v(� ) =
p l4

16E b c3

�
4� � � 4 � 3

�
; M z(� ) =

1
2

p l2 � 2; Ty(� ) = p l �: �U�d�X�R�N�V

�R�j�3



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�q�T�`�Q�r���/�x���D�²�+ �/�`�m�;�² �r�b�T�¦�ˆ�`�x� �/�M�² �#�2�x�r�v�K�B���`�Q�r�²� = y=2c = y=�l �- �;�/�x�B�2� = 2c=l �D�2�b�i

�#�2�x�r�v�K�B���`�Q�r�v�K �T���`���K�2�i�`�2�K �;�2�Q�K�2�i�`�v�+�x�M�v�K �Q�T�B�b�m�D�²�+�v�K �T�`�Q�T�Q�`�+�D� �r�v�b�Q�F�Q���+�B �/�Q �/�ˆ�m�;�Q���+�B

�#�2�H�F�B�- �b�F�ˆ���/�Q�r�2 �b�i���M�m �M���T�`� �Š�2�M�B�� �T�`�x�v�D�K�m�D�² �T�Q�b�i���É�,

� xx (�; � ) =
3p

4b c3
(�l )2 � 2c =

6p
b� 2

� 2�;

� xy (�; � ) =
3p

4b c3
�l

h
c2 � (� 2c)2

i
=

3p
2b �

�
�
1 � 4� 2

�
:

�U�d�X�k�y�V

�q�v�`���Š�2�M�B�� �i�2�- �x���T�B�b���M�2 �r �x�K�B�2�M�M�v�+�? �r�v�K�B���`�Q�r�v�+�?�- �#� �/�² �T�Q�i�`�x�2�#�M�2 �r �/���H�b�x�2�D �+�x� ���+�B ���M���H�B�x�v�X

�d�X�j�X�k�X �_�Q�x�r�B�²�x���M�B�2 �T�`�x�v �x���b�i�Q�b�Q�r���M�B�m �b�B�2�+�B �S�A�L�L �r�; �i�2�Q�`�B�B �#�2�H�2�F

�q �`�Q�x�r�B�²�x���M�B�m �T�`�x�v �x���b�i�Q�b�Q�r���M�B�m �K�2�i�Q�/�v �S�A�L�L �`�Q�x�T���i�`�x�Q�M�Q �i�`�x�v �r���`�B���M�i�v �D�2�/�M�Q�r�v�@

�K�B���`�Q�r�2�;�Q �T�`�Q�#�H�2�K�m �x�;�B�M���M�B�� �#�2�H�F�B �r�b�T�Q�`�M�B�F�Q�r�2�D�,

� �r �b�7�Q�`�K�m�ˆ�Q�r���M�B�m �r�v�K�B���`�Q�r�v�K�-

� �r �b�7�Q�`�K�m�ˆ�Q�r���M�B�m �#�2�x�r�v�K�B���`�Q�r�v�K �x �`�¦�r�M���M�B�2�K �`�¦�Š�M�B�+�x�F�Q�r�v�K �Q�/�T�Q�r�B���/���D�²�+�v�K

�x���H�2�Š�M�Q���+�B �U�d�X�R�k�V�-

� �r �b�7�Q�`�K�m�ˆ�Q�r���M�B�m �#�2�x�r�v�K�B���`�Q�r�v�K �x �`�¦�r�M���M�B�2�K �`�¦�Š�M�B�+�x�F�Q�r�v�K �Q�/�T�Q�r�B���/���D�²�+�v�K

�x���H�2�Š�M�Q���+�B �U�d�X�R�8�V�X

�q���`�m�M�F�B �#�`�x�2�;�Q�r�2 �x���/���M�Q �x�;�Q�/�M�B�2 �x �`�¦�r�M���M�B�2�K �U�d�X�R�3�V�X

�.�Q �m�+�x�2�M�B�� �x���b�i�Q�b�Q�r���M�Q �r�B�2�H�Q�r���`�b�i�r�Q�r�² �b�B�2�É �M�2�m�`�Q�M�Q�r�² �Q ���`�+�?�B�i�2�F�i�m�`�x�21��50��50��50��1

�x �7�m�M�F�+�D�² ���F�i�v�r���+�D�B �i�v�T�m�i���M�?�Q�`���x �B�M�B�+�D���H�B�x���+�D�² �r���; �K�2�i�Q�/�²�:�H�Q�`�Q�i �m�M�B�7�Q�`�K�(�j�3�)�X �q �Q�#�@

�b�x���`�x�2 �x���/���M�B�� �#�2�H�F�B �m�b�i���H�Q�M�Q �R�k�3 �T�m�M�F�i�¦�r �`�2�b�B�/�m�m�K �S�.�1�- �M���i�Q�K�B���b�i �r���`�m�M�F�B �#�`�x�2�;�Q�r�2

�M���`�x�m�+�Q�M�Q �r �/�r�¦�+�? �T�m�M�F�i���+�? �M�� �F���Š�/�v�K �F�Q�–�+�m �T�`�x�2�/�x�B���ˆ�m�X �6�m�M�F�+�D�� �b�i�`���i�v �x�#�m�/�Q�r���M��

�x�Q�b�i���ˆ�� �D���F�Q �b�m�K�� �r���Š�Q�M�� �`�2�b�x�i�v �`�¦�r�M���M�B�� �`�¦�Š�M�B�+�x�F�Q�r�2�;�Q �U�S�.�1�V �Q�`���x �+�x�i�2�`�2�+�? �b�F�ˆ���/�Q�r�v�+�?

�Q�/�T�Q�r�B���/���D�²�+�v�+�? �r���`�m�M�F�Q�K �#�`�x�2�;�Q�r�v�K�- �T�`�x�v�D�K�m�D�²�+ �D�2�/�M�Q�b�i�F�Q�r�2 �r���;�B �r�b�x�v�b�i�F�B�+�? �b�F�ˆ���/�M�B�@

�F�¦�r�X �.�Q�/���i�F�Q�r�Q �m�Š�v�i�Q �R�y�y �T�m�M�F�i�¦�r �r���H�B�/���+�v�D�M�v�+�? �r �+�2�H�m �K�Q�M�B�i�Q�`�Q�r���M�B�� �#�ˆ� �/�m�X �S�`�Q�+�2�b

�m�+�x�2�M�B�� �T�`�Q�r���/�x�Q�M�Q �x �m�Š�v�+�B�2�K �Q�T�i�v�K���H�B�x���i�Q�`�� ���/���K �x �F�`�Q�F�B�2�K �m�+�x�2�M�B��10� 3�- �b�i�Q�b�m�D�²�+

�K�2�+�?���M�B�x�K �r�+�x�2�b�M�2�;�Q �x���i�`�x�v�K���M�B�� �M�� �T�Q�/�b�i���r�B�2 �#�ˆ� �/�m �7�m�M�F�+�D�B �F�Q�b�x�i�m �Q�#�H�B�+�x���M�2�D �M�� �x�#�B�Q�`�x�2

�r���H�B�/���+�v�D�M�v�K�X �S�`�x�2�#�B�2�; �7�m�M�F�+�D�B �b�i�`���i�v �r �i�`���F�+�B�2 �m�+�x�2�M�B�� �T�`�x�2�/�b�i���r�B�Q�M�Q �M�� �`�v�b�m�M�F�m�d�X�9�/�X

�C���F�Q �`�Q�x�r�B�²�x���M�B�2 �`�2�7�2�`�2�M�+�v�D�M�2 �r�v�F�Q�`�x�v�b�i���M�Q ���M���H�B�i�v�+�x�M�² �T�Q�b�i���É �m�;�B� �+�B�� �#�2�H�F�B�- �+�Q �m�K�Q�Š�H�B�r�B�ˆ�Q

�#�B�2�Š�²�+�² �Q�+�2�M� �D���F�Q���+�B ���T�`�Q�F�b�v�K���+�D�B �r �T�m�M�F�i���+�? �r���H�B�/���+�v�D�M�v�+�?�X

�q�T�ˆ�v�r �M�Q�`�K���H�B�x���+�D�B �x�K�B�2�M�M�v�+�? �M�� �T�`�Q�+�2�b �m�+�x�2�M�B�� �Q�+�2�M�B�Q�M�Q �M�� �T�Q�/�b�i���r�B�2 �#�ˆ� �/�m ���`�2�/�@

�M�B�Q�F�r���/�`���i�Q�r�2�;�Q�- �Q�#�H�B�+�x���M�2�;�Q �M�� �x�#�B�Q�`�x�2 �R�y�y �T�m�M�F�i�¦�r �r���H�B�/���+�v�D�M�v�+�? �`�¦�r�M�Q�K�B�2�`�M�B�2 �`�Q�x�@

�ˆ�Q�Š�Q�M�v�+�? �r �/�x�B�2�/�x�B�M�B�2 �Q�#�H�B�+�x�2�M�B�Q�r�2�D �/�H�� �i�`�x�2�+�? �r���`�B���M�i�¦�r �x���/���M�B���X �.�H�� �b�7�Q�`�K�m�ˆ�Q�r���M�B��

�R�j�N



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�U���V �l�;�B� �+�B�2v(x) �U�#�V �J�Q�K�2�M�iMz(x) �U�+�V �a�B�ˆ�� �i�M�²�+��Ty(x)

�U�/�V �w���H�2�Š�M�Q���É �7�m�M�F�+�D�B �b�i�`���i�v �Q�/ �H�B�+�x�#�v �2�T�Q�F �m�+�x�2�M�B�� �M�� �x�#�B�Q�`�x�2 �i�`�2�M�B�M�;�Q�r�v�K�, �H�B�M�B�� �+�B�²�;�ˆ�� �T�`�x�2�/�b�i���@
�r�B�� �b�i�`���i� �+���ˆ�F�Q�r�B�i�²�- �+�x�2�`�r�Q�M�� �H�B�M�B�� �F�`�Q�T�F�Q�r���M�� �Q�/�T�Q�r�B���/�� �b�F�ˆ���/�M�B�F�Q�r�B �S�.�1�- �M���i�Q�K�B���b�i �M�B�2�#�B�2�b�F��
�H�B�M�B�� �T�`�x�2�`�v�r���M�� �� �b�F�ˆ���/�M�B�F�Q�K �r���`�m�M�F�¦�r �#�`�x�2�;�Q�r�v�+�?�X �E�`�x�v�r�2 �r�v�;�ˆ���/�x�Q�M�2 �x���T�`�2�x�2�M�i�Q�r���M�Q
�r �T�Q�b�i���+�B ���`�2�/�M�B�2�D �F�`�Q�+�x�²�+�2�D�- �M���i�Q�K�B���b�i �T�¦�ˆ�T�`�x�2�x�`�Q�+�x�v�b�i�2 �T�`�x�2�#�B�2�;�B �T�`�x�2�/�b�i���r�B���D�² �r���`�i�Q���+�B �b�m�`�Q�r�2�X

�_�v�b�m�M�2�F �d�X�9�X�S�Q�`�¦�r�M���M�B�2 �r�v�M�B�F�¦�r �m�x�v�b�F���M�v�+�? �T�`�x�v �m�Š�v�+�B�m �b�B�2�+�B �S�A�L�L �r �b�7�Q�`�K�m�ˆ�Q�r���M�B�m
�#�2�x�r�v�K�B���`�Q�r�v�K �x �`�¦�r�M���M�B�2�K �`�¦�Š�M�B�+�x�F�Q�r�v�K �Q�/�T�Q�r�B���/���D�²�+�v�K �x���H�2�Š�M�Q���+�B�U�d�X�R�8�V�x �`�Q�x�r�B�²�x���M�B�2�K
���M���H�B�i�v�+�x�M�v�K

�T�`�Q�#�H�2�K�m �r �x�K�B�2�M�M�v�+�? �r�v�K�B���`�Q�r�v�+�? �x���Q�#�b�2�`�r�Q�r���M�Q �#�`���F �x�#�B�2�Š�M�Q���+�B �Q�`���x �r���`�i�Q���É �#�ˆ� �/�m

MSE = 1:10 � 101�X �S�Q �r�T�`�Q�r���/�x�2�M�B�m �r�b�T�¦�ˆ�`�x� �/�M�2�D �#�2�x�r�v�K�B���`�Q�r�2�D �x���/���M�B�2 �x�#�B�2�;�ˆ�Q �b�B� 

�B �#�ˆ�²�/ �x�K�M�B�2�D�b�x�v�ˆ �b�B� �/�QMSE = 4:06 � 10� 2�- �M���i�Q�K�B���b�i �/�Q�/���i�F�Q�r�2 �b�F���H�Q�r���M�B�2 �m�;�B� �+�B��

�T�Q�x�r�Q�H�B�ˆ�Q �m�x�v�b�F���É �/���H�b�x�² �T�Q�T�`���r� �/�Q �T�Q�x�B�Q�K�mMSE = 2:84� 10� 2�X �S�Q�`�¦�r�M���M�B�2 �r���`�i�Q���+�B

�#�ˆ� �/�m �J�a�1 �/�H�� �F�Q�H�2�D�M�v�+�? �2�i���T�¦�r �M�Q�`�K���H�B�x���+�D�B �x�2�b�i���r�B�Q�M�Q �M�� �`�v�b�m�M�F�m�d�X�8�X �l�x�v�b�F���M�2 �r�v�M�B�F�B

�T�Q�i�r�B�2�`�/�x���D�² �x�M���+�x�2�M�B�2 �M�Q�`�K���H�B�x���+�D�B �x�K�B�2�M�M�v�+�? �r�2�D���+�B�Q�r�v�+�? �r �b�B�2�+�B���+�? �M�2�m�`�Q�M�Q�r�v�+�? �Q�`���x

�r�b�F���x�m�D�²�- �Š�2 �r �T�`�x�v�T���/�F�m �b�B�2�+�B �S�A�L�L �K�Q�Š�2 �#�v�É �i�Q �F�H�m�+�x�Q�r�2 �/�H�� �m�x�v�b�F���M�B�� �T�Q�T�`���r�M�2�;�Q

�`�Q�x�r�B�²�x���M�B���X �q�v�M�B�F�� �i�Q �x �7���F�i�m�- �Š�2 �i�v�T�Q�r�2 �7�m�M�F�+�D�2 ���F�i�v�r���+�D�B �r�v�F���x�m�D�² �M���D�b�B�H�M�B�2�D�b�x�²

�M�B�2�H�B�M�B�Q�r�Q���É �r �Q�;�`���M�B�+�x�Q�M�v�K �x���F�`�2�b�B�2 ���`�;�m�K�2�M�i�¦�r �U�x�r�v�F�H�2 �r �T�Q�#�H�B�Š�m �x�2�`���V�X �P�/�T�Q�r�B�2�/�M�B�2

�T�`�x�2�b�F���H�Q�r���M�B�2 �x�K�B�2�M�M�v�+�? �T�Q�r�Q�/�m�D�2�- �Š�2 �M�2�m�`�Q�M�v �T�`���+�m�D�² �r �i�v�K �ò���F�i�v�r�M�v�K�ô �Q�#�b�x���`�x�2�-

�+�Q �T�Q�T�`���r�B�� �T�`�Q�T���;���+�D� �;�`���/�B�2�M�i�¦�r �B �b�i���#�B�H�M�Q���É �Q�T�i�v�K���H�B�x���+�D�B�X �q �F�Q�M�b�2�F�r�2�M�+�D�B �r�T�`�Q�r���@

�R�9�y



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�/�x�2�M�B�2 �x�K�B�2�M�M�v�+�? �#�2�x�r�v�K�B���`�Q�r�v�+�? �Q�`���x �b�F���H�Q�r���M�B�2 �r�B�2�H�F�Q���+�B �}�x�v�+�x�M�v�+�? �T�`�Q�r���/�x�² �/�Q

�2�7�2�F�i�v�r�M�B�2�D�b�x�2�;�Q �m�+�x�2�M�B�� �B �H�2�T�b�x�2�D �x�#�B�2�Š�M�Q���+�B �K�Q�/�2�H�m �S�A�L�L�X �w���Q�#�b�2�`�r�Q�r���M�2 �i�`�m�/�M�Q���+�B �x�2

�x�#�B�2�Š�M�Q���+�B�² �B�H�m�b�i�`�m�D�² �D�2�/�M�Q �x �F�H�m�+�x�Q�r�v�+�? �Q�;�`���M�B�+�x�2�– �K�2�i�Q�/�v �S�A�L�L�X �q �7�m�M�F�+�D�B �b�i�`���i�v �b�B�2�+�B

�r�b�T�¦�ˆ�r�v�b�i� �T�m�D�² �b�F�ˆ���/�M�B�F�B �Q �`�¦�Š�M�2�D �M���i�m�`�x�2 �}�x�v�+�x�M�2�D �� �`�2�b�B�/�m�m�K �`�¦�r�M���M�B�� �`�¦�Š�M�B�+�x�F�Q�r�2�;�Q�-

�r���`�m�M�F�B �#�`�x�2�;�Q�r�2 �B �2�r�2�M�i�m���H�M�B�2 �r���`�m�M�F�B �T�Q�+�x�²�i�F�Q�r�2 �� �F�i�¦�`�v�+�? �r���`�i�Q���+�B �K�Q�;�² �`�¦�Š�M�B�É �b�B� 

�Q �r�B�2�H�2 �`�x� �/�¦�r �r�B�2�H�F�Q���+�B�X �S�`�Q�r���/�x�B �i�Q �/�Q �b�B�H�M�B�2 �M�B�2�x�#���H���M�b�Q�r���M�2�;�Q �T�`�Q�#�H�2�K�m �Q�T�i�v�K���H�B�@

�x���+�D�B�- �r �F�i�¦�`�v�K �;�`���/�B�2�M�i�v �D�2�/�M�v�+�? �b�F�ˆ���/�M�B�F�¦�r �/�Q�K�B�M�m�D�² �M���/ �T�Q�x�Q�b�i���ˆ�v�K�B�- �m�i�`�m�/�M�B���D�²�+

�D�2�/�M�Q�+�x�2�b�M�2 �b�T�2�ˆ�M�B�2�M�B�2 �r�b�x�v�b�i�F�B�+�? �r���`�m�M�F�¦�r�X �q���M�;�- �h�2�M�; �B �S�2�`�/�B�F���`�B�b �(�R�j�e�) �D���F�Q �D�2�/�M�B

�x �T�B�2�`�r�b�x�v�+�? �b�x�+�x�2�;�¦�ˆ�Q�r�Q �x�B�/�2�M�i�v�}�F�Q�r���H�B �i� �T���i�Q�H�Q�;�B� �T�`�x�2�T�ˆ�v�r�m �;�`���/�B�2�M�i�¦�r �r �b�B�2�+�B���+�?

�S�A�L�L �B �x���T�`�Q�T�Q�M�Q�r���H�B ���H�;�Q�`�v�i�K �G�2���`�M�B�M�; �_���i�2 ���M�M�2���H�B�M�;�- �r �F�i�¦�`�v�K �r���;�B �T�Q�b�x�+�x�2�;�¦�H�M�v�+�?

�b�F�ˆ���/�M�B�F�¦�r �b�i�`���i�v �b�² ���/���T�i���+�v�D�M�B�2 �/�Q�b�i�Q�b�Q�r�v�r���M�2 �M�� �T�Q�/�b�i���r�B�2 �b�i���i�v�b�i�v�F �T�`�Q�T���;�Q�r���M�v�+�?

�;�`���/�B�2�M�i�¦�r �"�B�b�+�?�Q�7 �B �E�`���m�b �(�j�9�) �`�Q�x�r�B�M� �H�B �i�Q �T�Q�/�2�D���+�B�2�- �T�`�Q�T�Q�M�m�D�²�+ �b�+�?�2�K���i �_�2�G�Q�"�_���G�Q

�U�_�2�H���i�B�p�2 �G�Q�b�b �"���H���M�+�B�M�; �r�B�i�? �_���M�/�Q�K �G�Q�Q�F�#���+�F�V�- �F�i�¦�`�v �/�v�M���K�B�+�x�M�B�2 �`�¦�r�M�Q�r���Š�v �r�F�ˆ���/�v

�T�Q�b�x�+�x�2�;�¦�H�M�v�+�? �+�x�ˆ�Q�M�¦�r �b�i�`���i�v �B �r�v�F���x�m�D�2 �r�v�Š�b�x�² �/�Q�F�ˆ���/�M�Q���É �T�`�x�v �K�M�B�2�D�b�x�v�K �M���`�x�m�+�B�2

�Q�#�H�B�+�x�2�M�B�Q�r�v�K �r �T�Q�`�¦�r�M���M�B�m �x �r�+�x�2���M�B�2�D�b�x�v�K�B �K�2�i�Q�/���K�B�X �a�i�Q�b�Q�r���M�B�2 �x�K�B�2�M�M�v�+�? �#�2�x�r�v�@

�K�B���`�Q�r�v�+�?�- �T�`�x�2�/�b�i���r�B�Q�M�2 �r �M�B�M�B�2�D�b�x�2�D �T�`���+�v �T�Q�x�r���H�� �Q�;�`���M�B�+�x�v�É �i�2�M �T�`�Q�#�H�2�K �m �†�`�¦�/�ˆ��

�� �b�T�`�Q�r���/�x�2�M�B�2 �r�B�2�H�F�Q���+�B �/�Q �T�Q�`�¦�r�M�v�r���H�M�v�+�? �x���F�`�2�b�¦�r �x�K�M�B�2�D�b�x�� �/�v�b�T�`�Q�T�Q�`�+�D� �K�B� �/�x�v

�b�F�ˆ���/�M�B�F���K�B �b�i�`���i�v �D�2�b�x�+�x�2 �T�`�x�2�/ �`�Q�x�T�Q�+�x� �+�B�2�K �m�+�x�2�M�B���X
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�r�v�K�B���`�Q�r�2 �#�2�x�r�v�K�B���`�Q�r�2 �#�2�x�r�v�K�X �Y �b�F���H�Q�r���M�B�2
10� 2

10� 1

100

101
1:10 � 101

4:06 � 10� 2

2:84 � 10� 2

�a�7�Q�`�K�m�ˆ�Q�r���M�B�2

M
S

E

�_�v�b�m�M�2�F �d�X�8�X�q���`�i�Q���É �#�ˆ� �/�m �J�a�1 �/�H�� �F�Q�H�2�D�M�v�+�? �2�i���T�¦�r �M�Q�`�K���H�B�x���+�D�B �r�2�D���É�, �b�7�Q�`�K�m�ˆ�Q�r���M�B�2
�r�v�K�B���`�Q�r�2 �UMSE = 1 :10 � 101�V�- �r�T�`�Q�r���/�x�2�M�B�2 �r�b�T�¦�ˆ�`�x� �/�M�2�D �#�2�x�r�v�K�B���`�Q�r�2�D �UMSE = 4 :06 �
10� 2�V �Q�`���x �/�Q�/���i�F�Q�r�2 �b�F���H�Q�r���M�B�2 �m�;�B� �+�B�� �UMSE = 2 :84 � 10� 2�V�X �P�� �T�B�Q�M�Q�r�² �r�v�F�Q�M���M�Q �r �b�F���H�B
�H�Q�;���`�v�i�K�B�+�x�M�2�D�X

�d�X�9�X �h���`�+�x�� �r�b�T�Q�`�M�B�F�Q�r�� �Q�#�+�B�²�Š�Q�M�� �`�¦�r�M�Q�K�B�2�`�M�B�2

�d�X�9�X�R�X �_�Q�x�r�B�²�x���M�B�2 �T�ˆ���b�F�B�2�;�Q �x���/���M�B�� �S�a�L �r�; �i�2�Q�`�B�B �b�T�`� �Š�v�b�i�Q���+�B �K�2�i�Q�/�²

�T�¦�ˆ�Q�/�r�`�Q�i�M�²

�q �M�B�M�B�2�D�b�x�2�D �+�x� ���+�B �`�Q�x�r���Š�Q�M�Q �i�Q �b���K�Q �x���/���M�B�2 �r�b�T�Q�`�M�B�F�� �Q�#�+�B�²�Š�Q�M�2�;�Q �`�¦�r�M�Q�K�B�2�`�M�B�2

�M�� �+���ˆ�2�D �/�ˆ�m�;�Q���+�B�- �`�Q�x�r�B�²�x���M�2 �D�2�/�M���F �D���F�Q �/�r�m�r�v�K�B���`�Q�r�2 �x���;���/�M�B�2�M�B�2 �T�ˆ���b�F�B�2�;�Q �b�i���M�m

�M���T�`� �Š�2�M�B�� �U�S�a�L�V �r �`���K���+�? �i�2�Q�`�B�B �b�T�`� �Š�v�b�i�Q���+�B�X �J�Q�/�2�H �i�2�M �b�i���M�Q�r�B �T�m�M�F�i �Q�/�M�B�2�b�B�2�M�B�� �/�Q

�T�Q�`�¦�r�M���M�B�� �x �2�H�2�K�2�M�i���`�M�² �i�2�Q�`�B�² �#�2�H�2�F �Q�`���x �/�Q �r�2�`�v�}�F���+�D�B �B�K�T�H�2�K�2�M�i���+�D�B �M�m�K�2�`�v�+�x�M�v�+�?

�S�A�L�L�X �_�Q�x�r�B�²�x���M�B�2 ���M���H�B�i�v�+�x�M�2 �T�`�x�v�D� �i�Q �M�� �T�Q�/�b�i���r�B�2 �`� �F�Q�T�B�b�m �/�Q �q�v�F�ˆ���/�m �x �T�`�x�2�/�K�B�Q�i�m

�h�2�Q�`�B�B �a�T�`� �Š�v�b�i�Q���+�B �B �S�H���b�i�v�+�x�M�Q���+�B �(�R�j�8�)�X

�L���T�`� �Š�2�M�B�Q�r�2 �r���`�m�M�F�B �#�`�x�2�;�Q�r�2 �r �`�Q�x�T���i�`�v�r���M�2�D �i���`�+�x�v �K�Q�Š�M�� �x���T�B�b���É �r �T�Q�b�i���+�B

� xx nx + � xy ny = px ;

� yx nx + � yyny = py:
�U�d�X�k�R�V

�;�/�x�B�2nx �Q�`���xny �b�² �b�F�ˆ���/�Q�r�v�K�B �r�2�F�i�Q�`�� �M�Q�`�K���H�M�2�;�Q �/�Q �#�`�x�2�;�m�- �M���i�Q�K�B���b�ipx �Bpy �Q�x�M���+�x���D�²

�b�F�ˆ���/�Q�r�2 �r�2�F�i�Q�`�� �Q�#�+�B�²�Š�2�M�B�� �T�Q�r�B�2�`�x�+�?�M�B�Q�r�2�;�Q�X �q �T�`�x�v�D� �i�v�K �m�F�ˆ���/�x�B�2 �K���K�v �M���b�i� �T�m�D�²�+�2
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�M���T�`� �Š�2�M�B�Q�r�2 �r���`�m�M�F�B �#�`�x�2�;�Q�r�2�,

y = c; x 2 (0; l) :

8
>><

>>:

nx = 0

ny = 1
^

8
>><

>>:

px = 0

py = � q
!

8
>><

>>:

� xy = 0

� yy = � q
; �U�d�X�k�k�V

y = � c; x 2 (0; l) :

8
>><

>>:

nx = 0

ny = � 1
^

8
>><

>>:

px = 0

py = 0
!

8
>><

>>:

� xy = 0

� yy = 0
; �U�d�X�k�j�V

x = 0; y 2 (� c; c) :

8
>><

>>:

nx = � 1

ny = 0
^

8
>><

>>:

px = 0

py = 0
!

8
>><

>>:

� xx = 0

� xy = 0
: �U�d�X�k�9�V

�q �T�`�x�v�T���/�F�m �#�2�H�2�F �r�v�b�Q�F�B�+�? �K�2�i�Q�/�� �T�¦�ˆ�Q�/�r�`�Q�i�M�� �T�Q�H�2�;�� �M�� �T�`�x�v�D� �+�B�m �`�Q�x�r�B�²�x���M�B�� �r�v�M�B�@

�F���D�²�+�2�;�Q �x �i�2�Q�`�B�B �#�2�H�2�F �Q�`���x �D�2�;�Q �Q�/�T�Q�r�B�2�/�M�B�2�D �K�Q�/�v�}�F���+�D�B �r �i���F�B �b�T�Q�b�¦�#�- ���#�v �b�T�2�ˆ�M�B�Q�M�2

�#�v�ˆ�v �`�¦�r�M���M�B�� �x���;���/�M�B�2�M�B�� �#�`�x�2�;�Q�r�2�;�Q �i���`�+�x�v �S�a�L�X �w �`�Q�x�r�B�²�x���M�B�� �Q�i�`�x�v�K���M�2�;�Q �r �`���K���+�?

�i�2�Q�`�B�B �#�2�H�2�F �U�T�Q�`�X �U�d�X�k�y�V1�V �K���K�v�,

� xx =
3q
4c3

x2y: �U�d�X�k�8�V

�S�`�x�v�D�K�m�D�²�+ �T�Q�r�v�Š�b�x�² �T�Q�b�i���É �M���T�`� �Š�2�M�B���- �/�²�Š�v�K�v �/�Q �b�T�2�ˆ�M�B�2�M�B�� �`�¦�r�M���– �`�¦�r�M�Q�r���;�B �r�2�@

�r�M� �i�`�x�M�2�D�,
@�xx

@x
+

@�xy

@y
= 0;

@�xy

@x
+

@�yy

@y
= 0:

�U�d�X�k�e�V

�w �T�B�2�`�r�b�x�2�;�Q �`�¦�r�M���M�B�� �`�¦�r�M�Q�r���;�B �U�d�X�k�e�V �Q�i�`�x�v�K�m�D�2 �b�B� �,

� xy = �
Z @�xx

@x
dy + f 1(x) = �

3q
4c3

xy2 + f 1(x): �U�d�X�k�d�V

�L�B�2�x�M���M�² �7�m�M�F�+�D� f 1(x) �r�v�x�M���+�x�� �b�B� �x �r���`�m�M�F�¦�r �#�`�x�2�;�Q�r�v�+�? �U�d�X�k�k�V1 �Q�`���x �U�d�X�k�j�V1�,

�
3q
4c3

x(� c)2 + f 1(x) = 0 ) f 1(x) =
3q
4c

x: �U�d�X�k�3�V

�P�b�i���i�2�+�x�M�B�2 �Q�i�`�x�v�K�m�D�2�K�v �b�F�ˆ���/�Q�r�² �b�i�v�+�x�M�² �i�2�M�b�Q�`�� �M���T�`� �Š�2�– �r �T�Q�b�i���+�B�,

� xy =
3q
4c3

x
�
c2 � y2

�
: �U�d�X�k�N�V
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�w���m�r���Š�K�v�- �Š�2 �Q�i�`�x�v�K���H�B���K�v �B�/�2�M�i�v�+�x�M�2 �`�Q�x�r�B�²�x���M�B�2 �D���F �r �T�`�x�v�T���/�F�m �`�Q�x�r�B�²�x���M�B�� �x �i�2�Q�`�B�B

�#�2�H�2�F �U�T�Q�`�X �U�d�X�k�y�V2�V�X �w �/�`�m�;�B�2�;�Q �`�¦�r�M���M�B�� �`�¦�r�M�Q�r���;�B �U�d�X�k�e�V �Q�i�`�x�v�K�m�D�2 �b�B� �,

� yy = �
Z @�xy

@x
dy + f 2(x) = �

3q
4c3

Z
(c2 � y2) dy + f 2(x) = �

3q
4c3

�

c2y �
1
3

y3
�

+ f 2(x)

�U�d�X�j�y�V

�L�B�2�x�M���M�² �7�m�M�F�+�D� f 2(x) �r�v�x�M���+�x���K�v �x �r���`�m�M�F�m �#�`�x�2�;�Q�r�2�;�Q �U�d�X�k�k�V2�- �i�D�X

�
3q
4c3

�

c3 �
1
3

c3
�

+ f 2(x) = � q ) f 2(x) = �
q
2

: �U�d�X�j�R�V

�w���m�r���Š�K�v�- �Š�2 �r���`�m�M�2�F �#�`�x�2�;�Q�r�v �U�d�X�k�j�V2 �D�2�b�i �i���F�Š�2 �b�T�2�ˆ�M�B�Q�M�v�X �P�i�`�x�v�K���M�Q�,

� yy =
q

4c3
y

�
y2 � 3c2

�
�

q
2

: �U�d�X�j�k�V

�P�i�`�x�v�K���M�Q �r �i�2�M �b�T�Q�b�¦�# �`�Q�x�r�B�²�x���M�B�2 �r �M���T�`� �Š�2�M�B���+�?�- �F�i�¦�`�2 �b�T�2�ˆ�M�B�� �`�¦�r�M���M�B�� �`�¦�r�M�Q�r���;�B�X

�C�2�b�i �i�Q �`�Q�x�r�B�²�x���M�B�2 �D���F�Q���+�B�Q�r�Q �B�M�M�2 �M�B�Š �`�Q�x�r�B�²�x���M�B�2�U�d�X�k�y�V�- �;�/�v�Š �Q�i�`�x�v�K���M�Q �M�B�2�x�2�`�Q�r�2

�M���T�`� �Š�2�M�B��� yy �X �q �`���K���+�? �i�2�Q�`�B�B �i���`�+�x �M�B�2 �D�2�b�i �i�Q �D�2�/�M���F �`�Q�x�r�B�²�x���M�B�2 �r �T�2�ˆ�M�B �T�Q�T�`���r�M�2�-

�;�/�v�Š ���H���/ �i�2�M�b�Q�`�� �T�ˆ���b�F�B�2�;�Q �b�i���M�m �M���T�`� �Š�2�M�B�� �K�m�b�B �b�T�2�ˆ�M�B���É �`�¦�r�M���M�B�2 �G���T�H���+�2�ö���,

r 2(� xx + � yy) = 0 ; �+�x�v�H�B
@2� xx

@x2
+

@2� xx

@y2
+

@2� yy

@x2
+

@2� yy

@y2
= 0: �U�d�X�j�j�V

�F�i�¦�`�2 �r�v�M�B�F�� �x �r���`�m�M�F�m �M�B�2�`�Q�x�/�x�B�2�H�M�Q���+�B �Q�/�F�b�x�i���ˆ�+�2�– �B �`�¦�r�M���– �`�¦�r�M�Q�r���;�B �r�v�`���Š�Q�M�v�+�? �T�`�x�2�x

�M���T�`� �Š�2�M�B���X �P�#�H�B�+�x���D�²�+ �Q�/�T�Q�r�B�2�/�M�B�2 �T�Q�+�?�Q�/�M�2 �b�F�ˆ���/�Q�r�v�+�? �b�i���M�m �M���T�`� �Š�2�M�B�� �Q�i�`�x�v�K�m�D�2�K�v�,

r 2 (� xx + � yy) =
3q
c3

y 6= 0; �U�d�X�j�9�V

�+�Q �Q�x�M���+�x���- �B�Š �r���`�m�M�2�F �x�;�Q�/�M�Q���+�B �M�B�2 �D�2�b�i �b�T�2�ˆ�M�B�Q�M�v �r �+���ˆ�v�K �Q�#�b�x���`�x�2 �`�Q�x�r���Š���M�2�D �i���`�+�x�v�X

�q �+�2�H�m �D�2�;�Q �x���T�2�r�M�B�2�M�B�� �r�T�`�Q�r���/�x�Q�M�Q �F�Q�`�2�F�i� �b�F�ˆ���/�Q�r�2�D� xx �r �T�Q�b�i���+�B�,

� xx =
3q
4c3

x2y + f (y); �U�d�X�j�8�V

�;�/�x�B�2f (y) �D�2�b�i �7�m�M�F�+�D�² �/�Q �r�v�x�M���+�x�2�M�B���X �w���m�r���Š�Q�M�Q�- �Š�2 �T�`�x�v�D� �i�� �K�Q�/�v�}�F���+�D�� �M�B�2 �r�T�ˆ�v�r�� �M��

�T�Q�b�i���+�B�2 �b�F�ˆ���/�Q�r�v�+�?� xy �Q�`���x� yy �- �+�Q �r�v�M�B�F�� �#�2�x�T�Q���`�2�/�M�B�Q �x �`�¦�r�M���– �`�¦�r�M�Q�r���;�B�X �L���i�Q�K�B���b�i

�R�9�9



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�r���`�m�M�2�F �x�;�Q�/�M�Q���+�B �T�`�x�v�D�K�m�D�2 �Q�#�2�+�M�B�2 �T�Q�b�i���É�,

3q
c3

y +
d2f (y)

dy2
= 0: �U�d�X�j�e�V

�S�Q �/�r�m�F�`�Q�i�M�v�K �+���ˆ�F�Q�r���M�B�m �T�Q�r�v�Š�b�x�2�;�Q �`�¦�r�M���M�B�� �Q�i�`�x�v�K�m�D�2�K�v�,

f (y) = �
q

2c3
y3 + Ay + B; �U�d�X�j�d�V

�;�/�x�B�2A �Q�`���xB �b�² �b�i���ˆ�v�K�B �+���ˆ�F�Q�r���M�B���X �q �F�Q�M�b�2�F�r�2�M�+�D�B �b�F�ˆ���/�Q�r�� �M���T�`� �Š�2�M�B��� xx �T�`�x�v�D�K�m�D�2

�T�Q�b�i���É

� xx =
3q
4c3

x2y �
q

2c3
y3 + Ay + B; �U�d�X�j�3�V

�+�Q �x���T�2�r�M�B�� �b�T�2�ˆ�M�B�2�M�B�2 �r���`�m�M�F�m �x�;�Q�/�M�Q���+�B�X �q���`�m�M�F�B �#�`�x�2�;�Q�r�2 �M�� �F�`���r� �/�x�Bx = 0 �M�B�2

�K�Q�;�² �x�Q�b�i���É �b�T�2�ˆ�M�B�Q�M�2 �r �b�2�M�b�B�2 �T�m�M�F�i�Q�r�v�K �/�H�� �/�Q�r�Q�H�M�2�;�Qy 2 (� c; c)�X �q �x�r�B�²�x�F�m �x �i�v�K

�x���b�i�Q�b�Q�r���M�Q �x���b���/� �a���B�M�i�@�o�2�M���M�i�� �B �M���`�x�m�+�Q�M�Q �Q�b�ˆ���#�B�Q�M�2 �U�+���ˆ�F�Q�r�2�V �r���`�m�M�F�B �#�`�x�2�;�Q�r�2

�r �T�Q�b�i���+�B�,

x = 0 : Nx =
Z c

� c
� xx dy = 0; M z =

Z c

� c
y � xx dy = 0: �U�d�X�j�N�V

�w �T�B�2�`�r�b�x�2�;�Q �r���`�m�M�F�m �U�d�X�j�N�V �Q�i�`�x�v�K���M�Q�,

Z c

� c

�

�
q

2c3
y3 + Ay + B

�

dy = 2Bc = 0 ! B = 0; �U�d�X�9�y�V

�� �x �/�`�m�;�B�2�;�Q�,
Z c

� c

�

�
q

2c3
y4 + Ay2

�

dy = �
q
5

c2 +
2A
3

c3 = 0; �U�d�X�9�R�V

�b�F�²�/ �r�v�M�B�F��

A =
3q
10c

: �U�d�X�9�k�V

�P�b�i���i�2�+�x�M�B�2 �T�Q�H�2 �b�i���M�m �M���T�`� �Š�2�M�B�� �Q�T�B�b���M�2 �D�2�b�i �M���b�i� �T�m�D�²�+�v�K�B �x���H�2�Š�M�Q���+�B���K�B�,

� xx =
q

20c3
y

�
15x2 � 10y2 + 6c2

�
; � xy =

3q
4c3

x
�
c2 � y2

�
; � yy =

q
4c3

�
y3 � 3c2y � 2c3

�
:

�U�d�X�9�j�V

�a�i���M �Q�/�F�b�x�i���ˆ�+�2�M�B�� �r�v�x�M���+�x�Q�M�Q �M�� �T�Q�/�b�i���r�B�2 �`�¦�r�M���– �F�Q�M�b�i�v�i�m�i�v�r�M�v�+�? �/�H�� �T�ˆ���b�F�B�2�;�Q

�b�i���M�m �M���T�`� �Š�2�M�B���- �T�Q�/�b�i���r�B���D�²�+ �m�T�`�x�2�/�M�B�Q �Q�i�`�x�v�K���M�2 �b�F�ˆ���/�Q�r�2 �i�2�M�b�Q�`�� �M���T�`� �Š�2�–�U�d�X�9�j�V�X

�R�9�8



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�U���V� TS
xx �(�F�L�f�+�K2�) �U�#�V� WM

xx �(�F�L�f�+�K2�)

�U�+�V�"�ˆ�²�/ � � xx �(�F�L�f�+�K2�)

�_�v�b�m�M�2�F �d�X�e�X�q�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2 �b�F�ˆ���/�Q�r�2�D �M���T�`� �Š�2�M�B��� xx �(�F�L�f�+�K2�)�, ���V �`�Q�x�r�B�²�x���M�B�2 �x �i�2�Q�`�B�B
�b�T�`� �Š�v�b�i�Q���+�B �U�h�a�V�- �#�V �`�Q�x�r�B�²�x���M�B�2 �x �r�v�i�`�x�v�K���ˆ�Q���+�B �K���i�2�`�B���ˆ�¦�r �U�q�J�V�- �+�V �#�ˆ�²�/ �x�/�2�}�M�B�Q�r���M�v �D���F�Q
� � xx = � TS

xx � � WM
xx

�U���V� TS
xy �(�F�L�f�+�K2�) �U�#�V� WM

xy �(�F�L�f�+�K2�)

�U�+�V�"�ˆ�²�/ � � xy �(�F�L�f�+�K2�)

�_�v�b�m�M�2�F �d�X�d�X�q�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2 �b�F�ˆ���/�Q�r�2�D �M���T�`� �Š�2�M�B��� xy �(�F�L�f�+�K2�)�, ���V �`�Q�x�r�B�²�x���M�B�2 �x �i�2�Q�`�B�B
�b�T�`� �Š�v�b�i�Q���+�B �U�h�a�V�- �#�V �`�Q�x�r�B�²�x���M�B�2 �x �r�v�i�`�x�v�K���ˆ�Q���+�B �K���i�2�`�B���ˆ�¦�r �U�q�J�V�- �+�V �#�ˆ�²�/ �x�/�2�}�M�B�Q�r���M�v �D���F�Q
� � xy = � TS

xy � � WM
xy

�P�i�`�x�v�K���M�Q �M���b�i� �T�m�D�²�+�2 �r�x�Q�`�v �M�� �b�F�ˆ���/�Q�r�2 �i�2�M�b�Q�`�� �Q�/�F�b�x�i���ˆ�+�2�M�B���,

" xx =
1
E

(� xx � �� yy) =
q

20Ec3

�

15x2y � 5(2 + � )y3 + 3(2 + 5 � )c2y + 10�c 3
�

;

" yy =
1
E

(� yy � �� xx ) =
q

20Ec3

�

5(1 + 2� )y3 � 15�x 2y � 3(5 + 2� )c2y � 10c3
�

;


 xy =
2(1 + � )

E
� xy =

3q(1 + � )
2Ec3

x
�
c2 � y2

�

�U�d�X�9�9�V

�R�9�e



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�U���V� TS
yy �(�F�L�f�+�K2�) �U�#�V� WM

yy �(�F�L�f�+�K2�)

�U�+�V�"�ˆ�²�/ � � yy �(�F�L�f�+�K2�)

�_�v�b�m�M�2�F �d�X�3�X�q�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2 �b�F�ˆ���/�Q�r�2�D �M���T�`� �Š�2�M�B��� yy �(�F�L�f�+�K2�)�, ���V �`�Q�x�r�B�²�x���M�B�2 �x �i�2�Q�`�B�B
�b�T�`� �Š�v�b�i�Q���+�B �U�h�a�V�- �#�V �`�Q�x�r�B�²�x���M�B�2 �x �r�v�i�`�x�v�K���ˆ�Q���+�B �K���i�2�`�B���ˆ�¦�r �U�q�J�V�- �+�V �#�ˆ�²�/ �x�/�2�}�M�B�Q�r���M�v �D���F�Q
� � yy = � TS

yy � � WM
yy

�Q�`���x�,

" zz = �
�
E

(� xx + � yy) =
q�

20Ec3

�
5y3 � 15x2y + 9c2y + 10c3

�
: �U�d�X�9�8�V

�a�i���M �T�`�x�2�K�B�2�b�x�+�x�2�– �r�v�x�M���+�x�Q�M�Q �T�Q�T�`�x�2�x �+���ˆ�F�Q�r���M�B�2 �`�¦�r�M���– �;�2�Q�K�2�i�`�v�+�x�M�v�+�? �*���m�+�?�v�ö�2�;�Q�,

" xx =
@u
@x

; "yy =
@v
@y

; 
 xy =
@u
@y

+
@v
@x

: �U�d�X�9�e�V

�*���ˆ�F�m�D�²�+ �T�B�2�`�r�b�x�2 �x �T�Q�r�v�Š�b�x�v�+�? �`�¦�r�M���– �Q�i�`�x�v�K���M�Q�,

u =
Z

" xx dx+ f 3(y) =
q

20Ec3

�

5x3y� 5(2+ � )xy3+3(2+5 � )c2xy+10�c 3x
�

+ f 3(y); �U�d�X�9�d�V

�M���i�Q�K�B���b�i �x �/�`�m�;�B�2�;�Q �`�¦�r�M���M�B�� �m�x�v�b�F���M�Q�,

v =
Z

" yy dy+ f 4(x) =
q

80Ec3

�

5(1+2� )y4� 30�x 2y2� 6(5+2� )c2y2� 40c3y
�

+ f 4(x): �U�d�X�9�3�V

�S�Q�/�b�i���r�B���D�²�+ �T�Q�r�v�Š�b�x�2 �r�v�`���Š�2�M�B�� �/�Q �i�`�x�2�+�B�2�;�Q �`�¦�r�M���M�B�� �;�2�Q�K�2�i�`�v�+�x�M�2�;�Q �B �m�T�Q�`�x�²�/�F�Q�r���M�B�m

�r�v�`���x�¦�r �Q�i�`�x�v�K�m�D�2 �b�B� �`�¦�r�M���M�B�2 �`�¦�Š�M�B�+�x�F�Q�r�2 �+�x�²�b�i�F�Q�r�2 �Q �x�K�B�2�M�M�v�+�? �`�Q�x�/�x�B�2�H�Q�M�v�+�?�,

(
df 4(x)

dx
+

q
20Ec3

�

5x3 � 24c2x � 15�c 2x
� )

+

(
df 3(y)

dy

)

= 0: �U�d�X�9�N�V

�R�9�d



�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�S�Q�M�B�2�r���Š �T�Q�r�v�Š�b�x�2 �`�¦�r�M���M�B�2 �K�m�b�B �#�v�É �b�T�2�ˆ�M�B�Q�M�2 �r �F���Š�/�v�K �T�m�M�F�+�B�2 �`�Q�x�r���Š���M�2�;�Q �Q�#�b�x���`�m�-

�r�v�`���Š�2�M�B�� �m�D� �i�2 �r �M���r�B���b���+�? �F�H���K�`�Q�r�v�+�? �K�m�b�x�² �#�v�É �b�i���ˆ�2�X �S�`�Q�r���/�x�B �i�Q �/�Q �M���b�i� �T�m�D�²�+�2�;�Q

�m�F�ˆ���/�m �`�¦�r�M���– �`�¦�Š�M�B�+�x�F�Q�r�v�+�? �x�r�v�+�x���D�M�v�+�? �M�� �T�Q�b�x�m�F�B�r���M�2 �7�m�M�F�+�D�2 �+���ˆ�F�Q�r���M�B���,

df 3(y)
dy

= � D;
df 4(x)

dx
+

q
20Ec3

�

5x3 � 24c2x � 15�c 2x
�

= D; �U�d�X�8�y�V

�;�/�x�B�2D �D�2�b�i �b�i���ˆ�²�X �*���ˆ�F�m�D�²�+ �Q�i�`�x�v�K���M�Q�,

f 3(y) = � Dy + F; f 4(x) = Dx + H �
q

80Ec3

�

5x4 � 48c2x2 � 30�c 2x2
�

; �U�d�X�8�R�V

�;�/�x�B�2F �BH �b�² �b�i���ˆ�v�K�B �+���ˆ�F�Q�r���M�B���X �a�i���ˆ�2D�-F �Q�`���xH �r�v�x�M���+�x���M�2 �b�² �x �T�`�x�2�K�B�2�b�x�+�x�2�M�B�Q�r�v�+�?

�r���`�m�M�F�¦�r �#�`�x�2�;�Q�r�v�+�?�,

x = l; y 2 (� c; c) : u = 0; v = 0: �U�d�X�8�k�V

�S�Q �T�Q�/�b�i���r�B�2�M�B�m �Q�i�`�x�v�K���M�v�+�? �r�v�`���Š�2�– �/�Q �r�x�Q�`�¦�r �M�� �T�`�x�2�K�B�2�b�x�+�x�2�M�B���,

u =
q

20Ec3

�

5x3y � 5(2 + � )xy3 + 3(2 + 5 � )c2xy + 10�c 3x
�

� Dy + F; �U�d�X�8�j�V

v =
q

80Ec3

�

5(1 + 2� )y4 + 30�x 2(c2 � y2) � 6(5 + 2� )c2y2 � 40c3y + 48c2x2 � 5x4
�

�U�d�X�8�9�V

+ Dx + H

�Q�F���x�m�D�2 �b�B� �- �Š�2 �r���`�m�M�F�B �i�2 �M�B�2 �K�Q�;�² �x�Q�b�i���É �b�T�2�ˆ�M�B�Q�M�2 �D�2�/�M�Q�+�x�2���M�B�2 �/�H�� �Š���/�M�v�+�? �r���`�i�Q���+�B

�b�i���ˆ�v�+�?D�-F �Q�`���xH �X �q �x�r�B�²�x�F�m �x �i�v�K�- ���M���H�Q�;�B�+�x�M�B�2 �D���F �r �T�`�x�v�T���/�F�m �r���`�m�M�F�¦�r �M���T�`� �@

�Š�2�M�B�Q�r�v�+�?�- �x���b�i�Q�b�Q�r���M�Q �Q�b�ˆ���#�B�Q�M�2 �r���`�m�M�F�B �F�B�M�2�K���i�v�+�x�M�2 �Q�F�`�2���H�Q�M�2 �r �T�m�M�F�+�B�2 �T�Q�/�T���`�+�B���X

�w���K�B���b�i �U�d�X�8�k�V �T�`�x�v�D�K�m�D�2�K�v �r���`�m�M�F�B �#�`�x�2�;�Q�r�2 �Q �T�Q�b�i���+�B�,

x = l; y = 0 : u = 0; v = 0;
@u
@y

= 0: �U�d�X�8�8�V

�T�`�x�v �+�x�v�K �x���K�B���b�i �Q�b�i���i�M�B�2�;�Q �x �T�Q�r�v�Š�b�x�v�+�? �r���`�m�M�F�¦�r �K�Q�Š�M�� ���H�i�2�`�M���i�v�r�M�B�2 �`�Q�x�r���Š���É

�r���`�m�M�2�F�,
@v
@x

= 0: �U�d�X�8�e�V
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�a�i�Q�b�m�D�²�+ �U�d�X�8�8�V1 �Q�i�`�x�v�K���M�Q�,

q
20Ec3

�
10�c 3l

�
+ F = 0; ) F = �

q�l
2E

; �U�d�X�8�d�V

�M���i�Q�K�B���b�i �x �U�d�X�8�8�V2 �r�v�M�B�F���,

q
80Ec3

�
30�c 2l2 + 48c2l2 � 5l4

�
+ Dl + H = 0: �U�d�X�8�3�V

�q�v�x�M���+�x���D�²�+ �T�Q�+�?�Q�/�M�² �7�m�M�F�+�D�B �T�`�x�2�K�B�2�b�x�+�x�2�M�B�� �T�Q�x�B�Q�K�2�;�Q �r�x�;�H� �/�2�K �x�K�B�2�M�M�2�Dy �Q�i�`�x�v�@

�K���M�Q�,
@u
@y

=
q

20Ec3

�

5x3 � 15(2 + � )xy2 + 3(2 + 5 � )c2x
�

� D: �U�d�X�8�N�V

�S�Q�/�b�i���r�B���D�²�+ �T�Q�r�v�Š�b�x�2 �r�v�`���Š�2�M�B�2 �/�Q �i�`�x�2�+�B�2�;�Q �x �Q�b�ˆ���#�B�Q�M�v�+�? �F�B�M�2�K���i�v�+�x�M�v�+�? �r���`�m�M�F�¦�r

�#�`�x�2�;�Q�r�v�+�? �r �T�m�M�F�+�B�2 �T�Q�/�T���`�+�B�� �U�d�X�8�8�V3 �Q�i�`�x�v�K���M�Q�,

@u
@y

�
�
�
�
�
x= l;y =0

=
q

20Ec3

�

5l3 + 3(2 + 5 � )c2l
�

� D = 0: �U�d�X�e�y�V

�a�i�²�/ �#�2�x�T�Q���`�2�/�M�B�Q �r�v�M�B�F���D�² �r���`�i�Q���+�B �b�i���ˆ�v�+�?�,

D =
q

20Ec3

�

5l3 + 3(2 + 5 � )c2l
�

; H = �
q

80Ec3

�

90�c 2l2 + 72c2l2 + 15l4
�

: �U�d�X�e�R�V

�P�b�i���i�2�+�x�M�B�2 �T�Q�H�2 �T�`�x�2�K�B�2�b�x�+�x�2�– �T�`�x�v�D�K�m�D�2 �T�Q�b�i���É�,

u(x; y) =
q

20Ec3

�

5(x3 � l3)y � 5(2 + � )xy3 + 3(2 + 5 � )c2(x � l )y + 10�c 3(x � l )
�

;

�U�d�X�e�k�V

v(x; y) = �
q

80Ec3

�

5(1 + 2� )y4 � 30�x 2y2 � 6(5 + 2� )c2y2 � 40c3y + 30�c 2(x2 � 3l2)

+ 24c2(2x2 � 3l2) � 5(x4 + 3l4) + 20l3x + 12(2 + 5 � )c2lx
�

:

�w �T�Q�b�i���+�B �7�m�M�F�+�D�Bu(x; y) �r�v�M�B�F���- �Š�2 �T�`�x�2�F�`�Q�D�2 �#�2�H�F�B �Ux = const�V �M�B�2 �T�Q�x�Q�b�i���D�² �T�ˆ���b�F�B�2�X �.�H��

�Q�b�B �#�2�H�F�B �Uy = 0�V �T�`�x�2�K�B�2�b�x�+�x�2�M�B�2 �T�Q�x�B�Q�K�2 �T�`�x�v�D�K�m�D�2 �T�`�Q�b�i�² �T�Q�b�i���É�,

u(x) =
q�
2E

(x � l): �U�d�X�e�j�V
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

���M���H�Q�;�B�+�x�M�B�2�- �T�B�Q�M�Q�r�2 �T�`�x�2�K�B�2�b�x�+�x�2�M�B�2 �Q�b�B �#�2�H�F�B �Q�i�`�x�v�K�m�D�2�K�v �D���F�Q�,

v(x) = �
q

16Ec3

�
x4 � 4l3x + 3l4

�
�

3q
40Ec

(l � x)
�

3(4 + 5� )l + (8 + 5 � )x
�

: �U�d�X�e�9�V

�l�;�B� �+�B�2 �F�Q�–�+�� �#�2�H�F�B �r�v�M�Q�b�B �x���i�2�K�,

v(PSN)
extr = v(0) = �

3ql4

16Ec3

"

1 +
3(4 + 5� )

10

� 2c
l

� 2
#

: �U�d�X�e�8�V

�U���VuTS
x �(�+�K�) �U�#�VuWM

x �(�+�K�)

�U�+�V�"�ˆ�²�/ � ux �(�+�K�)

�_�v�b�m�M�2�F �d�X�N�X�q�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2 �b�F�ˆ���/�Q�r�2�D �m�;�B� �+�B��ux �(�+�K�)�, ���V �`�Q�x�r�B�²�x���M�B�2 �m�x�v�b�F���M�2 �x �i�2�Q�`�B�B
�b�T�`� �Š�v�b�i�Q���+�B �U�h�a�V�- �#�V �`�Q�x�r�B�²�x���M�B�2 �m�x�v�b�F���M�2 �x �r�v�i�`�x�v�K���ˆ�Q���+�B �K���i�2�`�B���ˆ�¦�r �U�q�J�V �Q�`���x �+�V �#�ˆ�²�/
�x�/�2�}�M�B�Q�r���M�v �D���F�Q�( ux ) = uTS

x � uWM
x

�d�X�9�X�k�X �_�Q�x�r�B�²�x���M�B�2 �J�1�a

�q �+�2�H�m �r�2�`�v�}�F���+�D�B �`�Q�x�r�B�²�x���– ���M���H�B�i�v�+�x�M�v�+�? �x���/���M�B�2 �`�Q�x�r�B�²�x���M�Q �K�2�i�Q�/�² �2�H�2�K�2�M�i�¦�r

�b�F�Q�–�+�x�Q�M�v�+�? �U�J�1�a�V �r �T�`�Q�;�`���K�B�2 ���#���[�m�b �(�3�y�)�X �_�Q�x�T���i�`�v�r���M�v �K�Q�/�2�H �i���`�+�x�Q�r�v �#�2�H�F�B �r�b�T�Q�`�M�B�@

�F�Q�r�2�D �x�#�m�/�Q�r���M�Q �r �T�ˆ���b�F�B�K �b�i���M�B�2 �M���T�`� �Š�2�M�B�� �U�S�a�L�V�- �+�Q �D�2�b�i �b�T�¦�D�M�2 �x �T�`�x�v�D� �i�v�K�B �r�+�x�2���M�B�2�D

�x���ˆ�Q�Š�2�M�B���K�B �i�2�Q�`�B�B �b�T�`� �Š�v�b�i�Q���+�B�X

�w���T�`�Q�T�Q�M�Q�r���M�Q �`�2�;�m�H���`�M�² �b�B���i�F� �2�H�2�K�2�M�i�¦�r �b�F�Q�–�+�x�Q�M�v�+�? �x�ˆ�Q�Š�Q�M�² �x �2�H�2�K�2�M�i�¦�r �T�`�Q�b�i�Q�F�²�i�@

�M�v�+�? �Q �D�2�/�M���F�Q�r�2�D �/�ˆ�m�;�Q���+�B �F�`���r� �/�x�B �r�v�M�Q�b�x�²�+�2�D0:5 �(�+�K�) �r �Q�#�m �F�B�2�`�m�M�F���+�?�X �‡�²�+�x�M�B�2 �K�Q�/�2�H

�b�F�ˆ���/�� �b�B� �x �9�y �y�y�y �2�H�2�K�2�M�i�¦�r �b�F�Q�–�+�x�Q�M�v�+�? �B �9�y �8�y�R �r� �x�ˆ�¦�r�X �w���b�i�Q�b�Q�r���M�Q �+�x�i�2�`�Q�r� �x�ˆ�Q�r�2

�2�H�2�K�2�M�i�v �b�F�Q�–�+�x�Q�M�2 �i�v�T�m�*�S�a�9�_�- �i�D�X �2�H�2�K�2�M�i�v �T�ˆ���b�F�B�2�;�Q �b�i���M�m �M���T�`� �Š�2�M�B�� �x �H�B�M�B�Q�r�v�K�B

�7�m�M�F�+�D���K�B �F�b�x�i���ˆ�i�m �B �x�`�2�/�m�F�Q�r���M�v�K �+���ˆ�F�Q�r���M�B�2�K�X
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�a�B�2�+�B �M�2�m�`�Q�M�Q�r�2 �Q�T���`�i�2 �M�� �}�x�v�+�2 �U�S�A�L�L�V �r �x���;���/�M�B�2�M�B���+�? �#�`�x�2�;�Q�r�v�+�? �K�2�+�?���M�B�F�B��

�U���VuTS
y �(�+�K�) �U�#�VuWM

y �(�+�K�)

�U�+�V�"�ˆ�²�/ � uy �(�+�K�)

�_�v�b�m�M�2�F �d�X�R�y�X�q�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2 �b�F�ˆ���/�Q�r�2�D �m�;�B� �+�B��uy �(�+�K�)�, ���V �`�Q�x�r�B�²�x���M�B�2 �m�x�v�b�F���M�2 �x �i�2�Q�`�B�B
�b�T�`� �Š�v�b�i�Q���+�B �U�h�a�V�- �#�V �`�Q�x�r�B�²�x���M�B�2 �m�x�v�b�F���M�2 �x �r�v�i�`�x�v�K���ˆ�Q���+�B �K���i�2�`�B���ˆ�¦�r �U�q�J�V �Q�`���x �+�V �#�ˆ�²�/
�x�/�2�}�M�B�Q�r���M�v �D���F�Q�( uy) = uTS

y � uWM
y

�J���i�2�`�B���ˆ �K�Q�/�2�H�Q�r���M�v �D�2�b�i �D���F�Q �H�B�M�B�Q�r�Q �b�T�`� �Š�v�b�i�v �B �B�x�Q�i�`�Q�T�Q�r�v�X �J�Q�/�m�ˆ �u�Q�m�M�;��E �Q�`���x

�r�b�T�¦�ˆ�+�x�v�M�M�B�F �S�Q�B�b�b�Q�M��� �T�`�x�v�D� �i�Q �M�� �T�Q�/�b�i���r�B�2 �i���#�2�H�B�d�X�R�X

�L�� �T�`���r�v�K �#�`�x�2�;�m �i���`�+�x�v �x���#�H�Q�F�Q�r���M�Q �T�`�x�2�K�B�2�b�x�+�x�2�M�B�� �r�2 �r�b�x�v�b�i�F�B�+�? �r� �x�ˆ���+�? �H�2�Š�²�+�v�+�?

�M�� �i�2�D �F�`���r� �/�x�B�X �P�#�+�B�²�Š�2�M�B�2 �x�`�2���H�B�x�Q�r���M�Q �D���F�Q �+�B���M�B�2�M�B�2 �T�Q�r�B�2�`�x�+�?�M�B�Q�r�2 �U�Q�T�+�D��� �.�b�H�Q���/�V

�Q �r���`�i�Q���+�Bq �T�`�x�v�ˆ�Q�Š�Q�M�2 �/�Q �;�¦�`�M�2�D �F�`���r� �/�x�B �i���`�+�x�v�- �+�Q �Q�/�T�Q�r�B���/�� �`�¦�r�M�Q�K�B�2�`�M�2�K�m �Q�#�+�B�²�Š�2�M�B�m

�H�B�M�B�Q�r�2�K�mp = q � b�X

�_�v�b�m�M�2�F �d�X�R�R�X�J�Q�/�2�H �Q�#�H�B�+�x�2�M�B�Q�r�v �x �r���`�m�M�F���K�B �#�`�x�2�;�Q�r�v�K�B �B �b�B���i�F�² �2�H�2�K�2�M�i�¦�r �b�F�Q�–�+�x�Q�M�v�+�?

�G�B�M�B�Q�r�2 �x���/���M�B�2 �b�i���i�v�F�B�- �T�`�x�v �x���ˆ�Q�Š�2�M�B�m �K���ˆ�v�+�? �T�`�x�2�K�B�2�b�x�+�x�2�– �B �Q�/�F�b�x�i���ˆ�+�2�–�- �`�Q�x�r�B�²�@

�x���M�Q �r �D�2�/�M�v�K �F�`�Q�F�m �Q�#�H�B�+�x�2�M�B�Q�r�v�K�X �L�� �`�v�b�X�d�X�R�k�T�`�x�2�/�b�i���r�B�Q�M�Q �r�v�F�`�2�b�v �r���`�b�i�r�B�+�Q�r�2
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