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Abstract

This thesis demonstrates that the multiplex nature of networks, where social agents main-
tain multiple types of relationships across distinct network layers, can substantially en-
hance the stability of cohesive, balanced social structures compared to single-layer net-
works.

Structural balance theory helps to explain the evolution and organization of social
relationships characterized by friendly and hostile interactions. This thesis examines such
interactions using agent-based models that simulate the dynamics of social systems and
a Hamiltonian framework that incorporates the concept of social temperature. Together,
these approaches provide insight into how social groups transition between ordered and
disordered states.

In Chapter 2, the critical properties of structural balance on multiplex networks,
where agents have correlated relations across multiple layers, are examined. In multiplex
networks, introducing interlayer coupling between different types of relationships (layers),
where intralayer dynamics follow Heider balance and interlayer interactions resemble Ising
dynamics, will result in a richer equilibrium landscape characterized by various phases,
including synchronized and disordered states. The critical temperatures governing transi-
tions between these states will be modulated by the strength of interlayer coupling and can
differ significantly from those observed in single-layer networks. Specifically, increased
interlayer coupling will elevate the critical temperature for the paradise-disorder transi-
tion, and the presence of mismatched initial states across layers will introduce additional
transitions related to synchronization at lower temperatures.

In Chapter 3, I explore how sparse network topology, specifically in Erdés-Rényi ran-
dom graphs, affects the structural balance model. I focus on the impact of thermal noise
in single-layer and bilayer networks. This work extends the study of structural balance
beyond complete graphs to random networks, analyzing how network sparsity affects the
stability of an entirely positive "paradise” state. I examine both single-layer and bilayer
network configurations and provide a mean-field solution for the average link polariza-
tion that predicts a first-order transition where the critical temperature scales with the
connection probability p as p? for a monolayer system and in a more complex way for a
bilayer. The study also indicates that renormalizing the intralayer and interlayer interac-

tion strengths to p~2 and p~!, respectively, one can make the system’s critical temperature



independent of the network density, mirroring the behavior observed in complete graphs
under certain conditions.

Finally, in Chapter 4, the growth dynamics of a signed network governed by Heider’s
structural balance theory are examined, where the evolution results in the emergence
of two antagonistic, fully connected cliques. New nodes (agents) make contact with a
random existing agent and join one of the factions, with an attachment bias toward the
group they contacted. The dynamics of this process closely follow a randomized Pdélya urn
model. Except for the extreme case of complete preference (full bias), the relative sizes
of the two groups tend toward equal proportions, preventing either group from achieving
complete dominance. The evolution of faction sizes exhibits three distinct regimes based
on the bias parameter. In the anti-bias regime, the dynamics reflect contrarian behavior,
driving the rapid equalization of group sizes, regardless of initial differences. In the low-
bias regime, the initial size differences persist over time, obscured by fluctuations, with
the faction size distribution remaining unimodal. In the high-bias regime, the system
undergoes a transition where the faction size distribution becomes bimodal. The findings
provide insight into how antagonistic communities evolve and self-organize under simple

interaction rules.

Keywords: structural balance, multiplex network, phase transition, growing network,

agent-based models.



Streszczenie

Niniejsza rozprawa udowadnia, ze wielowarstwowa natura sieci — w ktérej spoteczni agenci
utrzymuja wiele typow relacji w réznych warstwach sieci — moze znaczaco zwiekszy¢ sta-
bilnos¢ spojnych, zréwnowazonych struktur spotecznych w pordéwnaniu z sieciami jed-
nowarstwowymi.

Teoria réwnowagi strukturalnej pomaga wyjasni¢ ewolucje i organizacje relacji spotec-
znych charakteryzowanych jako przyjazne lub wrogie. Rozprawa ta rozpatruje takie in-
terakcje, wykorzystujac agentowe modele dynamiki systeméw spotecznych oraz podejs-
cie hamiltonowskie uwzgledniajace koncepcje temperatury spotecznej. Lacznie podejscia
te pokazuja, jak grupy spoteczne przechodza miedzy stanami uporzadkowanymi i nieu-
porzadkowanymi.

W rozdziale 2 zbadano kluczowe wlasciwosci rownowagi strukturalnej w sieciach wiel-
owarstwowych, w ktorych agenci maja skorelowane relacje w wielu warstwach. W sieciach
takich wprowadzenie sprzezenia miedzy réznymi typami relacji (warstwami), gdzie dy-
namika wewnatrzwarstwowa jest zgodna z réwnowaga Heidera, a interakcje miedzywarst-
wowe przypominaja dynamike Isinga, prowadzi do bardziej ztozonych stanéw réwnowagi
charakteryzujacego sie roznymi fazami, w tym stanami zsynchronizowanymi i nieuporzad-
kowanymi. Temperatury krytyczne przej$¢ miedzy tymi stanami zalezg od silty sprzezenia
miedzywarstwowego i moga znaczaco rézni¢ sie od temperatur obserwowanych w sieci-
ach jednowarstwowych. W szczegdlnosci, zwickszone sprzezenie miedzywarstwowe pod-
nosi temperature krytyczna dla przejécia raj-nieporzadek, a obecno$¢ niedopasowanych
stanow poczatkowych w réznych warstwach wprowadza dodatkowe przejécia zwigzane z
synchronizacja w nizszych temperaturach.

W rozdziale 3 badam wptyw topologii sieci, w szczegdlnosci przypadek graféw losowych
Erdés-Rényi, skupiajac si¢ na analizie szumu termicznego w dynamice w sieciach jedno- i
dwuwarstwowych. Niniejsza praca rozszerza badanie rownowagi strukturalnej poza grafy
petne, na sieci losowe, analizujac, jak gestos¢ sieci wplywa na stabilnosé¢ catkowicie pozy-
tywnego stanu ,raju”. Badam konfiguracje sieci jednowarstwowych i dwuwarstwowych,
wskazujac rozwigzanie Sredniopolowe dla polaryzacji tacz, ktére przewiduje istnienie prze-
jscia pierwszego rodzaju, ktorego temperatura krytyczna skaluje si¢ z prawdopodobienst-
wem polaczenia p jak p? dla ukladu jednowarstwowego i w bardziej zlozony sposéb dla

uktadu dwuwarstwowego. Badanie wskazuje rowniez, ze renormalizujac sity oddziatywan



wewnatrzwarstwowych i miedzywarstwowych odpowiednio do p~2 i p~!, mozna unieza-
lezni¢ temperature krytyczna systemu od gestosci sieci, odzwierciedlajac zachowanie ob-
serwowane na grafach pelnych w okreslonych warunkach.

Na koniec, w rozdziale 4, przeanalizowatem dynamike wzrostu sieci ze znakiem, zgod-
nej z zasadami teori rownowagi strukturalnej Heidera, gdzie ewolucja prowadzi do powsta-
nia dwoch antagonistycznych, w petni potaczonych klik. Nowe wezty (agenci) nawiazuja,
losowo kontakt z dowolnym istniejacym agentem i dotaczaja do jednej z grup, wykazu-
jac staba lub silng preferencje do wyboru tej grupy, z ktéra nawiazali pierwszy kontakt.
Dynamika tego procesu jest matematycznie opisana przez losowy model urnowy P’olya.
Z wyjatkiem przypadku skrajnie silnej preferencji na dotaczenie do grupy wylosowanego
agenta, wzgledne rozmiary obu grup daza do réwnych proporcji, uniemozliwiajac ktore-
jkolwiek z nich osiggniecie catkowitej dominacji. W ogélnym przypadku ewolucja rozmi-
arow grup wykazuje trzy odrebne typy w zaleznosci od wartoéci parametru preferencji. W
przypadku stabej preferencji dynamika odzwierciedla zachowania kontrarianskie, przyspies-
zajac wyréwnywanie liczebnosci grup, niezaleznie od ich poczatkowych wielkosci. W przy-
padku umiarkowanej prefencji poczatkowe roznice liczebnosci grup utrzymuja sie w czasie,
przestoniete sg jednak fluktuacjami i rozktad liczebnosci grup pozostaje jednomodalny.
W przypadku silnej prefencji zachowanie systemu ulega jako$ciowej zmianie a rozktad
liczebnosci frakcji staje sie dwumodalny. Wyniki te wskazujajak ewoluowa¢ moga antag-

onistyczne spotecznosci, samoorganizujac sic w ramach prostych regut interakcji.

Stowa kluczowe: Rownowaga strukturalna, sie¢ multipleksowa, przejscie fazowe, rosngca

siec¢, modele agentowe.
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Preface

Complex networks provide a framework for understanding interconnections in natural,
social, and engineered systems [1, 2]. These networks, composed of nodes and links, cap-
ture the nontrivial patterns of interactions observed in domains ranging from biological
systems to human societies. By studying their topology and dynamics, researchers gain in-
sights into phenomena as varied as disease outbreaks, information diffusion, and emergent
cooperative structures. Within the landscape of complex networks, signed networks hold
special significance. In such networks, links between individuals are represented as posi-
tive or negative signs, representing friendly or antagonistic relationships [3]. The presence
of these dual types of interactions introduces rich challenges and opportunities, especially
for modeling social systems where alliances and rivalries shape community organization
and collective behavior.

Structural balance theory (SBT), developed by Heider [4] and formalized by Cartwright
and Harary [5], suggests that signed networks evolve toward balanced configurations where
relationship tensions are minimized. The fundamental unit of analysis in this theory is
a triad, where structural stability emerges when triadic relationships adhere to specific
balance principles such as "the friend of my friend is my friend” and "the enemy of my
enemy is my friend.” The implications of SBT have driven extensive research into how
networks self-organize and reach equilibrium under competing social forces [6, 7]. A key
consequence of structural balance dynamics is the emergence of distinct, cohesive groups
with positive internal relations and negative ties to rival groups. Recent research extends
these concepts to multiplex and growing networks, helping to explain phenomena such as
polarization and community resilience [8, 9].

This dissertation is motivated by the following hypothesis:

1. In multiplex networks, the introduction of interlayer coupling between
different types of relationships increases the overall stability of the social

structure.

2. A stochastic process can capture the essential dynamics of polarization
and faction formation in growing networks, without relying solely on

specific network properties.

Guided by these hypotheses, the thesis pursues two main objectives:
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1. To investigate how interlayer coupling influences the configuration of signed rela-
tionships across multiple layers in multiplex networks, by extending Heider balance
theory and analyzing the critical properties and temperature-induced transitions

that result from this coupling.

2. To determine the combined effect of probabilistic attachment bias and structural
balance on faction formation and dominance, and to identify the conditions that

lead to disparities in the sizes of opposing factions.

The three chapters (2, 3, and 4) examine various aspects of structural balance in signed
networks, progressing from static multiplex systems to sparse networks and ultimately to
growth processes. Chapter 2 examines structural balance on multiplex networks where
agents maintain correlated signed relationships across multiple layers, with intralayer dy-
namics following Heider balance and interlayer interactions resembling Ising coupling.
Chapter 3 extends this analysis from complete graphs to sparse Erdés—Rényi networks in
both single-layer and bilayer settings under thermal noise, providing a mean-field solution
that predicts a first-order transition with a critical temperature scaling with the connec-
tion probability for monolayer and in a much complex way for a bilayer. Chapter 4 shifts
focus to growth dynamics, modeling signed networks as randomized Pélya urn processes
where antagonistic, fully connected factions emerge as new agents make contact with a
random existing agent and join one of the factions with a bias towards the group they
made contact with.

This thesis summarizes the works of the following three articles,

[1] K. Mohandas et al., “Critical properties of Heider balance on multiplex networks”,
Physical Review E 2024, 109, DOI 10.1103/PhysRevE. 109.044306

[2] K. Mohandas et al., “Paradise-disorder transition in structural balance dynamics on
Erdés-Rényi graphs”, Physical Review E 2025, 111, DOI 10.1103/PhysRevE.111.
024310

[3] K. Mohandas et al., “Structurally balanced growing network as randomized Pélya
urn process”, arXiv:2510.24659v1 [physics.soc-ph] 2025, DOI 10 . 48550/ arXiv .
2510.24659

This thesis has benefited from feedback and exposure at several conferences and work-

shops. I had the privilege to present and discuss parts of this research at:

o FENS (Polish Symposium on Physics in Economics and Social Sciences) 2023 -
Wroctow, Poland

o DPG (German Physical Society) 2023 - Dresden, Germany
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Constrained triad dynamics
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Heider balance

Monte Carlo
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Structural balance
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List of Symbols

The following list contains a general notation used throughout this work. However, some
models can represent different quantities by these symbols. In case of redundancy, the

definition given in a chapter takes priority over this list.

a, Indices to denote layers

(...) Average
H Hamiltonian
T Normalized Temperature

a Rescaled intralayer interaction strength

A Heider/ intralayer interaction strength in layer o
Adjacency matrix

d Rescaled interlayer interaction strength

1,7,k Indices to denote agents or nodes

K Ising/ interlayer interaction strength

L Number of layers in the multiplex network

L™  Number of positive links

M Number of triads each edge belongs to

N Number of agents or nodes

0 Overlap metric

P Attachment bias

T Temperature

T, Critical temperature

T3 Sign of the link connecting the nodes ¢ and j in layer «
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Chapter 1

Introduction

1.1 Fundamentals of networks

1.1.1 Complex system as a signed network

Complex systems manifest across many disciplines, encompassing social, biological, eco-
nomic, and technological domains [13-24]. These systems are characterized by their non-
trivial interactions, often displaying collective behavior that cannot be inferred solely
from individual components. A rigorous framework encapsulating their complexity is re-
quired to effectively analyze and model such systems. Network theory provides a robust
methodological approach wherein entities (nodes) and their interactions (edges) form a
structured representation of complex relationships. The most basic kind of network is a
simple graph: undirected, unweighted, with no self-loops or annotations on the nodes. A
simple graph can then be called a binary undirected network. A simple way to represent
such a network is by an adjacency matrix.

A binary undirected network with N nodes is specified by an N x N adjacency matrix:

1, if a relationship exists between ¢ and 7,
0, if no interaction is present between ¢ and j.

In many real-world scenarios, interactions within a complex system are not merely bi-
nary (presence or absence of a link) but can carry additional attributes such as strength,
directionality, or sentiment. Signed networks offer a refined extension of traditional net-
work models by incorporating positive and negative edge weights to signify friendly and
antagonistic relationships. This paradigm is particularly instrumental in modeling so-
cial structures, where alliances and conflicts coexist, biological regulatory systems exhibit
activation and inhibition dynamics, and economic networks encompass competitive and

collaborative interactions.
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Figure 1.1: Adjacency matrix for (a) undirected network and (b) signed undirected net-
work.
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For a network with N nodes, the adjacency matrix is an N x N square matrix, where
each element A;; encodes the interaction between nodes ¢ and j. Specifically, in a signed

network:

+1, if a positive (friendly) relationship exists between i and 7,
Aijj = ¢ —1, if a negative (antagonistic) relationship exists between i and j,  (1.2)

0, if no direct interaction is present between i and j.

1.1.2 Multiplex network

Many real-world systems do not operate in isolation. On the contrary, they are inter-
connected, and what happens at a single level of interaction affects the structure and
function of another interconnected layer. Multiplex structures [25] find widespread appli-
cation in characterizing diverse systems such as social groups, transportation networks,
and biological frameworks, including protein-protein interaction systems [26-32]. Hu-
mans are inherently complex beings. When they form interconnected groups bound by
relationships, the intricacy only deepens. Individuals frequently maintain a plethora of re-
lationships, varying in nature from familial and professional ties to friendships and online
connections. A multiplex network representation is invaluable in addressing this diversity
of relations [28, 33, 34]

In conventional multiplex networks, interlayer edges exclusively connect the same agent
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Figure 1.2: Multiplex network where interlayer edges (a) connect the nodes representing
the same agents and (b) connect the edges between same pair of agents.

across different layers, ensuring that interactions remain constrained to identical agents
in distinct layers or contexts. This structure enables researchers to explore how various
types of relationships between entities influence one another. However, in this thesis, I in-
troduce a modified multiplex framework where interlayer connections are not established
between identical agents across layers but between the edges that connect the same pair of
agents in different layers (see Fig. 1.2). In this alternative approach, edges serve as links
between layers rather than nodes. Consequently, if two agents do not share a connection
in one layer, the corresponding interlayer connections between them will be absent across
all layers. This structural adaptation provides a novel perspective on multiplex network
analysis, offering deeper insights into the evolution of relationships and their influence on
interconnected systems.

This layered representation of networks is pivotal for capturing the complexity of systems
where multiple types of relationships coexist. For instance, in a social network, individuals
may interact through various channels such as face-to-face meetings, online communica-
tion, and professional collaborations. Each type of interaction can be represented as a
separate layer, yet the underlying entities (i.e., the individuals) remain consistent across
layers. This approach enables the analysis of each interaction type in isolation. It pro-
vides insights into how the layers influence one another, leading to emergent properties

that cannot be observed when examining a single network in isolation.

1.1.3 Random network

Random networks, originally introduced by Erdés and Rényi [35], are a fundamental con-
cept in complex network theory. They serve as a null hypothesis in network analysis,
allowing us to compare real-world networks—often marked by non-random traits such as
clustering or distinct degree distributions—against a stochastic baseline to uncover mean-

ingful patterns. Social network analysis provides a reference point for understanding how
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friendships and professional relationships form compared to real-world networks [1, 36].
In biological systems, they help describe neural connectivity and protein interactions,
contributing to insights into brain function and cellular processes [37-39]. In communica-
tion and technological networks, they aid in designing and optimizing data transmission
protocols [40, 41]. There are two primary models for generating random networks. The
first, known as the G(NV,e) model, consists of N labeled nodes connected by exactly e
edges, where the edges are chosen randomly from the N (/N — 1)/2 possible connections.
This process results in an ensemble of graphs, each with the same number of nodes and
edges but different configurations. A specific random network from this model is obtained
by randomly selecting one of these graphs.

The second model, G(N, p), also starts with N labeled nodes, but instead of a fixed num-
ber of edges, each possible edge is included independently with probability p. This means
the number of edges varies from one instance of the network to another, following a bino-
mial distribution. Despite this variation, both models tend to exhibit similar structural
properties when averaged over many instances. The expected number of edges in the
G(N,p) model is given by E(e) = pw. This formulation allows for greater flexibil-
ity in modeling real-world networks, where connections may form probabilistically rather
than being predetermined. The G(N,p) model will be used in the following chapters of

this thesis.

1.1.4 Growing network

The growth of networks is often modeled as a process in which new nodes are sequen-
tially added and establish connections with existing nodes based on specific attachment
mechanisms. One of the most extensively studied mechanisms is preferential attachment,
as described in the Barabési-Albert (BA) model [2]. According to this model, new nodes
are more likely to connect with nodes with a high degree, meaning that well-connected
nodes continue accumulating links at a higher rate. This process gives rise to scale-free
networks, where the degree distribution follows a power law, resulting in a few highly
connected hubs that play a central role in the network structure. An extension of this
growing network model with node and link creation to incorporate link directionality has
also been well studied [42].

While preferential attachment is a fundamental principle in network growth, alterna-
tive mechanisms have been explored to capture the complexities observed in real-world
networks. One such approach is the fitness model, where an intrinsic fitness parameter
determines a node’s likelihood of gaining new connections rather than just its degree [43].
This allows certain nodes to become highly connected despite starting with fewer links.
Another approach considers nonlinear growth dynamics, where attachment probabilities

depend on additional factors such as node age or more complex interactions between
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existing connections[44]. Furthermore, some models focus on optimal growth strategies,
where network evolution is guided by rules designed to shape its structural properties. For
example, [45] proposed connecting new nodes preferentially to low-degree nodes can lead
to highly centralized star-like structures, influencing the overall topology and function of

the network.

1.2 Structural balance theory

1.2.1 Basic definition

Structural balance (SB)! theory (also called Heider’s balance theory) was proposed by Hei-
der[4], whose work conceptualized balance theory at the cognitive level, focusing on how
individuals perceive and organize their attitudes toward people and objects to maintain
psychological consistency. He proposed that cognitive systems tend toward states of bal-
ance configurations where relationships among entities are harmonious. Cartwright and
Harary [5] later expanded this framework by formalizing it mathematically, transform-
ing Heider’s psychological insights into a structural theory applicable to broader signed
social networks. The fundamental premise of structural balance theory rests on catego-
rizing dyadic relationships as either positive (friendship, alliance, agreement) or negative
(enmity, conflict, disagreement).

At its core, structural balance theory operates on a simple principle: a triad (three
actors and their relationships) is balanced if the product of the signs of the relationships
is positive [46]. This translates to a set of four axioms about combinations of friend-

ship/enmities:

Friends of friends are friends

e Enemies of enemies are friends

Friends of enemies are enemies

o Enemies of friends are enemies

Balance theory posits that specific configurations of positive and negative relationships
create stable social structures, while others generate tension that drives social change.
Within this framework, unbalanced triads produce psychological and social tension, com-
pelling the actors to modify their relationships to achieve balance. This dynamic process
fundamentally shapes the evolution of signed networks toward increasingly stable config-
urations.

In signed networks, links are assigned either a positive sign (4) or a negative sign

(—). The positive links (+) indicate favorable relations between the connected nodes,

IStructural Balance and Heider balance (HB) are used interchangeably throughout this thesis.
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Figure 1.3: The division of triads based on structural balance. The triads on the left
indicate a balanced triad with an even number of negative edges. The triads on the right
are unbalanced and have an odd number of negative edges. Solid blue line indicates a
positive edge, while the dashed red line represents a negative edge.

while negative links (—) represent unfavorable relations. These signed connections effec-
tively model numerous real-world social interactions across different dimensions, such as
trust/distrust, like/dislike, praise/blame, and influence/negative influence ([6, 28]).

As illustrated in Figure 1.3, the first two triangle configurations are balanced, while
the latter two are unbalanced. For any triangle comprising nodes ¢, j, and k, balance can
be mathematically determined: the triangle is balanced if x;;x ;2 = 1 and unbalanced
if x;;x5571; = —1, where x;; represents the sign of link 5. By convention, z;; = 1 when
link [;; is positive and x;; = —1 when the link is negative. This mathematical formulation
reveals an elegant pattern: a triangle is balanced when it contains an odd number of

positive links and unbalanced otherwise.

1.2.2 Statistical physics of structural balance

Statistical physics has emerged as a powerful framework for analyzing complex social
systems, giving rise to fields like "sociophysics” or ”social physics.” By applying princi-
ples from statistical mechanics to social phenomena, researchers can model, analyze, and
predict collective behaviors that emerge from individual interactions. The fundamen-
tal idea behind sociophysics is that many social systems, like physical systems, exhibit
emergent properties that are not easily predictable from the individual behavior of their
constituents. For example, the formation of public opinion, the spread of rumors, the
dynamics of financial markets, and the evolution of social networks can be understood as
collective phenomena arising from individual interactions.

One of the earliest and most influential applications of statistical physics to social
systems was Granovetter’s work on the threshold model of collective behavior [47]. This
model explains how individual thresholds for participating in collective actions can lead
to abrupt and large-scale social change. Similarly, Schelling’s segregation model [48]
demonstrates how even weak individual preferences for neighborhood composition can
result in significant macroscopic segregation patterns.

The Ising model, a cornerstone of statistical physics, has been extensively used to
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model opinion dynamics. Deffuant et al. [49] and Hegselmann and Krause [50] proposed
continuous opinion models based on bounded confidence, where individuals only interact
with those whose opinions are within a certain range. These models have been instrumen-
tal in understanding consensus formation and polarization in social groups. Furthermore,
network theory, often rooted in statistical physics concepts like percolation and random
graphs, has been used to study social networks. Barabési and Albert’s scale-free network
model [2] explained the emergence of power-law degree distributions in real-world net-
works, including social networks, highlighting the role of preferential attachment.

Sociophysics also incorporates concepts from kinetic theory to model the dynamics of
human crowds and traffic flow [51]. These models help understand and predict pedestrian
behavior in crowded spaces and the emergence of traffic jams. More recently, computa-
tional social science has embraced these approaches, with researchers like Lazer et al.[52]
and George et al. [53] leveraging big data to validate theoretical models derived from sta-
tistical physics. While traditional social science methods focus on individual motivations
and behaviors, sociophysics offers complementary insights by examining how systematic

patterns emerge at the collective level through relatively simple interaction rules.

The statistical and thermodynamic formulation of structural balance theory represents
another significant framework in our understanding of social dynamics. Antal et al. [54]
introduced Constrained triad dynamics (CTD) where relationship signs flip according to
Glauber or heat-bath algorithms at zero temperature. Motivated by studies in statistical
mechanics, the CTD model can be generalized so that randomness plays a key role in
changing the sign of a link, while providing a bias towards global reduction of tension.

As in a CTD model, the total energy of the system is

/H - —injxjkxki, (13)

ijk
summed over all triads ijk [55]. A possible outcome of such dynamics is a jammed states,
which are network configurations containing a finite number of unbalanced triads that
cannot evolve toward complete balance through local dynamics alone. Such jammed
states greatly exceed the number of balanced states, and the probability of reaching them
vanishes as the system size increases. By introducing an energy landscape, the properties
of such jammed states have also been studied extensively [56, 57]. Marvel et al. [56]
made an approach to formalize Heider’s classical balance theory within an energy land-
scape framework, where each network state is assigned an energy value corresponding to
the number of unbalanced triads. Lee et al. [58] further developed this thermodynamic
approach by drawing direct connections to the Ising model, in which temperature repre-
sents social volatility. A single parameter called social temperature represents the model

incentive to seek balance. The term social temperature has been used in other models
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employing this statistical physics approach to analyze social behavior [59]. Their findings
suggest that at low temperatures, networks self-organize into highly ordered, balanced
states, whereas at higher temperatures, social interactions become increasingly erratic,
preventing the emergence of balance.

Based on the definition provided by CTD, the energy of the system H = —1 and
+1 for a balanced and an unbalanced triad, respectively. At every time step, we flip a

randomly chosen link with probability P, defined as,

eHis/T 1

P(.Tij — —ZL‘ij) = - T n e"l‘Hij/T — T eﬁHij/T (14)
where
Hij = _xij Z xjkxki (15)
ki, j
is the Hamiltonian part dependent on the state of the link ¢j, and AH;; = —2H,; in-

dicates the change in the total energy due to the link flipping every time step t. This
formulation allows for the use of statistical physics tools to model how signed social net-
works evolve toward structurally balanced states. This thermodynamic framework has
proven particularly valuable for analyzing phase transitions in large-scale networks, as
demonstrated by Rabbani et al. [60], who identified critical thresholds where networks
transition from predominantly balanced to unbalanced states. The statistical physics ap-
proach has also illuminated the existence of "jammed states” or "structural glasses” in
social networks—configurations that remain trapped in local energy minima despite con-
taining unbalanced triads—providing a formal explanation for the persistence of certain

social tensions observed in empirical studies by Kirkley et al. [61].

1.2.3 Structural balance in multiplex network

Several models have been developed, grounded in the principles of SBT, aiming to elu-
cidate human behavior within social networks [6, 62-65]. However, the exploration of
structural balance within the realm of multiplex networks remains limited to a handful
of investigations [66-70].

In the context of multiplex networks, the concept of structural balance, gains significant
complexity. Gorski et al.[66] directly address this by investigating the influence of in-
terlayer coupling on Heider balance in bilayer networks. They define link multiplexes,
where interlayer coupling occurs between corresponding links, and demonstrate through
numerical simulations and analytical calculations that such coupling impedes the emer-
gence of SB. These findings suggest that the multilayer nature of social interactions may
explain the frequent absence of SB in real-world social systems, highlighting the necessity
to consider multiplexity when studying structural balance.

While other related studies do not explicitly delve into Heider balance, they contribute
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Figure 1.4: The energy landscape of signed complete network on 3 nodes. Solid blue
lines show friendship links and dashed red lines represent hostility links. The triads with
energy —1 (+1) are balanced (imbalanced). Solid blue lines represent positive edge and
dashed red lines indicate negative edge.

to understanding triadic relationships and their impact on network structure within multi-
plex contexts. Cozzo et al. [68] generalize transitivity to multiplex networks, emphasizing
the novel degrees of freedom introduced by layered structures and observing that social
networks tend to close triads at each layer. Similarly, Klimek et al. [71] employ a voter
model based on triadic closure to explore community structure in online social multiplex
networks, and Klimek and Thurner [72] highlight the role of triadic closure in driving
scaling laws. Triadic closure, a mechanism closely linked to forming balanced states in
signed networks, is a fundamental aspect of structural balance in monoplex networks.

In this dissertation, in chapters 2 and 3, I extend the Heider Balance (HB) concept
to the domain of multiplex networks where we consider a similar concept of link multi-
plex as described in [66], wherein nodes (agents) are linked by various kinds of relations

corresponding to different network layers.

1.3 Pdlya urn process

The Polya urn process is a fundamental stochastic model in probability theory and statis-
tics that illustrates a self-reinforcing mechanism through which the probabilities of out-
comes evolve based on prior events. Originating from George Pélya’s work in the early
20th century, this model is often depicted through an urn containing colored balls, where
the existing composition of the urn influences the likelihood of drawing a particular color.
In its simplest form, an urn contains balls of different colors. When a ball is randomly
drawn, it is returned to the urn along with additional balls of the same color, creating

a positive feedback loop that reinforces initial conditions [73] (see Fig. 1.5). As such,
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Figure 1.5: An illustration of a simple Pélya urn model where a ball is drawn at random
from an urn and replaced, and an additional ball of the same color is added

the Pélya urn process serves as a powerful representation of phenomena characterized
by increasing returns and preferential attachment, making it applicable in fields such as
biology, economics, and social sciences [74]

The model’s notable feature is its reinforcement property, where the probability of
drawing a color increases as more balls of that color are drawn, leading to significant
implications in the analysis of wealth distribution, social networks, and other systems with
cumulative advantages. This characteristic is observed in real-world scenarios, such as the
dynamics of follower accumulation on social media platforms, where initial advantages
can result in exponential growth over time. This process elegantly captures the "rich-
get-richer” phenomenon observed across numerous social systems. In economic contexts,
the Poélya process helps explain wealth concentration dynamics. Initial advantages in
resource accumulation can compound over time, leading to increasingly skewed wealth
distributions [75]. Labor markets exhibit similar patterns, where early career success can
lead to compounding advantages in professional advancement.

Research into the Pélya urn process has yielded a wealth of asymptotic properties,
including central limit theorems that describe the behavior of the distributions of drawn
colors as the process evolves. Under certain conditions, the distribution converges to a
normal distribution, reinforcing the model’s utility in understanding long-term outcomes

in stochastic systems [76, 77].

1.3.1 Faction formation through Pdlya process and structural
balance

Polarization in social networks emerges through interacting social and structural mech-

anisms as networks grow, notably homophily, structural balance, and tribalism, which

can produce either enduring dominance by one group or coexistence of similarly sized

rival factions [78-80]. Homophily fosters echo chambers and cohesion among like-minded
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individuals, while structural balance organizes ties into two camps with positive relations
inside groups and negative relations between them, and tribalism heightens in-group sol-
idarity [81]. Together, these mechanisms explain the emergence and persistence of po-
larized factions [82, 83|, though it remains unclear how much they dynamically drive
polarization. It is also possible that initial impressions and visibility play decisive roles.
Some studies report limited changes in alignment over time, highlighting the significant
impact of early choices [84]. Rather than modeling polarization within specific network
topologies through individual-level interactions, a stochastic process can capture the es-
sential dynamics at the group level. The polarization in growing factions can then be
equivalently interpreted through structural balance theory or Pélya reinforcement.
While recent works have applied Pélya urn frameworks to study network dynamics,
they typically do not model the simultaneous evolution of structural balance and network
growth [85, 86]. For instance, the model in Ref. [87] combines structural balance principles
with Pélya processes to describe how link signs evolve under social reinforcement, incorpo-
rating mechanisms such as homophily and xenophobia. However, this approach examines
dynamics among existing nodes without introducing new participants—each agent draws
from their local urn comprising their neighbors’ signs, but the network structure itself

remains fixed.
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Chapter 2

Structural balance in multiplex
networks: exploring stability and

phase transitions

2.1 Motivation

In this chapter, the concept of SB within the framework of multiplex networks is stud-
ied, where nodes—representing agents—are interconnected through multiple relationship
types, each associated with a distinct network layer. Consider a scenario in which indi-
viduals work within the same corporate environment while simultaneously maintaining
interactions in a shared sports club. The social ties established in these different contexts
correspond to intralayer links within separate network layers, with the nodes remain-
ing consistent across all layers to represent the same individuals. Each layer encapsulates
signed relationships specific to a particular context, and no direct signed links span across
layers.

Interpersonal relationships are inherently context-dependent—two colleagues may be
professional rivals in the workplace while maintaining friendly interactions at a sports
club. However, I assume that individuals tend to maintain consistency in their relation-
ships across different contexts. A positive relationship in one setting is likely to affect
interactions in another, and vice versa. This interdependence creates a natural tension
when signed relations across layers do not align. To capture this phenomenon, I introduce
a coupling mechanism that promotes coherence between the signed relations of the same
individuals across different layers, drawing an analogy to the spin coupling in the Ising
model of ferromagnets.

My main objective is to examine how interlayer coupling affects the equilibrium states
of signed relations across multiple network layers. I start with an analysis of a duplex net-

work structure, where intralayer relationships in each layer constitute a complete graph,
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and interlayer interactions occur exclusively between corresponding link replicas across
layers. This foundational model is subsequently generalized to an arbitrary number of
layers. While the evolution of signed relations within each layer follows structural bal-
ance dynamics, the interlayer coupling dynamics resemble an Ising-like interaction, which
governs the relation signs between the same pair of individuals across layers.

Subsequent sections extend the classical mean-field Mean field (MF) theory of Heider
balance (HB) to multiplex networks. My theoretical framework predicts the onset of a
discontinuous order-disorder transition induced by thermal fluctuations in both duplex
and general multiplex network configurations. To substantiate these theoretical findings,
I implement Monte Carlo (MC) simulations, offering empirical validation of the predicted
phase transitions. Additionally, I conduct an in-depth analysis of HB dynamics in duplex
networks with layers in different states, uncovering equilibrium states beyond the scope
of the mean-field approximation. The observed dynamics reveal a temperature-driven
transition leading to interlayer synchronization, followed by a secondary transition into
a disordered phase. This research improves our understanding of structural balance in

multiplex networks and reveals the phenomena that emerge from multiplex interactions.

2.2 Models and methods

2.2.1 Multiplex Networks and Coupling Mechanisms

The model represents individuals as agents occupying the vertices of a multiplex net-
work, where their evolving relationships are encoded as signed edges. Each layer of the
network corresponds to a specific relationship context—such as professional or personal
interactions—while the set of vertices remains consistent across layers. The agents them-
selves are static entities without intrinsic dynamical properties; instead, the evolution of
relationships is governed by two principal mechanisms: Heider structural balance dynam-
ics, which drive intralayer interactions, and Ising-type coupling, which enforces correlation
between equivalent relations across layers.

I consider a multiplex network comprising N nodes and L layers. I assume that each
pair of agents is connected in every layer for analytical tractability, effectively forming
complete graphs. This setup models small-scale social systems where all individuals are

acquainted. Each dyadic relationship (z, 7) is thus characterized by L signed edges, de-
(o)
]

layer index. These edge states evolve dynamically over time.

noted as x;;” = £1, where ¢ and j label the agents, and o = 1,2,..., L designates the

Figure 2.1 presents the duplex network representation of the proposed model, empha-

sizing how both intralayer and interlayer dynamics contribute to the evolution of signed

relationships.
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Figure 2.1: An example of interactions between edge signs (solid blue line for 41, broken
red line for —1) on a duplex network. Edge sign changes are driven by intralayer inter-
actions according to Heider structural balance (with strength A or A® respectively)
as well as interlayer coupling of Ising nature between the edges, with strength K. The
signs of relations evolve over time, according to the heat bath dynamics with energy as
expressed by Eq.2.1 and given temperature 7.

2.2.2 Hamiltonian for the Dynamics of Interlayer Relationships

Having introduced the architecture of the multiplex network and the mechanisms govern-
ing both the intralayer and interlayer interactions, I will define a Hamiltonian to describe
the dynamics of the system. The Hamiltonian will set the stage for subsequent analytical
treatment of the system’s equilibrium behavior and phase transition.

A fundamental aspect of the model is the consistency of nodes across layers, ensuring
that different layers capture relationship context rather than distinct populations. Within
each layer, triadic interactions play a critical role: imbalanced triads (ij, jk, ki) generate
structural tension, which agents seek to minimize. This effect is quantified via associated
energy: balanced triads contribute —A® to the system’s energy, while imbalanced triads
contribute +A® in accordance with Heider’s structural balance theory. The coupling
parameter A > 0 represents the strength of the Heider interaction within each layer,
promoting coherence in intralayer link signs.

Beyond intralayer effects, the model incorporates interlayer coupling, which enforces
the alignment of relationships across different contexts. If a given dyadic relationship (i, )
exhibits consistent signs across layers, the associated energy contribution is —K; if the
signs differ, the contribution is + /K. The parameter K > 0 serves as a coupling strength
akin to the ferromagnetic interaction in the Ising model, ensuring that the same pair of
agents exhibit similar relationship patterns across contexts. Notably, this coupling applies

to edge states rather than node attributes and does not manifest as explicit interlayer links.
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The Hamiltonian H of the system is

H= ZA(a Z :U(a)xjk 2\ KZZx x” (2.1)

a=1 1>5>k a>f 1>]

The state of the system will change according to the Hamiltonian in the presence of tem-
perature T, which represents the uncertainty of relations or tolerance towards imbalanced
relations in the social systems modeled.

The model has degenerate ground states, where any division of vertices into two groups is
a ground state if all intra-group edges in all layers are positive and all inter-group edges
are negative [88]. I will call this state a two-clique state. This also includes the so-called
paradise state, where one group contains all vertices and the other no vertices so that all
relations are positive. Due to thermal fluctuations, at any temperature 7' > 0 the system
settles into an equilibrium different than the ground state and, in fact, is multistable,
with the exact state reached via a dynamical process depending not only on parameters

but also on the initial conditions.

2.3 Analytical Results

The system’s Hamiltonian (Eq. 2.1) establishes how intralayer and interlayer coupling are
encoded in the model. By narrowing the focus to duplex networks, it becomes possible
to derive explicit self-consistent equations for link polarization, thereby connecting the

general model to specific, solvable scenarios.

2.3.1 Mean-Field Approximation for Duplex Networks

I analyze a duplex network as a special case of the system governed by Hamiltonian
( 2.1) with L = 2, where each layer follows a complete graph topology. A mean-field
approximation for a single-layer network was previously introduced in [55], in which each
link x;; interacts with a mean field proportional to (z)? due to its presence in all N — 2
triads. Here, (...) represents an ensemble average over all possible configurations. This
method is particularly effective in the limit N > 1, where each link interacts with a
substantial fraction of all other links, justifying the mean-field assumption. Extending
this approach to multiplex networks presents nontrivial challenges. A straightforward
implementation of the second-layer influence as an Ising-type mean field would mistakenly
imply that each edge interacts with all edges in the second layer rather than just its
direct counterpart. This incorrect representation significantly distorts system behavior,
particularly when interlayer interactions are strong.

To resolve this issue, I employ a mean-field approach where the fundamental inter-

1 2

acting unit is a pair of coupled links, Z;; = [%‘j a2y |, rather than a single link. This
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formulation accounts for both interlayer interactions (represented as an internal energy
contribution due to the coupling between xfjl ) and xg)) and intralayer interactions (mod-
eled through the interaction of #;; with a two-dimensional mean field proportional to
[(xM)2, (2?))?]. Assuming thermal equilibrium at temperature 7', the probability of each

state Z;; follows the canonical ensemble:

exp(—h(7;)/T)

) = 5 exp(—h(@m) /T) 22)
where
h(Z Z T; xjk xlk - Z SB(2)[L'jk l‘lk Kx( )x( ) (2.3)
k#£i,j k#i,j

For simplicity, I assume uniform interaction parameters across layers, i.e., AN = A®) = A,

The expected value of (Z;;) is given by:

= P(Z)i;. (2.4)

In the mean-field approximation, explicit interactions between link products 7! k) (@) are

replaced by an effective interaction involving the squared mean polarization, (z(®)2. The

mean link polarization vector is defined as:
z=[zW, 2@ (2.5)

Here, # represents the overall network polarization, while individual components z(®)
capture layer-specific polarization. The energy of a given link state can thus be rewritten

as:
h(Ey) = —AN = 2)z (z0)” — AN = 2)2 (2@)" - Koz, (2.6)

By combining equations (2.6) and (2.2) into (2.4), I derive an expression for the expected
link polarization (Z;;). The details for finding the mean-field solution are given in section
2.3.2. Setting this expectation equal to the mean-field polarization, i.e., (Z;;) = &, yields

a system of self-consistent equations:

2.
.Z'(Q) = f2($(1)7x(2))7 ( 7)
where the functions f,(z("), 2(?)) are defined as:
2d 1))2 2)\2 : af(p(2))2 1))2
I G R R e i (0 et L0 A N

2 cosh(al(x1)? + (7)) + cosh(a[(xD)” — (22)%)

with a € {1,2}. The parameters a = 42 and d = -~ denote the rescaled intralayer and
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interlayer interaction strengths, respectively, with M = N — 2 representing the number
of triads each edge belongs to. Note that the equations for both components differ only
in the sign of the second hyperbolic sine function, expressed here as (—1).

Figure 2.2 presents numerical solutions for the mean polarization, derived from solving

equation (2.7) across varying values of the rescaled interlayer coupling parameter d.
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Figure 2.2: Mean field solution for average link polarization 2™ for various interlayer
coupling strength. The coupled layers undergo a discontinuous transition at a critical
temperature T, that increases with coupling strength. The results are shown for d =
0.2,0.5,1,3 with the transition point moving from left to right with increasing d.

As illustrated in Fig. 2.2, increasing the temperature T leads to a gradual reduction in
mean polarization until a critical threshold z. is reached, at which point a discontinuous
transition to zero occurs. This corresponds to a first-order phase transition at the critical
temperature T,.. The values of T, and x. are contingent on the interlayer coupling strength
K. As K increases, T, also increases, asymptotically approaching a saturation limit, as
demonstrated in Fig. 2.6. The critical temperature 7, signifies the threshold beyond
which a stable polarized state (¥ # 0) ceases to exist. In the mean-field framework, the
unpolarized state remains stable, leading to an irreversible transition from a polarized
to an unpolarized state. Consequently, once the system transitions to an unpolarized
state, reducing T" below T, does not restore polarization. However, beyond the mean-field
approximation, the system exhibits more complex behavior, as discussed in Sec. 2.4.2.

From an analytical perspective, Eq. 2.7 can be framed as a recurrence relation gov-
erning the evolution of average link polarizations [z, z(?], capturing the influence of
both the mean field and the system’s previous state. This approach facilitates an explo-

ration of multistability and potential transitions between coexisting states beyond mere
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equilibrium analysis. The system dynamics are defined by:

x(l)(tJr 1) = f1(l’(1)(t),x(2)(t)>

x(2)(t +1) = fg(x(l)(t),x@)(t)) (2.9)

where f,(z(), 2(?)) represents the right-hand sides of Eq. 2.7 evaluated at time ¢. Fixed
points of this mapping satisfy the implicit equation given by Eq. 2.7. It is important
to note that Zy = [0,0] remains a stable fixed point of Eq. 2.9, which can coexist with
a nonzero stable solution at lower temperatures. The critical temperature 7, marks the
disappearance of the nonzero solution, inducing a discontinuous transition from x. to zero
when starting from a polarized state.

The values of T, and z. are derived from a pair of transcendental algebraic relations
(Eq. 2.12 and Eq. 2.13) that characterize the fixed point and its Jacobian matrix at
the transition point where the largest eigenvalue crosses unity. The detailed derivation is
presented in Sec. 2.3.2. The interdependence of T, and z. can be encapsulated by the

auxiliary variable

AM 2

z=eT (2.10)
D =¢?, (2.11)

which satisfies:
(2* —1)(2*D? + 222 + D?)

22(24+222D? + 1)

8lnz = (2.12)

where D = e?. Solving this equation numerically yields z as a function of D, which de-
pends indirectly on the ratio of interlayer coupling K to intralayer coupling A (see Fig.
2.3 in the Sec.2.3.2 for the general behavior of this solution).

Once z is determined, the critical polarization z.(D,z) and the critical temperature

T.(z., z) can be obtained via:

. xz (1 D?(z* —1) ? (2.13)
AM Inz  \Inz) \D2(z4+1)+222) ° '

The dependence of T, on coupling strength is depicted in Fig. 2.6. In the special case

D =1 (corresponding to non-interacting layers), the system simplifies to the single-layer

scenario, and Eq. 2.13 gives the critical temperature of a single-layer network.

2.3.2 Critical temperature calculation for duplex network

I will explicitly calculate the critical temperature at which a duplex network transitions
from a polarized state to an unpolarized state. I begin by expressing the probabilities

of link states using the canonical ensemble and then systematically derive analytic ex-
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pressions for the mean link polarization in each layer as a function of temperature and
coupling.
The probabilities of states 7;; with energy h(Z;;), as specified in Eq. 2.6, adheres to

the canonical ensemble formulation (Eq. 2.2):

— 2 2
(G @)+ @@)7) ()

D O P B ) (Kathatin)

e

(2.14)

o
Tmn

where M = N — 2 denotes the number of triads containing the link 5. The expectation

value (Z;;) is given by:

_ 2 2
(7‘%M [xgy(x(l)) +xz(.]2~)(:c(2)) ])€<—%x<1)x<2))

ij g

N (&
Tii) =
() ij . (AL, @) +22, c@)) (- Kalal2))

. (2.15)

mnemn

Since 7;; has only four discrete values, specifically z;; € {(—1,—1),(-1,1),(1,—1),(1,1)},
the summation in Eq. (2.15) remains finite. Accordingly, Eq. (2.15) simplifies to:

o (oA (@) 4 (@) _ =M [<z<1>>2+<z<2>>2]) + (e%mw[<w<2>>2f<x(1>>21 _ e#<71>a[<z<2>>2f<x<l>>2])

o2 (e%[(ﬂl»%(w@)z} LM [(w(1>>2+<w<2>>21> i (6%(71>a[<w<2>>27(x<1>>2] 1 =AM [@®)’~(@)’]

(2.16)

Following the mean-field approximation, the expectation value (Z;;) is equated to the

mean-field parameter 7, yielding a system of self-consistent equations as previously given
by Eqs. 2.7-2.8.

The system of self-consistent equations thus formulated can be interpreted as a map-

ping that enables the stability analysis of fixed points. Specifically, it allows for the

determination of whether a given solution represents a stable equilibrium state of the

system. The Jacobian matrix associated with the mean-field mapping, as described in
Eq. (2.9), is defined as

2

_ | oz Oz (2

J= Bl (2.17)
oz 9z(2)
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where the partial derivatives are given by

dfi  4axWe?(cosh(2d) + cosh(2a(z)?))

or( A ’
oOfi  2az? (e —1)
or(® A ’
2.18
dfs  2azW(e* —1) (2.18)
or() A ’
dfs  4arPe*(cosh(2d) + cosh(2a(z)?))
or(® A '
Here, the denominator is expressed as
2
A= <62d cosh(al(z™)” + (2@)*))+ cosh(a[(zV)* - (x(Q))2])> (2.19)

To simplify the analysis, I impose symmetry in the mean-field variables since the two-
dimensional maps are symmetric. By setting (Y = 23 = z, the self-consistency equation

reduces to
sinh(2az?)

~ cosh(2az?) + e 24’

(2.20)

In the limiting case of d — 0, where interactions vanish, this equation simplifies to the
mean-field equation of a single-layer network, consistent with Eq. (9a) in [55]. Likewise,
for d — +o00, the same equation holds, albeit with an effective interaction coefficient of
2a instead of a. The stability of fixed points is determined by evaluating the eigenvalues

of the Jacobian matrix. The eigenvalues corresponding to Eq. (2.18) are

s = 4az(cosh(2az?) + e*24)
=7 (ed(cosh(2ax?) + e—24))2’

(2.21)

where A\, represents the largest eigenvalue. Stability is ensured if A\; < 1. The critical
temperature 7./(AM) and the corresponding critical value z¢ can be obtained from a
system of transcendental algebraic equations, namely Eq. (2.20) governing the fixed
point and the criticality condition Ay = 1 derived from Eq. (2.21). By multiplying Eq.
(2.20) by the reciprocal of Eq. (2.21) at Ay = 1, I reformulate the dependence on x in
terms of a new variable z = €%, with D = e?. This leads to the compact transcendental

equation for z:
(2* — 1)(2*D? + 222 + D?)
22(z4 4 222D?+1)

8lnz =

(2.22)

In general, this equation admits three solutions; however, only one is physically meaning-
ful, corresponding to z > 1. The dependence of this solution on D is illustrated in Fig.

2.3. One can numerically calculate the largest solution z for a fixed value of d. Putting
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Figure 2.3: (Color online) Equation 2.22 has three solutions for auxiliary variable z that
depend only on relative interlayer coupling strength D. Out of them, only solution z > 1
(blue top line) is physically meaningful and corresponds to a positive critical temperature
T..

ar? =1Inz into Eq. (2.20) gives us the link polarization z, at the critical point

D*(z* —1)

= BATT 52 (2.23)

Te

and having that, re-arranging definition of z gives us the inverse of a at the critical point

T, x?
AM " Inz (224)

To understand how the saturation critical temperature relates to a number of layers, [
need to define the Eq.2.24 at d = D — 400 and at d = 0.

T, 1 L1\’
- (ij ) (2.25)
AM |, o In(2e0) \ 28 +1
T, 1 L-1) 1\’
_ ( 4<Z0 ) 2) (2.26)
AM|,_, In(z0) \ 25 + 14 22

Substituting the value of z,,=2.97 and 2;=8.823 obtained numerically from 2.22, the

saturation critical temperature is,

Ty 1.16516...

= =2 2.27
T.|,, 0.58258... (227)
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or

T.

elasioe ®2Te| 1, (2.28)
Thus Eq. 2.28 shows saturation of the critical temperature at d — oo depends on the

number of layers in a duplex network.

2.3.3 Generalization to Higher-Order Multiplex Networks

To explore multilayer effects, I extend the duplex network model discussed in Sec. 2.3.1
to a more general multilayer framework. The analytical method used to calculate the
critical temperature in a duplex network could be extended to a higher-order multiplex
network. But this requires extensive calculation of the Jacobian, which is computationally
inefficient.

I consider a system comprising L layers, where each layer represents a distinct type of
relationship or communication context among the same set of nodes. Given that different
relationships between the same pair of agents are correlated, edges across different layers
interact with their counterparts in other layers. For simplicity, I assume that the adjacency
matrices across all layers are identical, i.e., A = A for all layers a, and that the interlayer
coupling strength is uniform, denoted by K.

The total energy of the L interactions between a given pair of nodes (7, j) is given by:

M;; L
- ot ot « @ B
h(z;;) = —A Z Z$§j)$§k)$i(ci) — KZxEj)a:Ej). (2.29)
k a=1 a>f

The methodology applied to the duplex network remains valid for an arbitrary number

of layers. For instance, in the case of a three-layer (L = 3) network, using Eq. (2.4) with

8-), a:g),xg’)) and the energy function given in Eq. (2.29), I can derive a set of

self-consistent equations for the vector order parameter & = (zM), 22 (),

fz‘j = (ZE

Applying the same approach as in the duplex network (see Sec.2.3.2), I obtain the
following transcendental equation for the auxiliary variable z = 2(D) = eTe e,

(D*28 4 2% — 22 — D*) (D*25 4 32% 4 322 + D)

81 = . 2.30
0 (2) = (DI 1 4D 4 3D°5F + 321 + AD22 + DY) (2:30)
The corresponding critical temperature for L = 3 is given by:
T. 1 (D'Y(:°—1)+22(2—1)\? (231)
AM — Inz \ D4 (25 +1) +322(22+ 1) ‘

The dependence of this critical temperature on the interlayer coupling strength and the
number of layers is illustrated in Figures 2.6 and 2.7, respectively.

While this approach remains theoretically valid for any number of layers L, the com-
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plexity of the governing equations increases rapidly with L. To derive a general prediction
for the critical temperature T, beyond specific values of L, I assume statistical equivalence
across all layers, allowing for a simplified analysis. Instead of tracking the full microstate
@;; for each pairwise interaction, I introduce a mesostate description based on the number
of positive links L™ among the L interactions. Given the statistical symmetry assump-
tion, the precise configuration of positive and negative links within the L layers becomes
irrelevant, meaning that the energy function depends solely on L*.

For a given set of L links, where L™ links are positive and the remaining L~ = L — L™

links are negative, the mean polarization is defined as:

(z) = <L+ Z L_> = 2<§+> —1. (2.32)

Since all layers are assumed to be statistically identical, the average polarization per

layer, (x), is independent of the specific layer index «. To evaluate the statistical weight
of different mesostates, I consider the number of microstates corresponding to a given

value of LT, given by the binomial coefficient:

L
# microstates = (L*)' (2.33)

The total energy associated with a given mesostate L™ comprises contributions from both
Heider balance interactions and interlayer Ising-like interactions. The Heider energy term
is derived from Eq. (2.29), replacing explicit xfja) terms with their statistical representa-
tions:

Bteider(LT) = —A(N = 2) (LT (2)* — (L — L")(z)?) . (2.34)

Care must be taken to distinguish between the macroscopic mean-field variable (L*) and
the microscopic state variable L. This distinction is only neglected when computing the
expected value of L™ in the final self-consistency equation.

The Ising-like energy contribution accounts for interactions among all L links:

LH(LT —1)+ (L — LY) (L — LT —1)
2

Ering(LT) = =K + KLY (L —L%). (2.35)
The total energy is then given by:
E(L") = Fheider (L") 4 Frsing(LT). (2.36)

To determine the mean number of positive links, I employ a canonical ensemble approach,
multiplying the factor for specific L™ by the number of microstates such state actually

represents. At this point, the mean value of microscopic L™ is considered the same as the
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Figure 2.4: Graphical solution of the mean-field state equation (Eq. 2.37) for L = 10
layers. The solid blue curve is y = ¢g((L')) and the red straight line is y=(L*). When
T > T,, there is a single stable fixed point. When T' < T, there are three fixed points,
and the inner one is unstable

mean-field variable (L*). This leads to the self-consistent equation:

L L\ —E(L*
I+ B(LY)/T

(%) = g((a)) = e £l

Yoo (pi)e PEOIT

Here (L) = L is a paradise state, and (L*) = L/2 is a completely disordered state with

half the links positive and half negative. Due to using a mesostate description, instead

(2.37)

of L equations, I have a simple scalar equation (Eq. 2.37) that could be solved using
a similar stability analysis approach. Figure 2.4 shows a graphical representation of the
right-hand side of Eq.(2.37), which solution is given by the intersection of the straight line
L and right-hand side. For T' > T,, there is only one stable fixed point, L™ = L/2, which
corresponds to a disordered state of the system, while for 7" < T., an additional stable
fixed point appears, corresponding to an ordered state, as well as an unstable fixed point
separating basins of attraction for each stable solution. When T = T, both additional
points are the same, unstable fixed point tangential to the diagonal line. The critical
temperature can be numerically estimated from the fixed point equation Eq.(2.37) and
its derivative dg((L"))/d{(L") = 1.

The L-coupled layers undergo a first-order transition at 7, for any number of layers, which

has been confirmed numerically for up to 10 layers using Eq.(2.37).
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2.3.4 Saturation of critical temperature

T,
The normalized critical temperature, ﬁ, depends on d, the relative coupling strength,
and increases as d increases, eventually saturating at high d values (see Fig. 2.6).

In the strong coupling limit, D — 400, Eqgs. 2.12 and 2.13 simplify to

8
1
8lnz = (2224 ) L ~172346. (2.38)
T, 1 (4 —1)\? T,
= (E) ((24“)) — =~ L16516. .. (2.39)

For comparison, in the single-layer case, the critical temperature is T./AM = 0.58258,

which is consistent with previous results [55]. This leads to the following relationship:

TC}L:Zd—H—oo ~2- TC’L:I (2.40)

To generalize this result, I extend the analysis to a system with three layers (L = 3). In
the limit D — +o00, Eqgs. 2.30 and 2.31 reduce to

12
1
8lnz = (23—6) — 2~ 143749, .. (2.41)
z
T, 1 (26 —1)\? T,

Thus, the saturation critical temperature for a three-layer system satisfies

T.

Cla=3,d—+oco

~3-T, (2.43)

a=1
For a general system with L coupled layers, the transcendental equation in the strong

coupling limit (D — +o00) takes the form

8lnz = -1 (2.44)

LzE
ATJ@ - (lnlz) (EEZ :L 3) (2.45)

This result confirms the general scaling relation for the saturation critical temperature:

T, ~L-T.,

¢la=L,K—+oco

(2.46)

1

Thus, for sufficiently large coupling strength, the saturation critical temperature increases

proportionally with the number of layers L.
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2.4 Numerical results

2.4.1 Numerical Simulations of paradise state stability

To validate the analytical results presented in the previous section, numerical MC sim-
ulations were carried out for the model. The heat bath algorithm was employed, where
each update modifies the entire set of links between a randomly chosen pair of agents, i
and j, with updates occurring asynchronously. A single time step consists of N(N —1)/2
elementary updates. During each update, a pair of agents ¢5 is selected uniformly at ran-
dom, and the link signs of all corresponding parallel links, 7;;, are updated to one of 2%

possible states. The probability of selecting a given state follows the canonical ensemble

1 h(Z;;
distribution given by P(Z;;) = - exp (_ é}jj{)
on the current configuration of the entire system, meaning all links #y; where kl # ij,
following Eq. 2.29.

The simulations are initialized with a fully connected graph in the paradise state,

) . The energy h(z;;) is computed based

where all links are positive. The heat bath algorithm was preferred over the Metropolis
algorithm due to the latter’s extremely slow convergence when applied to systems with
a larger number of layers and strong inter-layer coupling. Notably, for L. = 2, both
algorithms produced consistent results, with any differences attributable to stochastic
fluctuations inherent to MC methods.

In a fully connected network, each pair of nodes has M = N — 2 pairwise neighbors,
and I set AU = A® = 1. The intralayer energy was rescaled relative to the average
Heider energy per triad, while the interlayer energy was normalized to the average energy
per interacting link pair. Simulations were performed across a range of temperatures,
starting from 7" = 0 and increasing in increments of AT, to determine the highest tem-

perature at which (xl(]a)) remains positive. The true critical temperature T, lies within

the interval [T, T*AT], and is estimated as T, = T* + % Starting from the paradise
state, the system transitions to a disordered state for temperatures above T,.. As shown
in Figure 2.5, both layers exhibit similar, synchronized behavior. Above the critical tem-
perature, the intralayer energies F ), E, 2 approach zero, while the mean polarization
values fluctuate around zero. The interlayer energy Ex remains negative both below and
above T, indicating that link signs across different layers retain partial alignment even
in the disordered phase.

The critical temperature 7, obtained from MC simulations is compared with the pre-
dictions from the analytically evaluated mean-field theory, as shown in Fig. 2.6. While
there is a slight discrepancy in the transition temperature between the numerical simu-
lations and the mean-field approximation, the analytical approach successfully captures
the overall behavior of the system. The dependence of T, on the number of layers L is

further explored in Fig. 2.7, which demonstrates that the simulation results align with
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Figure 2.5: Mean link polarization z(!) = (x§;)> and 1 = (mg)> (2.5a) and corresponding
energies (2.5b) for a duplex network as a function of temperature T for the complete graphs
with V = 50 nodes and a coupling strength K = 50 (corresponding to d = 1). The results
show averages over 50 independent simulations. Initial conditions were paradise states
at both layers, where the overlapping red plus and yellow cross symbols correspond to
layers one and two, respectively. In contrast to the intralayer energies (overlapping red
plus and yellow cross), the interlayer energy (black circle) increases slowly when 7" > T,
with layers remaining partially synchronized even when intralayer disorder sets in.

Eq. 2.46 in the saturation limit. However, some discrepancies arise for large values of L.
According to the analytical predictions, as L increases, the critical temperature should
exhibit a nonlinear increase, eventually saturating at a fixed value T,, independent of
K. Even for small K, the critical temperature is expected to exhibit this behavior at
sufficiently large L, which is particularly evident in Fig. 2.7 for K = 10 and K = 20.

Contrary to these predictions, MC simulations reveal that such a transition does not
occur. Instead, the critical temperature increases linearly with L for all values of K,
with a slope that depends on K. This indicates that the mean-field approach does not
fully capture the behavior of the system when multiple weakly interacting layers are
present. Nevertheless, the mean-field theory remains qualitatively accurate. Specifically,
it correctly predicts a linear increase of T, with L for small K and L, as well as the
saturation of 7, at high K.

2.4.2 Ciritical behavior of the system with layers in different

states

The critical temperature, as analyzed in prior studies, is defined as the threshold at
which the nonzero stable state vanishes. Analytical treatments predominantly address
the existence of the paradise state, evaluating its stability and the transition to disorder.
However, due to the system’s inherent multistability, within the parameter regime where

the paradise state remains stable, additional equilibrium states may also materialize. The
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Figure 2.6: (Color online) Critical temperature 7, increases with coupling strength K and
saturates to T' ~ L - T,y for high K /M values. The solid black line and black triangles
show mean-field prediction (Eq. 2.13) and numerical results for L = 2, while the dotted
red line and red circles show mean-field prediction (Eq. 2.31), and numerical results for
L=3.

system’s final configuration is contingent on initial conditions, potentially converging to
distinct stable states.

This section extends the investigation to multiplex networks, with a particular empha-
sis on scenarios where the two layers adopt different configurations. Within the framework
of HB dynamics, multiple fully balanced states exist, which can broadly be categorized as
a "two-clique state.” This state is defined by a bipartition of the vertices into two groups,
wherein intra-group links are exclusively positive, while inter-group links are uniformly
negative. The specific realization of the two-clique state varies depending on the relative
sizes of the two groups, spanning configurations from an equal division to an extreme case
where one group encompasses all vertices and the other is empty, which is termed the
"paradise state.” Among all possible balanced states, a near-equally partitioned two-clique
structure is the most probable outcome of HB dynamics, as evidenced in [88]. Conversely,
the paradise state, though theoretically significant, is exceedingly improbable as it repre-
sents an idealized state where all agents maintain positive relationships, akin to consensus
in opinion dynamics.

For the purposes of this study, I constrain the analysis to three equilibrium states: the
two-clique state with equally sized groups, the paradise state, and the disordered state.

Other balanced states characterized by asymmetric group sizes are not considered. In the
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Figure 2.7: The critical temperature 7, increases with the number of layers L when
coupling K is positive. Black symbols and broken lines show results of MC simulations,
while orange symbols and solid lines show mean-field prediction (iterating Eq. 2.37 as
a map) at different interlayer coupling strengths for N = 50 and A = 1. The critical
temperature for a single layer is shown as a red full circle at T, = 26.5.

context of a duplex network, the equilibrium states that satisfy intralayer HB conditions
(excluding asymmetric two-clique structures) include three principal configurations: (i)
both layers adopting the paradise state, (ii) one layer in the paradise state while the other
forms a two-clique structure, and (iii) both layers assuming two-clique states. When both
layers are in the paradise state, all links are positive, ensuring complete alignment of edge
signs across layers. By contrast, when one layer assumes the paradise state and the other
a two-clique configuration, approximately half of the inter-group links in the two-clique
state are negative, while their corresponding edges in the paradise layer remain positive.
This results in an interlayer energy that approximates to zero.

A particularly compelling scenario arises when both layers exhibit two-clique states, as
the degree of correlation between the cliques across layers can vary. The alignment be-
tween the two-clique structures may range from complete congruence (“matching order”)
to partial correlation (“partial matching order”) and, at the extreme, to minimal overlap
(“mismatched order”), as depicted in Fig. 2.8.

To quantify the structural similarity between two-clique states in different layers, I intro-

duce the "overlap” metric, denoted as o. This metric represents the fraction of vertices
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Figure 2.8: If both layers of a duplex are in two-clique states, the overlap between the
layers can vary from full overlap (panel a, matching order, overlap o = 1), through partial
overlap (panel b, partial matching order, overlap o = 3/4 in this example) to minimal
overlap displayed by “orthogonal” two-clique states (panel ¢, mismatched order, overlap
o = 1/2). The same nodes exist in both layers, and interlayer interactions exist only
between the same link replicas with coupling strength K. Solid blue lines represent
positive links, dotted red lines represent negative links, and yellow circles enclose agents
belonging to different groups in both layers.

assigned to the same groups across both layers, effectively capturing the degree of con-
sistency in clique assignments. Since cliques themselves lack intrinsic identities, I define
overlap to always reflect the maximal alignment, thereby constraining its values to the
range [%, 1]. This overlap metric directly correlates with the Spearman correlation be-
tween an agent’s group assignments in both layers, expressed as ¢ = 20 — 1. Additionally,

it influences the interlayer energy of fully Heider-balanced states (neglecting fluctuations),

given by Ejpier = 5 (1 — N(1 — 20)?), where N is the number of agents and K denotes
the interlayer coupling strength introduced in Sec. 2.2. Due to the discrete nature of agent
assignments, the set of possible overlap values o for a given network size NV is restricted
to discrete points, yet these values always fall within the theoretical bounds of [%, 1]. In
a duplex system at equilibrium, the possible configurations depend on temperature and
interaction dynamics. The system can adopt a matching order state, where both layers
either reside in the paradise state or exhibit identical two-clique state with an overlap of
o = 1. Alternatively, it may exist in a partial matching order state, where the two-clique

state displays intermediate degrees of overlap, o € (%, 1). In contrast, a mismatched order
1
2
assumes the paradise state while the other forms a two-clique state. Finally, the system

state arises when two-clique states are minimally correlated, with o = =, or when one layer

may reside in a disordered state, wherein neither layer achieves an internally balanced

structure.
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For a multiplex network with more than two layers, the diversity of possible states
increases. Different pairs of layers can exhibit varying degrees of overlap, leading to con-
figurations such as one matching pair alongside a non-matching third layer, three mutually
mismatched layers, or a mixture of partial overlaps. Certain topological constraints regu-
late these configurations; for instance, if layers 1 and 2 are perfectly matched and layers 2
and 3 are matched, then layers 1 and 3 must also match. This transitivity condition pro-
hibits inconsistencies in layer matching but still allows for multiple mutually mismatched

layers, depending on the number of agents N. In the simplest case where N = 2", the

N/2
N/4

analytical framework outlined in Sec. 2.3.1 does not incorporate the presence of two-clique

system can accommodate up to 1+ ( ) two-clique states with zero mutual overlap. The
states, except for the trivial case of the paradise state. Consequently, numerical simula-
tions presented in this study reveal deviations from mean-field predictions, particularly
when two-clique states are involved. A significant discrepancy arises from the mean-field
theory’s assertion that the disordered state remains stable at all temperatures. However,
numerical simulations demonstrate that under appropriate conditions, the system instead
transitions to a Heider-balanced two-clique state, which, despite its structured nature,
exhibits zero polarization similar to the disordered state. Given that the analytical model
neglects the existence of two-clique states, it is unable to capture the critical phenom-
ena associated with them. In particular, the transition temperatures T}, Ty, T,, and T,,
which are introduced in subsequent sections, fall outside the predictive capability of the
mean-field approach.

To systematically examine the impact of initial conditions on system evolution, I

conduct numerical investigations for five scenarios in which layers are initially mismatched:

e One layer is initialized in the paradise state, while the other adopts a two-clique

balanced configuration.
o Both layers initialized in mutually mismatched two-clique balanced states.
o Both layers are initialized in two-clique states with partial overlap.

o A three-layer network where one layer starts in the paradise state while the remain-

ing two are in perfectly matching two-clique states.

o A three-layer network where one layer is in the paradise state, and the other two

are in mismatched two-clique states.

By analyzing the steady-state behavior emerging from these initial conditions, alongside
simulations of initially disordered configurations, I characterize the stability and transi-
tions between equilibrium states. These findings enable the construction of a comprehen-
sive phase diagram that delineates the parameter regimes in which different system states

emerge.
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2.4.3 Coupling between a paradise and two-clique state

In a multiplex network, a mismatched order state can emerge when one layer assumes a
paradise configuration while the other forms a two-clique structure. Consider a system
of size N = 2m, where each antagonistic group consists of m nodes. FEach node main-
tains (m — 1) positive intragroup connections and m negative intergroup connections,
maintaining balance in the network. The system’s macroscopic behavior is dictated by
temperature and interlayer interaction strength. Numerical simulations, as illustrated in
Fig. 2.9, reveal the presence of four out of the five characteristic or critical temperatures
that govern the system’s phase transitions and stability dynamics.

The temperature T, defines the threshold above which the mismatched order state
becomes unstable. For T > T, the initially mismatched layers synchronize, transitioning
into a matching order state. However, for 7' > T}, the mismatched layers may instead
evolve into a disordered state rather than achieving a matching configuration. At higher
interaction strengths K, T, converges with T, (Fig. 2.9¢), which represents the minimum
temperature at which a disordered state remains stable. Conversely, as K — 0, these
temperatures diverge: T, asymptotically approaches the single-layer critical temperature
T., where order loses stability, whereas Ty aligns with the single-layer critical temperature
T;, where disorder becomes stable, as depicted in Fig. 2.14. Above T,, the system’s
final state—whether it settles into a matching order state or a disordered state—becomes
probabilistic, influenced by temperature 7" and layer overlap. The temperature T}, serves
as the upper bound beyond which two mismatched layers can no longer evolve into a
matching order state. For T' > T}, mismatched layers inevitably transition into disorder.
Notably, T, < T., meaning that an initially mismatched order destabilizes at a lower
temperature than an initially matching order, which remains stable up to 7, (the only
temperature not illustrated in Fig. 2.9). I classify T and T} as critical temperatures, as
they delineate stability transitions. In contrast, T, and T}, are not associated with stability
shifts and are therefore referred to as characteristic temperatures. The synchronization
process of an initially mismatched order state exhibits intrinsic stochasticity. In the
specific scenario of a mismatched paradise and two-clique state, the final configuration
may either be a matching paradise or a matching two-clique state. Furthermore, the
resulting two-clique state need not replicate the initial configuration of the original two-
clique layer; the clique sizes and their spatial arrangement may differ, indicating that
both layers may undergo structural reconfiguration rather than one layer imposing its
structure on the other. The mean link polarization of a two-clique state depends on the
clique sizes m; and msy:

(") + (%) = ma-m
(2)

For significantly asymmetric clique sizes my > mao, (z;;) approaches 1, whereas for ap-

(zi5) = (2.47)
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Figure 2.9: In the case of coupled paradise and two-clique states, the system shows two
transitions: synchronization of layers starting at Ty, transition to disorder starting at
T,, and ending at additional characteristic temperature 7,,. Panel (a) shows the mean
link polarization of 50 independent simulations over a range of temperatures for N = 50
nodes and a coupling strength K = 25, with one layer starting in the paradise state (red
plus) and the second layer starting in the two-clique state (yellow cross). Panel (b) shows
the corresponding mean intralayer energy (red and yellow) and interlayer energy (black
circle). Panel (c) shows intralayer and interlayer energy for a duplex network starting in
a disordered state, showing that spontaneous order appears at any temperature below 7.
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proximately equal clique sizes m; = may, it nears zero. A quantitative analysis was
conducted to assess the frequency f of mean link polarization across both network layers
following synchronization. The distribution of mean link polarization is presented in Fig.

2.10. Although the paradise state (z;;) = 1 remains the most probable outcome following
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Figure 2.10: When paradise and two-clique states synchronize, it results most often in
either paradise (1) &~ 1 but two-clique states () < 1 are also a possible outcome. The
graph shows the distribution of mean links polarization after paradise and two-clique
states synchronize at the temperature 7" where T, < T < Tj.

synchronization, the formation of two-clique states is also a plausible result.

To systematically investigate the dependence of the critical temperatures T, and Tj,
as well as the characteristic temperatures 7, and 7}, on model parameters, I performed
simulations across a range of interlayer coupling strengths K. The results of these simu-
lations have been synthesized into the phase diagram of the two-layered system, provided
in Sec. 2.4.6.

Notably, even when the system evolves into a disordered state, partial synchronization
is retained due to interlayer Ising interactions. This effect is analogous to paramagnetic
partial ordering induced by an external field, where, in this case, one layer serves as the
external field for the other. Consequently, the interlayer energy E(K) in Fig. 2.9 only
asymptotically approaches zero as temperature increases, in contrast to the intralayer
energy, which reflects ordering within individual layers.

An important aspect of synchronization dynamics is the temporal evolution of link po-
larization between the two layers. Figure 2.11 presents representative trajectories of the

mean link polarization during relaxation processes. Beginning from an initial configu-
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ration in which one layer is in the paradise state while the other adopts a two-clique
structure with equally sized cliques, the system synchronizes into one of three possible
matching order states: a paradise state, a two-clique state with equally sized cliques, or

a two-clique state with cliques of unequal sizes (see also Fig. 2.11).
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Figure 2.11: The final state of the synchronization between two mismatched layers is par-
tially random due to thermal fluctuations. Example trajectories for the synchronization
scenario between paradise (red line) and two-clique (blue dashed) layers for N=50, K =
25, and T=20. The synchronized state can be either a two-clique state similar to the ini-
tial condition of the second layer (panel (a)), a paradise state (panel (b)), or a two-clique
state of different sizes, matching neither of the two initial layer states (panel (c)). Each

shown scenario is a result of independent agent-based simulation under the same initial
conditions and parameters.

2.4.4 Coupling between different two-clique states

In the case where both layers adopt a two-clique configuration, the extent of overlap
between the layers can vary between 1 (indicating a perfectly matching order) and 1/2
(corresponding to a fully mismatched order). For a fully matched configuration, the
system’s behavior is analogous to that of the initial paradise-paradise state. However,
unlike the paradise configuration, the mean link polarization does not necessarily reach 1;

rather, it depends on the relative sizes of the cliques, approaching approximately 0 when
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the cliques are of equal size. The critical temperature governing the transition to disorder
remains 7,, consistent with that of the matching paradise state.

In contrast, when the two-clique structures in the layers are mismatched, with an overlap
close to 1/2, the system dynamics resemble those observed in the mismatched paradise—
two-clique scenario discussed earlier. As in that case, the system is characterized by
two critical temperatures: T,, which marks synchronization, and T, which signifies the
onset of disorder. Additionally, the characteristic temperatures T, and T,, persist, where
T, denotes the temperature above which the system may become disordered, and T,
represents the threshold beyond which disorder becomes the inevitable outcome instead
of synchronization, as illustrated in Fig. 2.12. While the specific values of Ty, T,, and T},
depend on the particular configuration, the temperatures T; and 7T, remain fixed, as they
are intrinsically tied to the stability of the disordered and matching order states, being
determined solely by the model parameters.

For configurations in which the two-clique states exhibit partial alignment, the qual-
itative behavior remains unchanged, though the exact values of T, T,, and T,, depend
on the degree of overlap o between the layers. In the limiting case where o — 1, the
synchronization temperature T, approaches zero, while both T, and 7,, asymptotically

converge to T..

2.4.5 'Triplex network with mismatched layer pairs

As the number of layers in the network increases beyond two, the range of possible system
states expands accordingly. In this analysis, I consider a triplex network in which one
layer is in the paradise state, while the remaining two layers exhibit two-clique structures.
These two-clique layers may either be perfectly aligned, corresponding to an overlap of
o = 0, or mismatched with an overlap of o = 13/25, consistent with the configuration
examined in the preceding subsection. In the first scenario, two of the layers form a
matching configuration while remaining mismatched with the third layer. In the second
scenario, all three layers are mutually mismatched. While the overall system dynamics
retain fundamental similarities to those observed in the duplex network, the introduction
of an additional layer introduces notable distinctions arising from the increased structural
and interactional complexity of the system.

The most notable distinction between the two considered configurations lies in their
respective synchronization temperatures, denoted as TP and T%*). Each configura-
tion exhibits a distinct synchronization threshold, as evidenced by the simulation results
presented in Fig. 2.13. This difference is expected, given that in the scenario where
two layers are in a matching state, these layers are inherently more stable and exert
a stronger, coherent influence on the third, mismatched layer. Consequently, synchro-

nization occurs at a lower temperature 7. S(p <), Conversely, in the case where all three
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Figure 2.12: The behavior of the system of two partially matching (a, ¢) and mismatched
(b, d) layers in two-clique states for N = 50 and K = 25, closely resembles the mis-
matched order of paradise and two-clique layers seen in Fig. 2.9. The top panels (a, b)
show the variation of mean link polarization for two orthogonal two-clique layers over
temperature for 50 independent simulations. The bottom panels (¢, d) show the corre-
sponding variation of mean intralayer (red plus and yellow cross) and interlayer (black
circle) energy over temperature.

layers are mutually mismatched, no single layer experiences a dominant, coherent influ-
ence. As a result, individual layer configurations remain stable up to a higher transition

temperature TP

. A further distinction between these two scenarios is the nature of
the transition itself. In the mutually mismatched configuration, the system retains a
degree of symmetry, leading to a transition behavior analogous to that observed in the
two-layer mismatched state. Since none of the layers dominate the others, the system
can evolve into states with varying clique sizes, which may not necessarily align with
any of the initial configurations—though such deviations occur less frequently than in a
duplex network. Consequently, as the number of layers increases, so does the number of
possible stable states, leading to a corresponding increase in the diversity of state-specific

transition temperatures, including 7}, T,, and T,,.
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Figure 2.13: In a triplex network, there are two classes of states — two matching layers
and a third mismatched (PCC') (a,c), or all three mutually mismatched layers (PCC")
(b,d). These two state classes show different synchronization temperatures T;. The top
panels (a,b) show the mean polarization (blue square, red plus, and yellow cross) of each
of the three layers, while the bottom panels (c,d) show intralayer energies (blue square,
red plus, and yellow cross) as well as interlayer energy (green triangle, inverted triangle
and black circle) tied to each pair of layers for N = 50 and K = 10. The PCC state
consists of the paradise state in one layer and matching two-clique states in the other two,
the PC'C’ state consists of paradise in one layer and mismatched two-clique states in the
other two.
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Figure 2.14: Phase diagram of the duplex system featuring multistability. The five colored
areas are: blue (below T) — a region where both mismatched and matching order states
are stable, green (between T and T};) — a region where only matching order state is stable,
yellow (between Ty and T,) — a region where both matching order and disordered states
are stable, red (above T.) — a region where only disordered state is stable, white (between
Ty and Ty) — a region where mismatched order, matching order and disordered state are
all stable. The boundaries T, and T, are fixed, but T, T, and T,, vary for different states.
The results were obtained from agent-based simulations for N = 50 and A = B = 1 with
50 realizations.

2.4.6 Phase diagram

The findings presented in the previous subsections, along with additional results obtained
for a range of parameter K, enable us to construct an experimental phase diagram for
the system. This analysis allows us to identify the possible system states, determine their
stability conditions, and characterize the transitions between them. Figure 2.14 illustrates
the phase diagram as a function of temperature and interlayer coupling strength.

The phase diagram delineates five principal parameter regions. In the blue region,
corresponding to temperatures below T, the system can exist in either a matching or
mismatched order state. The green region, spanning 7 to Ty, permits only the matching
order state. In the yellow region, between T, and T, the system may exhibit either a
matching order or a disordered state. The red region, representing temperatures above T,
exclusively allows a disordered state. Lastly, the white region, situated between T; and T,
allows for the coexistence of mismatched order, matching order, and disorder. A crucial
observation is that while the boundaries defined by T; and T, mark the lower stability limit
of disorder and the upper stability limit of matching order, respectively, these thresholds

remain fixed. However, the boundary determined by 7, is not universally constant, as
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its precise value depends on the overlap o between mismatched layers. Consequently, T,
varies with the degree of overlap. When considering a partially matching order state, the
system follows a qualitatively similar behavior, where T decreases with increasing overlap
o, ultimately reaching T, = 0 for fully matching layers. The characteristic temperatures
T, and T,,, further define transition thresholds: T, represents the temperature above which
a system that initially exists in a mismatched order state may transition into disorder,
while T,, denotes the temperature beyond which disorder is inevitable. Similar to 75,
these characteristic temperatures are state-dependent and influenced by the overlap o
between layers in the initial configuration. In Fig. 2.14, the depicted phase boundaries
correspond to an initial mismatched order state consisting of one layer in the paradise
state and the other in a two-clique state. As the overlap between layers increases, both
T, and T,, increase, ultimately converging at T, when o = 1, at which point the layers are
fully matching. For sufficiently strong interlayer coupling strength K, T,, as shown for
the mismatched order state, coincides with T, implying that the system can transition
to disorder as soon as disorder becomes a stable configuration. However, for lower values
of K, the mismatched order state persists beyond Ty, transitioning to disorder only when
T, >Ty.

While the phase diagram in Fig. 2.14 identifies the stability regions of different states
under varying parameter values, it does not explicitly illustrate the transitions between
these states. To analyze the possible transitions and further characterize T, and T,,,
I consider a fixed K and examine the stable states as a function of temperature, as
depicted in Fig. 2.15. Figure 2.15 schematically illustrates the stability of distinct network
states across varying temperature regimes. At lower temperatures, both mismatched and
matching order states remain stable, characterized by intralayer ordering in either a two-
clique configuration or a paradise state. Partially matching states exhibit behavior akin
to mismatched states but undergo transitions at temperatures specific to their initial
configurations, primarily dictated by the overlap o between layers. The synchronization
temperature T, delineates the upper stability limit for the mismatched order, while T},
defines the lower bound for disorder stability, and T, signifies the upper stability threshold
for the matching order state.

When the temperature of a system in a matching order state exceeds T, it undergoes
a transition into a disordered state, as indicated by the solid gray arrow in the figure.
Conversely, if the temperature of a disordered state drops below Ty, the system transitions
into a matching order state, also represented by a solid gray arrow. Notably, in larger
systems, the probability of a self-organized matching order leading to a paradise state is
negligibly small. Consequently, transitions predominantly result in both layers adopting
two-clique configurations.

For a system initially in a mismatched order state, the nature of its transition upon

exceeding T, is contingent upon the final temperature. If the temperature falls within
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Figure 2.15: The Heider balance dynamics on a duplex network is multistable, with dif-
ferent states possible depending on the temperature. Grey boxes show a range of temper-
ature where a given state is stable for a fixed K value, with grey arrows showing possible
transitions between these states. Five characteristic temperatures can be distinguished:
synchronization at T}, the appearance of disorder at Ty, the lower limit of transitions to
disorder T,, the upper limit of transitions to matching order 7},,, and the disappearance of
order at T.. Note that the figure is schematic and does not depict actual values for better
clarity. The temperature values Ty depend on the exact states they correspond to, since
partially matching states with lower overlap have lower temperatures Ts. Characteristic
temperatures T, and T), depend on the initial state and its overlap between the layers,
since higher overlap means higher temperature values, up to 7, for o = 1.

the range Ty < T < T,, the system consistently evolves into a matching order state.
Within the range T, < T' < T,,, the system may transition into either a matching order
or a disordered state, subject to stochastic fluctuations. Beyond 7T,,, disorder becomes
the inevitable outcome despite the continued stability of the matching order state up to
T, > T,,. This indicates that for temperatures within 7;,, < T" < T, an already established
matching order may persist, yet thermal fluctuations are too substantial for such a state to
emerge spontaneously from a mismatched order configuration. It is essential to underscore
that this analysis specifically pertains to a duplex network where A0 = A®)_ If the Heider
interaction strengths differ across layers, the resultant dynamics and phase transitions may

become significantly more complex.

2.5 Discussion and Conclusions

The chapter discusses the extension of Heider’s structural balance theory to multiplex
networks, where agents have correlated relationships across multiple layers. The dynamics
of these signed networks, considering intralayer interactions governed by Heider balance
dynamics and interlayer interactions modeled as Ising coupling that promotes consistency

between relations of the same pair of agents across different layers, were investigated.
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Studying HB dynamics in multiplex networks highlights how social relationships, char-
acterized by both friendly and hostile connections, influence network evolution. My find-
ings indicate that the balance theory, traditionally applied to single-layer networks, ex-
tends meaningfully into the multiplex realm, enabling a deeper understanding of social
dynamics where individuals maintain multiple relationships across varied contexts.

Through agent-based simulations and an analytical mean-field approach, I demon-
strated that these multiplex configurations exhibit unique patterns of order-disorder tran-
sitions. Notably, the presence of a two-clique configuration revealed critical behaviors
that were not predictable through standard mean-field analyses. The emergence of syn-
chronized states between mismatched layers highlights the complexity of human social
interactions, where relationship dynamics across different contexts influence one another.
Specifically, it was observed that as the temperature increased, the system could abruptly
transition from a balanced state to disorder, illustrating the sensitivity of signed social
networks to external influences. This phenomenon mirrors findings in statistical physics,
drawing a parallel between the tension of imbalanced triads and energy excitation above
the system’s ground state [55, 89).

The system exhibits multistability, with various stable states possible depending on

temperature and initial conditions. These states include matching order (e.g., all layers
in paradise or matching two-clique states), mismatched order (layers in different balanced
configurations like paradise and a two-clique), and partially matching order (two-clique
states with partial overlap). The mean-field approach primarily focuses on the paradise
state and its stability, not fully capturing the behavior involving two-clique states.
The chapter also explores scenarios where one layer exhibits a two-clique configuration
instead of a paradise state. This introduces additional transitions, including the synchro-
nization of interlayer relations and a transition to a disorder occurring at a different, lower
temperature compared to matching paradise states. This reveals the nuanced dynamics
between HB and interactions across multiple layers.

Three different critical temperatures and two characteristic temperatures were identi-

fied:

o Critical Temperature (7;.): The critical temperature above which no ordered states
are stable increases with the strength of positive interlayer coupling (K) and satu-
rates for high K values. For L-coupled layers with strong coupling, the saturation
critical temperature is approximately L times the critical temperature of a single
layer. This was predicted analytically and observed in simulations. However, for
many weakly interacting layers, the mean-field approach overestimates the rise of
T..

 Synchronization Temperature (7s): For systems starting in mismatched or partially

matching order states, there is a synchronization temperature (75) below which
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these states can be stable. Above T}, thermal fluctuations tend to drive the system
towards a matching order state. T, depends on the specific mismatched state,

particularly the overlap between two-clique configurations in different layers.

« Disorder Stability (7;): There is a minimum temperature (7,) below which a dis-

ordered system will spontaneously order into a matching two-clique state.

« Characteristic Temperatures (7, and T,,): The study identifies two characteristic
temperatures related to transitions from mismatched/partially matching order to a
disordered state. To is a lower bound for this transition (for high enough interlayer
coupling, To can coincide with Ty), and T,, is an upper bound above which a
mismatched order will always transition to disorder, even if a matching order state
is still stable. These temperatures also depend on the specific initial mismatched

state and the overlap between layers.

Note that all the critical temperatures T}, Ty,T., as well as the characteristic temperatures
T, and T}, depend on model and system parameters, in particular on network size N,
intralayer interaction strength A and interlayer coupling K. In addition, as stated before,
critical temperature Ty and characteristic temperatures T, and T}, are determined for a
specific mismatched or a partially matching order state and therefore there are many such

temperatures for a given system.
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Chapter 3

Structural balance on sparse random
networks: single and multilayer

analysis

3.1 Motivation

In the previous chapter, which focused on structurally balanced dynamics under dense or
fully connected assumptions, I now turn to a more realistic and theoretically revealing
regime of sparse connectivity. While Chapter 2 demonstrated how triadic interaction
generates ordered and disordered phases in idealized topologies, those findings leave un-
resolved the fundamental question of whether—and how—these phenomena persist when
network connections are scarce and locally clustered rather than globally present. This
chapter addresses that gap by examining Heider balance dynamics on Erdés-Rényi (ER)
networks and subsequently on multilayer networks to determine that network sparsity and
interlayer coupling fundamentally reshape critical behavior, alter the stability thresholds
of the paradise state, and influence the emergence of disorder.

ER random graphs, where every pair of nodes is connected with fixed probability p
[35], are well-researched. The intrinsic structural properties of ER graphs—including mo-
tif distributions [90-92], percolation thresholds [93], and their implications for dynamic
processes [94-98] have been extensively studied. However, the influence of network spar-
sity on the emergent dynamics of triadic interaction models, particularly HB, remains
insufficiently explored. A critical research question in this domain concerns how network
sparsity p influences key properties of structural balance models. While two-body in-
teraction models, such as the Ising model [94, 95, 99|, exhibit well-characterized scaling
behaviors with network density p, the impact of sparse connectivity on three-body inter-
actions, as in Heider balance models, remains less understood. Prior investigations have

predominantly examined phase transitions between ordered and disordered states within
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fully connected graphs, but their manifestation in sparse random graphs remains an open
problem. Recent studies [100, 101] have begun addressing this gap by identifying the
critical temperature at which the disorder emerges as a stable state. However, an equally
pertinent yet under-explored aspect is the identification of the upper-temperature limit
at which the ordered state, commonly referred to as the paradise state, remains resilient
in the presence of stochastic fluctuations.

This chapter advances the theoretical and computational understanding of HB dynamics
by moving beyond the conventional complete graph assumption. Specifically, it examines
the conditions under which phase transitions occur in Erdés-Rényi random graphs and as-
sesses whether the critical phenomena observed in fully connected networks persist under
sparse connectivity constraints. The primary goal is to derive an analytical approxima-
tion for the upper stability threshold of the ordered state using a mean-field approach,
supplemented by validation through numerical MC simulations. While alternative equi-
librium states, such as split cliques, may arise in balanced networks, this research focuses
primarily on the paradise state’s stability properties.

Additionally, this study extends the analysis to multilayer network structures [10, 66],

wherein each layer represents an independently evolving Erdos-Rényi random graph.

3.2 Models and methods

Consider an Erdés-Rényi (ER) network composed of N agents, where each pair of nodes
(¢, 7) is linked with probability p. Structural balance is introduced by assigning a sign z;; to
each existing edge, representing the polarization of interactions between agents. I assume
a binary interaction model, where x;; = £1 denotes positive or negative interactions, and
z;; = 0 signifies a missing link rather than a neutral state. The network topology remains
fixed (quenched disorder), and the total number of links is given by |E|.

According to structural balance theory, stable configurations are those in which all
triads are balanced. The energy associated with a balanced triad is —A, where A > 0
quantifies Heider’s interaction strength. As derived in [102], the system’s Hamiltonian is
given by:

N
H=-A Z TijT kL (3.1)
1<j<k
The degenerate ground states of this Hamiltonian correspond to fully balanced configura-
tions, where each triad (ijk) satisfies one of two conditions: (i) all links are positive, or (ii)
two links are negative while one is positive (e.g., x;; = zjx = —1, zx; = 1). In both cases,
the product x;;x;,xk; is positive, minimizing the system’s energy contribution to —A per
triad [4, 5, 54, 56, 88, 103]. Conversely, unbalanced triads (containing either one negative

link and two positive ones, or three negative links) yield an energy contribution of +A, as
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their polarization product is negative. These states are considered excited configurations
[60, 102]. Triads involving missing links contribute zero energy to the Hamiltonian due
to their incomplete connectivity.

In a bilayer extension of the ER network, two network layers share the same set of
N nodes. However, a link (ij) present in one layer may be absent in the other, where
the interlayer coupling exists only between link states of the same node pairs in different
layers (see Fig. 3.1). The energy of the system incorporates a term that accounts for
discrepancies in interlayer link signs. If link polarizations match in both layers, the energy
decreases by K > 0; if they differ, the energy increases by K.
The bilayer Hamiltonian, incorporating layer-specific interaction strengths A® and A®

is expressed as:

Zx x]kx Zx :L‘]kx,“ KZx x (3.2)

1<j<k 1<j<k 1<j

The ground states of this bilayer system occur when all existing triads in each layer

are balanced (x”)xﬁ)x,(ﬂ) = 1) and when link polarizations are identical across layers

(x; (-1») = x(»)). The model does not incorporate intrinsic node attributes; instead, the

) Thermal noise,

System s evolution is entirely governed by fluctuations in link signs x;;
represented by a temperature parameter 7', introduces randomness 1nto the dynamics,
capturing the stochastic nature of human interactions. At nonzero temperatures 7' > 0,
the system reaches an equilibrium distinct from the ground state. A special ground
state termed the "paradise” state, occurs when all existing links are positive (a;ﬁj) =1).
Other equilibrium states exist, characterized by internally cohesive groups with hostile
intergroup relations [54, 88, 102], though this study does not focus on these alternative

configurations.
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Figure 3.1: An illustration of interactions between signed links of a bilayer ER network.
Positive links are represented by solid blue lines, and negative links are represented by
dashed red lines. The structural balance drives the network to a balanced state, which is
governed by the intralayer interactions as well as the interlayer interactions. When the
interlayer coupling strength K = 0, the system is reduced to two independent single-layer
ER networks.

3.3 Analytical results

3.3.1 Mean-field approximation for single ER network

I begin the analysis with a monolayer Erdés-Rényi (ER) network of size N, where each
pair of nodes is connected with probability p. The system’s dynamics are governed by
the Hamiltonian defined in Eq. (3.1). Prior studies have formulated the mean-field de-
scription of structural balance for a fully connected network [102], demonstrating that
this framework inherently identifies only the paradise state as the ground state. However,
it does not capture the two-clique states, which are also ground states, due to intrinsic
limitations in describing internally structured states within a mean-field framework. Con-
sequently, analytical predictions are restricted to the transition from the paradise state
to disorder and do not encompass transitions between disordered and two-clique states.
Notably, these transitions occur at distinct temperatures [10, 102].

This study extends the analytical approach to networks with stochastic topology. As
a result, the analysis remains focused on the transition from a perturbed paradise state to
a fully disordered state. While the paradise state is improbable in a spontaneous evolu-
tion from disorder, it constitutes a stable configuration rather than a metastable one, as
it is separated from alternative configurations by substantial energy barriers composed of
multiple unbalanced triads. Furthermore, initializing the system in the paradise state is
justified when investigating the threshold at which predominantly amicable social inter-
actions become unstable. In contrast to the fully connected network examined in [102],

the model introduces missing links with a fraction of 1 — p. Given that an ER network
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lacks correlations and possesses fewer edges and triads than a complete graph when p < 1,
I anticipate similar qualitative behavior but with reduced effective interaction strength
and a correspondingly lower critical temperature.

Consider an edge between two nodes, 7 and j. The edge polarization z;; is a stochastic
variable subject to thermal fluctuations. At a fixed temperature T, the probability of the

system residing in a microstate z;; = £1 follows the Boltzmann distribution:

exp[—h(wy;)/T|

P(z;) = , (3.3)
Y e oxp[—h(zy) /T
where the Hamiltonian governing the local interaction is given by
N

k#i,j

The expected value of x;; is then:

(@) = > Plxij)wy. (3.5)

zij==%1

Following the mean-field approach in [102], I define the mean link polarization across the
network as:
| X
= Z (x4 . (3.6)
i<j
This summation accounts only for existing links (z;; = £1), excluding absent links, which
are formally set to x;; = 0. Hence, the normalization factor is | E| rather than N(N —1)/2.
The polarization x thus quantifies the global mean link sign of the network.

To approximate interactions in Eq.(3.1) via a mean-field approach, I replace pairwise
interactions with their statistical averages. Assuming x;,xp; ~ 2% and statistical equiv-
alence across all links such that (z;;) = x, I recognize that the summation in Eq. (3.1)
extends over all node pairs jk and ki. However, since an ER network is characterized
by structural randomness, a fraction 1 — p? of these terms vanishes due to missing edges.
The probability that both links jk and ki exist is p?, given their independent formation.
Averaging over both existing and missing links, I obtain the mean-field energy of a given
link z;;:

h(z) "2 — Az (N — 2)p*z°, (3.7)
This result mirrors the mean-field formulation for a complete graph [102], differing only
by the rescaling factor p?, which accounts for interaction dilution due to missing edges.

Using Egs. (3.3), (3.5), and (3.7), I derive the self-consistent equation governing x as a
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function of temperature:
z = tanh[a(T)z?], (3.8)

2

where a = and M = (N — 2) represents the number of triads containing a given
edge in a complete graph. The tangency condition characterizes the transition from order
to disorder:

d
e tanh(a.2?) = 1. (3.9)

Egs. (3.8) and (3.9) constitute a system of algebraic equations determining z. and a.
at the discontinuous phase transition. While these transcendental equations lack closed-
form solutions, their primary distinction from the complete graph case is the rescaling of
interaction strength a by p?.

Figure 3.2a presents the numerical solution for mean polarization in a single-layer
ER network, obtained from Egs. (3.8) and (3.9) for various p values. Assuming an
initial paradise-state condition, I expect that increasing temperature drives equilibrium
polarization downward from x = 1 until reaching x., where a discontinuous transition at
T. leads to a disordered state with x = 0. Numerical analysis [102] yields z. ~ 0.79638,

invariant under model parameters. The critical temperature T, is given by:

T, = (l) Ap* M, (3.10)

where a. ~ 1.71649 remains independent of model parameters. Defining the normalized

critical temperature as T.=T. JAM, 1 obtain:

T. = (1/a.)p* ~ 0.58258p". (3.11)

3.3.2 Mean-field approximation for bilayer ER network

The extension of mean-field approach to a bilayer network composed of two complete
m L@
ij Mg
as the elementary subsystem interacting with the mean-field, instead of a single link x;;.

graph layers is discussed in [10], where a pair of coupled links Z;; = [z | is considered

Applying the same methodology for a bilayer random graph is not trivial because not all
node pairs ¢j have links in both layers. If I consider two independent random graphs with a
probability p of each potential link existing and treat them as two layers of the same duplex

N(A;_l—)p2 node pairs that have links in both layers, w% (1-p) node

N(N-1
M-

graph, then I have
pairs featuring a link only in one of the layers, and p)? node pairs without any
links (see Fig. 3.3). Within the mean-field approximation, the lack of link correlations in
(ER) random graphs permits the neglect of specific link configurations in the network. As
a result, unpaired links in layers 1 and 2 can be reorganized into virtual, non-interacting

link pairs. Consequently, the network consists of Wﬁ link pairs interacting with a
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Figure 3.2: Mean-field solution obtained analytically (lines) and the simulation results
(triangles and circles) for a single layer ER network where a first-order transition is ob-
served at the normalized critical temperature T.. The normalized critical temperature
T. decreases with the decreasing value of connection probability p since the network is
sparser and every link is influenced by a smaller number of triads. Panel (b) shows the
corresponding normalized energy (Eq.3.16) of the simulated network. The results are
displayed for p = 0.4,0.6,1 and N = 200, 400, where the transition point moves from left
to right for increasing values of p. Both panels share the same legend. It is worth noting
that normalized critical temperature values T are independent of network size N.
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Figure 3.3: In bilayer Erdos-Rényi graph with N nodes and probability p for each link to
exist, there are Nop? pairs of nodes that have links in both layers, 2Nop(1 — p) pairs with
link in only one layer and No(1—p)? node pairs without any links, where Ny = N(N —1)/2
is the total number of node pairs. I can arrange the single links that have no equivalent
links in the other layer into pairs, ignoring the actual topology of the graphs into Nop(1—p)
link pairs that have no coupling between them. This arrangement results in Nyp? coupled
link pairs with coupling strength K and Nop(1 — p) link pairs that are not coupled (both
link pair types encircled in orange). Since the arranged link pairs do not interact (no
coupling) and I consider mean-field approximation only, the exact original placement of
these links in the network does not matter. This allows us to consider bilayer random
graphs in terms of link pairs only, out of which a fraction p is coupled and does not have
to consider single unpaired links in the mean-field approach.
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coupling strength K, alongside Wp(l — p) virtual, non-interacting link pairs where
the effective coupling is K = 0. Since the mean-field approach considers only link states,
node pairs without any connections are disregarded.

This approximation holds under the assumption that both layers share an identical
link density p, ensuring an equivalent mean number of links in each layer. Under this con-
dition, the methodology established for bilayer complete graphs [10] can be applied, with
the crucial distinction that only a fraction p of link pairs exhibit interlayer interactions.
Consequently, the mean interlayer interaction strength is reduced from K to Kp.

Assuming layer symmetry, such that A1) = A® = A and defining the mean link pair

polarization as:

N (1) N _(2)
7= 20, 2] = 2iij iy iy Ty (3.12)
- ’ ZN (1)|’ZN @’ '
i\ |35 i |3
I approximate the energy associated with the state z;; as:
Wi, L —A (:cz(jl) + xf?) Mp®z® — pr,g)xg) (3.13)

where M = N — 2.

This formulation indicates that, within the mean-field framework, the energy of a link
pair in bilayer ER graphs retains the structure observed in bilayer complete graphs [10],
with two key adjustments: the intralayer interaction strength is rescaled by p?, consis-
tent with the single-layered ER network case, while the interlayer interaction strength
is reduced by p due to the fraction of link pairs that engage in interlayer interactions.
Since both interaction strengths undergo a straightforward rescaling, the system behavior
should resemble that of the complete graph, albeit with a modified critical temperature.

According to the results of [10], the critical temperature for the bilayer ER graph is

Tc:Ap2M< L )( DAt —1) )2, (3.14)

Inz /) \D?(z*+ 1) 4 222
where D = exp[K /(ApM)] and z = z(D) satisfies the transcendental equation:

expressed as:

(z* = 1)(2*D? + 22% + D?)
22(z4 4 222D?+ 1)

8lnz = (3.15)
This equation maintains the same form as in the complete graph case, with the distinction
that D now explicitly depends on p.

The normalized critical temperature, defined as T, = T, J/AM , exhibits a dependence
on p. While an initial analysis suggests a quadratic relationship, implying a p? scaling of
the critical temperature, the dependency of D on p introduces further complexity. In the
limiting case where D = 1 (corresponding to K = 0), the layers behave as independent

systems, and 7. follows a direct quadratic dependence on p.
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In summary, within the mean-field paradigm, if the intralayer interaction strength
A is rescaled to A/p* and the interlayer interaction strength K is adjusted to K /p, the
statistical properties of the system remain independent of p. Under this transformation,
the normalized critical temperature T, remains invariant and corresponds to the result
obtained for the complete graph case (i.e., p = 1). This invariance is further substantiated
in the inset of Fig. 3.10.

3.4 Numerical simulation

Numerical MC simulations were conducted to validate the analytical results derived for
both single-layer and bilayer ER networks. The simulations employed an asynchronous
Metropolis algorithm, wherein each time step comprised pN (N —1)/2 elementary updates.
For the single-layer ER network, each update involved selecting a random pair of connected
nodes (7, j), computing the energy difference AE associated with flipping the link sign,
and executing the inversion with probability min(1,e=4#/T).

In the bilayer setting, each update entailed selecting two independent link pairs, (i, j) and
(k,1), one from each layer. The energy difference AE was calculated between the current

configuration and the configuration where both link signs were flipped, incorporating both
1) )

intralayer Heider interactions and interlayer coupling effects. The link signs z;;” and x,(fl
were then inverted with probability min(1,e=2#/T).

The simulations were performed over 50 independent realizations of ER networks,
spanning a range of link densities from sparsely connected networks (p = 0.1) to the fully
connected limit (p = 1). The system temperature T was incrementally increased from
zero in discrete steps of AT to identify the normalized critical temperature T, defined as
the point where both the mean link polarization  and the normalized intralayer energy
vanish. The precise value of T, was determined as the peak of the slope in the energy
profile averaged over 50 realizations, marking the transition from an ordered ground state
to a disordered higher-energy state (see Sec. 3.4.2). Standard errors were computed across
all realizations to quantify statistical variations.

To analyze the simulation outcomes, the normalized intralayer and interlayer energies
were computed from the Hamiltonian (3.2). The intralayer energy for each layer was
normalized to reflect the average energy per existing triad:
B = — Al Zi]\ij<k 5”5?)55%)%(3) (3.16)
A@NE)

where A(®) represents the intralayer interaction strength, and NXY) denotes the number
of triads present in layer «, with a mean value given by Wﬁ. Throughout

the simulations, the intralayer interaction strength was fixed at A® = 1. Similarly, the
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Figure 3.4: Examples of the time evolution of the average values of all links’ polarization
for temperatures below (blue and green lines) and above (yellow and red lines) the nor-
malized critical temperature (7,) for a network size N = 200 with connection probability
— 0.6. For T" = 0.2, fluctuations are observed around values that are close but al-
ways larger than the critical solution z. (dashed black line), however for a slightly higher
temperature, the asymptotic values of mean link polarization show a discontinuous tran-
sition. The starting point of all simulations is the paradise state. The normalized critical
temperature 7, is found between the two temperature values T = 0.2 and T = 0.21.

interlayer energy was normalized to represent the average energy per interacting link pair:

N 1 2
po_ B2 iy 7y Ty
K KNy

(3.17)

where K denotes the interlayer interaction strength, and Ny represents the number of

coupled link pairs, with a mean value of Ll)pz.

3.4.1 Ciritical behavior of a single layer ER network

For the paradise-state initial configuration, the system transitions to a disordered state
once the temperature surpasses the normalized critical temperature 7. Figure 3.4 illus-
trates the temporal evolution of z for various normalized temperatures T in a system of
size N = 200. The dashed black line indicates the critical threshold z., as defined in
Section 3.3.1.

Figure 3.2 presents the mean link polarization and the corresponding normalized in-
tralayer energy E® | computed from Eq. 3.16, for varying connection probabilities p
across network sizes N = 200 and N = 400. The results indicate that the normalized
critical temperature T. increases monotonically with p. Beyond the critical temperature,
the intralayer energy asymptotically approaches zero, and the mean polarization exhibits
fluctuations around zero. The critical temperature values extracted from simulations

exhibit strong agreement with the predictions of the mean-field approximation.
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A comparative analysis of the normalized critical temperature T. derived from the
analytical mean-field approach (Eq. 3.14) and those obtained from MC simulations is
depicted in Figure 3.5. The system is initialized in the paradise state, and the transition
to a disordered regime occurs at TC, beyond which the ordered state becomes unstable. The
simulated critical temperature follows a power-law dependence, with an exponent b ~ 2.1,
determined through fitting a power function 7.(p) = ¢p® to the simulation data. This
scaling is in close alignment with mean-field theoretical predictions, which suggest that 7,
should scale as p?. A detailed account of the methodology employed to extract the critical
temperature from simulation data is provided in Sec. 3.4.2. Although minor discrepancies
emerge for transition points when p < 0.5 in comparisons between numerical simulations
and the mean-field approximation, the analytical framework remains broadly valid. The
reduced accuracy for sparse networks is expected, given that the mean-field approximation
is optimally suited for complete graphs. Notably, for p = 0.1, the characteristic sharp first-
order transition observed in denser networks is absent, suggesting a qualitative change in
the nature of the transition. This phenomenon aligns with prior observations reported by
Malarz et al. [101], indicating that numerical results and analytical predictions should be
interpreted cautiously in this regime. A more detailed discussion on this issue is included
in the Sec. 3.4.3.

When the connection probability p is varied while simultaneously rescaling the interac-
tion strength to A/p?, the normalized critical temperature T. remains invariant. This be-
havior is demonstrated in the inset of Figure 3.5, where additional simulations performed
with rescaled interaction strength A/p? confirm that the observed T. remains approxi-
mately constant and corresponds to the critical temperature of the complete graph with
interaction strength A. Consistent with the primary dataset, the accuracy of analytical

predictions diminishes as p decreases.

3.4.2 Finding critical temperature from numerical simulations

The critical temperature derived from MC simulations is determined by locating the
point of maximum slope in the system’s normalized energy profile, as defined in Eq.
(3.16), which signifies the transition from an ordered ground state to a disordered state
characterized by higher energy. The normalized energy E is selected as the primary
observable for identifying the critical temperature due to its relative robustness against
stochastic fluctuations, making it a more reliable metric than mean polarization.

For individual simulation realizations, the system undergoes a discontinuous transi-
tion. However, due to the finite system size, intrinsic fluctuations introduce noise in the
numerical results, leading to a less distinct transition. Averaging over multiple simulation
runs yields a smoother and more continuous transition curve that better aligns with the-

oretical predictions, effectively mitigating finite-size effects, particularly for lower values
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Figure 3.5: Critical temperature increases as p? for a single layer ER network started from
the paradise state (shown for N = 200). The dashed blue line represents the analytically
predicted normalized critical temperature T,, and the orange pluses correspond to 7.
values from the simulation. The inset shows the normalized critical temperature observed
in simulations where interaction strength is normalized to A/p®. The normalized critical
temperature 7. remains approximately constant for all values of p and has the same value
as for the complete graph.

of p, as depicted in Figure 3.2. It is also crucial to recognize that, for a fixed parameter p,
each simulation instance corresponds to a different network topology due to the random
nature of the ER graph model. As a result, simulations represent an ensemble of distinct
ER network realizations, contributing to the observed noise in the transition behavior
across numerical studies.

To refine the estimation of the critical temperature, I employ Gaussian kernel smooth-
ing on the normalized energy data, averaging over 50 independent realizations. The selec-
tion of an appropriate smoothing parameter o, which determines the width of the Gaussian
kernel, plays a crucial role in enhancing result clarity and accuracy. This consideration
becomes particularly important for small values of p, where the transition behavior is
inherently more noisy. To determine the optimal value of o, I systematically evaluate a
range of values starting from zero. For each o, I identify the two most prominent maxima
of the slope. If only a single maximum is detected or if the ratio between the highest
and second-highest maxima exceeds 10 (a threshold determined empirically), I conclude
that the smoothing process is optimal and that the identified maximum corresponds to
the critical temperature. If this criterion is not met, I increment ¢ by 0.1 and repeat

the procedure until the specified conditions are satisfied. Figure 3.6 illustrates the pro-
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Figure 3.6: The critical temperature for a single-layer ER network (normalized interaction
strength) of size N = 200 and connection probability p = 0.3 is identified by examining
the maximum of the slope in the dependence of normalized intralayer energy E. This
temperature is derived from the maximum of the first derivative, where the ratio of the
slopes (red and blue circles) differs between the smoothed data (a) and the unsmoothed
data (b). The optimal o for the smoothed data is chosen by examining the ratio of the
absolute values of the largest and second-largest first derivatives of smoothed data. In
this case, the smoothed data has an optimal ¢ of 0.51.

cess of identifying slope maxima for both unsmoothed and smoothed data. Given the
discrete nature of the original dataset, the smoothed data retains this discrete character.
To accurately determine slope maxima, numerical derivatives of the smoothed dataset are
computed using central differences for interior points and first differences at the bound-

aries.

3.4.3 Continuity of transition for sparse graphs

In the simulation data for low values of p, the discontinuity in the transition from the
ordered to the disordered state is not immediately discernible. This effect is particularly
challenging to observe in the primary dataset presented in Figure 3.5 due to the proximity
of critical temperatures to zero. However, it becomes more pronounced in the re-scaled
inset data. Figure 3.7 illustrates the behavior of polarization  and normalized energy F
for sparse ER networks under the constraint A/p* = const.. Notably, for p = 0.1, the
transition between ordered and disordered states does not exhibit a distinct discontinuity,
even when accounting for the finite-size effects inherent in numerical simulations. While
the critical temperature T, for p = 0.1 can still be determined using the data shown
in Figure 3.7b, and while these values remain relatively close to those predicted by the
analytical approach, the nature of the transition deviates from expectations. This discrep-
ancy necessitates a cautious interpretation of the numerical results. It is also important

to emphasize that, although the observed effect bears similarities to findings reported by

77



Malarz et al. [101] in the context of a disorder-to-order transition, the nature of the tran-
sitions investigated in the two studies differs fundamentally. Consequently, the present
findings neither constitute a direct confirmation of the results obtained by Malarz et al.

nor can their conclusions be regarded as a validation of this study.
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Figure 3.7: Simulation results for the normalized interaction strength A/p? for a single-
layer ER network of size N = 200 and different connection probability p. A distinct first-
order transition is not observed for p = 0.1 in normalized energy E and mean polarization
x data. Green curves show the mean-field results that are independent of the parameter

p.

3.4.4 Distribution of triads

To rigorously substantiate the interpretation of the system state in terms of polarization
x and energy F, I conducted a comprehensive analysis of the frequency distribution of
distinct triad types within a single-layer ER network. Triads are categorized based on
the number of negative links they contain and are designated as 4A;, where the subscript [
denotes the number of negative edges. The structural balance of a triad is dictated by the
product of the signs of its constituent edges. Specifically, triads of type Aq (all positive
links) and A, (two negative links) are classified as structurally balanced, whereas triads
of type Ay (one negative link) and Aj (three negative links) are unbalanced. When the
ER network is initialized in the paradise state (z = 1), findings reveal that at sufficiently
low temperatures (as illustrated in Fig. 3.8), the network is overwhelmingly dominated
by the balanced A configuration, reinforcing the stability of the paradise state. As
long as the temperature remains below the normalized critical threshold T «, the majority
of triads persist in the Aq state, although thermal fluctuations introduce a measurable
fraction of A; triads. Above the critical temperature Ty, the triad distribution exhibits
a pronounced shift. In this high-temperature regime, entropy-driven dynamics govern
the system, yielding a triad distribution wherein A; and A, appear approximately three

times more frequently than Ay and Ajs, a pattern consistent with the expectation for
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randomly assigned link signs. However, a residual influence of Heider’s balance theory
persists, as structurally balanced triads (Ag and As) remain slightly more prevalent than

their unbalanced counterparts (A; and Ag).
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Figure 3.8: The distribution of triads for the ER graph initialized from the paradise state
representing the network’s asymptotic state depicted in Fig.3.4 at different temperatures
for size N = 200 and connection probability p = 0.6. The ER network started from the
paradise state has all its triads in the balanced state (Ag) at low temperatures (a). As
the temperature remains below 7. &~ 0.2097, the distribution retains a high proportion of
stable A triads (b). Above the critical temperature, the distribution shifts dramatically
to~ (£,2,2,1) (cand d).

8787878

3.4.5 Effect of coupling for a bilayer ER network

In a bilayer ER network, the system is considered balanced when both layers exist in
the paradise state. This configuration is characterized by exclusively positive intralayer
interactions, where <:1:'§]1)> = (xi?} = 1, resulting in a fully cooperative and internally
consistent network structure across both layers. In the simulations, the interaction pa-
rameters within each layer are fixed at A = A® = 1, ensuring uniform interaction

strength. Up to a critical temperature T. = TC(K ,p), the system remains in a polarized
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state with <x2(]1)) R~ (x?) > 0. However, when the temperature surpasses T,, the system
undergoes a discontinuous transition to a disordered phase, where (x f}} A <$§J2)> ~ 0.
This transition is illustrated in Fig. 3.9, which shows a strong alignment across both lay-
ers below T., whereas, above this threshold, the mean polarization collapses to near zero,

indicating a loss of order. The critical temperature estimated from these numerical simu-
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Figure 3.9: Mean link polarization (a) and corresponding normalized energies (b) for
a duplex ER network as a function of the normalized temperature 7 = T'/(AM) for
a system of size N = 200 nodes, with connection probability p = 0.6 and a coupling
strength K = 25. The results show averages of 50 independent simulations. Initial
conditions were paradise states at both layers, where the overlapping blue plus and yellow
cross symbols correspond to layers (1) and (2), respectively. The red points at both
panels show the analytical results for mean polarization and intralayer energies. While
normalized intralayer energies E; and E, (overlapping blue plus and yellow cross symbols)
display a discontinuous transition to around zero, the interlayer energy Fy (black circle)
shows only a small change. Then, it increases slowly when 7' > 7., indicating that layers
remain partially synchronized even in a disordered state.

~:

lations is lower than the values predicted by mean-field theory. Concurrent with the loss
of polarization, a discontinuous shift is observed in the normalized intralayer energies E,
and F,, both of which approach zero. Despite the disordering transition, some localized
ordering persists, causing the mean energy to remain slightly negative. The normalized
interlayer energy Ex also undergoes a transition but remains negative both above and
below T, indicating that partial alignment of link signs across layers persists even in the
disordered phase. This behavior is analogous to that observed in fully connected graphs
(p = 1), as discussed in Ref. [10]. Figure 3.10 compares the normalized critical temper-
ature T, = T,/(AM) obtained from mean-field approximations with values derived from
MC simulations, where both layers are initialized in the paradise state. The results show
that T, increases with p and exhibits strong agreement with analytical predictions at high
p. However, deviations emerge at lower p, likely due to the limitations of mean-field the-

ory in describing sparse network behavior. If the connection probability p is varied while
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simultaneously rescaling the intralayer interaction strength to A/p? and the interlayer
interaction strength to K /p, the critical temperature predicted by analytical mean-field
calculations (Eq. 3.14) remains invariant with respect to p. This theoretical prediction is

confirmed through numerical simulations, as demonstrated in the inset of Fig. 3.10.

1.0
1.00
0.84 o7s{ mpFmmsimieE = ;
= e
+ 0.50 Vid
rd
0.64 0.25- Il
g 0.00 ,/
-~ 0.0 0.2 0.4 0.6 0.8 1.0 27
0.4' P //
7’
,/
,/
0.2 -7
1 ——- MF
JPRac . AB
O'O-_l—b T T T T T T T T T
0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1.0
p

Figure 3.10: The normalized critical temperature T, = T,./(AM) for a bilayer ER network
increases with connection probability p (shown for N = 200 and K = 100). The blue
dashed line shows the analytical results, and the orange pluses correspond to the results of
agent-based simulation. There is some discrepancy in the critical temperature for p = 0.1
and p = 0.2. The inset shows the situation when intralayer Heider coupling strength
is re-scaled to A/p* and interlayer Ising coupling to K /p. In such case, the normalized
critical temperature 7, remains approximately constant, as predicted analytically.

3.5 Discussion and Conclusions

In this chapter, I look beyond the conventional complete graph framework that is em-
ployed in structural balance theory. Complete graph structure may be sufficient to model
small social groups, but given the human limitations on the number of relations humans
maintain [104], assuming all-to-all relations in larger social groups is impossible. While
ER graphs may not capture all the intricacies of social communities, just as Heider balance
theory does not fully encapsulate the complexities of opinion dynamics, I aimed to inves-
tigate whether the phase transitions observed in complete graphs also occur in random
graphs. In this study, I analyze how the HB model behaves in Erdés-Rényi (ER) random
graphs, focusing on how it transitions from a well-ordered "paradise” state to disorder in

both single-layer and bilayer networks. My results show that, in a single-layer network,
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the critical temperature of this transition scales with network density as p?. However, in
a bilayer network, this relationship becomes much more complex.

I find that the Heider balance model in an ER network with Heider interaction strength
A and interlayer interaction strength K behaves similarly to a complete graph with in-
teraction strengths Ap? and Kp, as long as the network density p is not too small. This
scaling behavior is different from typical two-body interaction models, like the Ising model,
where the critical temperature scales linearly with p [94, 95]. The key reason behind this
difference is that the number of triads a given link is part of increases faster with link
density than the probability that a link in one layer has a corresponding link in the other
layer.

To describe this behavior, I use a mean-field MF approach and confirm the theoretical
predictions with numerical MC simulations. However, it is to be noted that the mean-
field predictions become less accurate for networks with low link densities. Previous
research on structural balance in ER graphs [100, 101] has also studied critical temperature
transitions. For example, [100] focused on the temperature at which disorder becomes
stable in networks that start in a disordered state. However, due to system multistability,
as also discussed in [100], this transition temperature differs from the temperature T. at
which the ordered state loses stability, which is the focus of my work. Likewise, [101]
studied the conditions under which disorder remains stable but did not examine the point
where order becomes unstable. Their results suggest that when network density is very
low, the transition from order to disorder becomes continuous. This aligns with the
numerical results for p = 0.1, where the transition from paradise to disorder appears to
lose its discontinuous nature.

I find that the normalized critical temperature T. scales approximately as p?, with nu-
merical fits suggesting a slightly larger exponent. In contrast, the critical temperature Ty
found in [101], which marks the stability of disorder, follows a slower scaling pattern with
an exponent of roughly 1.72. My results indicate that despite the structural randomness
of ER networks, spontaneous order in structural balance can still emerge below a criti-
cal temperature. Additionally, I show that a properly adapted mean-field approach can
effectively describe the system’s critical properties, similar to methods used for complete
graphs.

Overall, this study offers both theoretical and numerical insights into structural bal-
ance in ER networks. These findings may serve as a useful reference for future research

on structural balance in more complex network topologies and real-world social systems.
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Chapter 4

Structurally balanced growing
network as randomized Pdlya urn

process

4.1 Motivation

In the previous two chapters, I employed a Hamiltonian formulation on the structural
balance models that explore multi-layered networks with interlayer coupling and the re-
sulting phase transitions between various balanced and disordered states. In this chapter,
I focus on the network growth and evolution of faction sizes using Pélya urn process.

Understanding when and how polarization emerges in growing social systems is cru-
cial for explaining the persistence of opposing factions and the conditions under which
one group dominates or balanced coexistence prevails [105-107]. Many existing models
capture aspects of polarization—such as homophily, tribalism, or structural balance- but
often within fixed-size networks or with mechanisms operating at the microscopic level
(link or individual) [82, 83]. This leaves open how collective, path-dependent dynamics
shape faction sizes as the system grows.

Among these, homophily—the tendency of individuals to form positive connections
with those who share similar opinions—plays a central role. Structural balance theory
implies that polarization emerges in the presence of cycles where the product of polar-
ities of all links along a cycle is positive [108]. When individuals preferentially connect
among like-minded individuals (homophily), they create echo chambers that amplify ex-
isting divisions and reinforce group cohesion [109]. Such processes of selective association
can lead to the development of social structures that can be described by structural bal-
ance theory, where the network can split into two factions: strong, positive relationships
(friendships) are maintained within each group, while negative relationships (hostilities)

dominate between groups [110].
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The phenomena described above share a similarity in generating factions or factions.
However, the extent to which the underlying processes dynamically affect the system,
eventually driving polarization, remains unclear. It is also possible that initial impres-
sions and visibility play decisive roles. Some studies report limited changes in alignment
over time, highlighting the significant impact of early choices [84]. Building on these ob-
servations and motivated by the fundamental similarities across polarization phenomena,
I propose the following abstraction: instead of modeling polarization within specific net-
work topologies through individual-level interactions, I introduce a stochastic process that
captures the essential dynamics of polarization at the group level. My approach is inspired
by the path-dependent Polya urn process and time-invariant Bernoulli trials. Together,
these elements provide a minimal yet general framework for understanding the emergence,

persistence, and relative dominance of opposing factions during network growth.

4.2 Models and methods

I consider the evolution of a network comprising undirected signed links, where each link
z; ; between nodes i and j denotes either a friendly (z;; = 1) or hostile (z;; = —1)
relationship. The network initialization begins at time t = ty with ¢y fully connected
nodes labeled ¢ = 1,2, ..., ty, arranged such that the entire graph satisfies the condition
of structural balance. In this initial configuration, the agents are partitioned into two
mutually antagonistic factions: intra-faction connections are positive (friendship), while
inter-faction links are negative (hostility). As a special case, one of the factions may
initially contain no nodes, resulting in a network with exclusively positive relations. Sub-
sequently, at each time step ¢t > ty, a new node labeled ¢ = t is introduced. Its first
connection is formed with a randomly selected existing node j, and the sign of this ini-
tial link is positive with probability p € [0, 1], or negative with probability 1 — p. This
parameter p governs the likelihood of forming a friendly initial relation and thus acts as
a bias in the attachment process. Following this initial contact, the new node connects
to all other existing nodes in the network. The signs of these new links are determined
such that every triad formed with the new node is structurally balanced. Specifically, if
the relation to node j is friendly, then the new node aligns positively with j’s friends and
negatively with j’s enemies. Conversely, if j is perceived as hostile, the new node adopts
the opposite pattern of alignment. As a result, the network remains a complete graph,
with each new node establishing links to all others, and the structural balance condition
is preserved at every time step. The network thereby continues to evolve as two hostile
factions, internally connected by positive links and externally by negative ones.

This dynamic bears a strong resemblance to a generalized Poélya urn process. In this
analogy, the two factions correspond to two colors of balls in the urn (e.g., white and

black). At each step, one ball is drawn (i.e., one existing node is selected), and a new ball

84



is added: it matches the color of the drawn ball with probability p, or is of the opposite
color with probability 1 — p. In this framework, the attachment bias p serves as the
reinforcement parameter, influencing the preferential expansion of the factions. Figure

4.1 represents a schematic illustration of this process.

Figure 4.1: A schematic representation of the growing network is shown. The signed
network grows according to structural balance and follows a generalized Pélya urn process.
We start with a single node (white ball). At each time ¢, the complete graph divides into
two mutually hostile factions. Solid blue lines represent friendly links, while dashed red
lines indicate hostile links.

In the limiting case of p = 1, the process becomes partially deterministic: the new
node invariably joins the faction of the selected reference node j. Over time, the initially
larger faction is likely to maintain or increase its dominance. This behavior corresponds
exactly to the classic Polya urn process, where the long-term distribution of faction sizes
converges to a beta distribution [111, 112], shaped by the initial configuration of the
system. In contrast, setting p = 0.5 results in a fully unbiased process. Each faction
has an equal probability of attracting the newly introduced node, leading to symmetric
stochastic growth. For values p < 0.5, the model exhibits contrarian dynamics [113],
whereby new agents are more inclined to oppose the stance of their initial contact. This
anti-bias introduces a corrective tendency that favors the growth of the minority faction.
In the intermediate regime, where 0.5 < p < p, the system displays a modest bias toward
the dominant faction, where new nodes are more likely to align with the majority. As p

approaches 1, the system enters a high-bias phase in which the reinforcement mechanism
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strongly amplifies the growth of the dominant faction. The specific characteristics and
implications of this high-bias regime, particularly for p € (0.5, 1), are examined in detail

in the subsequent sections.

4.3 Evolution of mean faction sizes

In the model, the evolving network can always be partitioned into two antagonistic factions
[108]. By construction, each faction contains only positive (friendly) links internally, while
all links between the two factions are negative (hostile). One special case, often referred
to as “paradise”, occurs when one faction contains all nodes and the other is empty.

Let us denote by m(t) the size of a given faction at time ¢. There are exactly two ways

in which this faction can gain a new member when a node arrives at time ¢ + 1:

1. A new agent’s first (randomly chosen) link is positive and attaches to one of the

m existing nodes in this faction.

2. A new agent’s first link is negative and attaches to a node in the other faction,
which has size (t —m); in such a case, the structural-balance rule dictates that the
new agent will form positive links to all members of the first faction and thus join
it.

m
Since there are ¢ nodes total at time ¢, the probability of case (1) is p - n and the

t—
probability of case (2) is (1 — p) - Tm Accordingly, the expected increment in the

faction size satisfies

m(t)

m(t+1) —m(t) = p—— (1 —p)ﬂ.

t (4.1)

Passing to a continuous-time approximation (treating m(t+ 1) —m(t) ~ %—T), one obtains

the differential equation whose general solution can be written as

m@:%+cW1, (4.2)
where C'is an integration constant determined by the initial configuration. In other words,
equation (4.2) describes the expected size of one faction as a function of time, and the
constant C' encodes how the network was seeded.

The value of the integration constant is determined by fixing the initial conditions.
Without loss of generality, consider a network initialized at time t,, consisting of two fac-
tions, m4 (to) and m_(to), satisfying m, (to) +m—_(to) = to. Given these initial conditions,

the constant C' from Eq. (4.2) is given by:

2m:|: (to) — to
oteP !

t _
me(ty) = =+ Ct!' —= C =

5 (4.3)
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Figure 4.2: Evolution of sizes of two factions m.(t) for different attachment biases p.
Expected faction sizes given by the rate equation (RE, solid lines) closely match the
respective means of the agent-based model (ABM, dashed lines) simulation. (a) For a
small value of p = 0.3, the mean sizes of the factions are equal. (b) For a large value
p = 0.9, the means (m4(t)) diverge. Thin lines show individual trajectories of 100 agent-
based simulations of the two faction sizes. The initial condition was a single starting node
belonging to m,. The inset in each panel shows the corresponding normalized mean over
time, which converges over a long time.

Thus, the expected faction size grows as

)= 5+ (et - ) (ti) (4.4

(see Fig. 4.2) and the expected difference in faction sizes is given by:

0

Am(t) = m (£) — m— ()] = Am(to) (}) o (45)

where Am(tyg) = |m4(to) — m—(to)| is the initial difference in faction sizes.

Another way of estimating the faction mean sizes exploits the connection between
the presented stochastic process and the Pdlya process. The standard Polya process, in
which the ball drawn from the urn determines the color of the newly added ball, has
been generalized in various ways. A particularly relevant generalization for this work
is described as follows [77]. After selecting a ball of color 7, a set of additional balls
(¢}, cb] is returned to the urn, where c§~ denotes the number of balls of color ;7 added in
response to drawing the color . In [77], the numbers cé- are integers sampled from a given
distribution. I instead assume abstractly a continuous (fractional) growth version of the
process, in which at each step, fractional numbers of balls (nodes), p and 1 — p, are added

to the respective factions. I refer to this as the fractional growth process. Under this
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assumption, with a single node initially, the expected mean faction sizes evolve as

(4.6)

where I' is the gamma function.

This second estimate of the mean faction size better approximates mid-term and long-
term behavior compared to the rate equation Rate equation (RE). Fig. 4.3 illustrates
this comparison by showing the normalized mean ({(m.) /t, computed using Eq. (4.6),
Eq.((4.2), and the exact mean obtained from the master equation Master equation (ME)
(4.9) (derived in the following section). For anti-bias values of p, i.e., when p < 0.5, the
mean rapidly converges to 0.5, whereas for larger p, it approaches this value asymptot-
ically. The rate equation aligns with the master equation at short timescales, whereas
the fractional growth Pdlya process better approximates long-term behavior. It is worth
noting, however, that Eq. (4.2) gives a general solution for any initial distribution of
nodes (see Fig. 4.4), while Eq. (4.6) applies specifically to the case of a single initial

node.

10° 10" 10° 10° 10"

t

Figure 4.3: In time, the normalized group sizes approach equality. Convergence rates
depend on the bias p. The system starts at t, = 1 with a single node belonging to group
m.. Exact results derived from the master equation (ME) (4.9) are shown as solid lines,
while approximate values from the Pélya process formula (4.6) and the rate equation (4.4)
(dashed) are shown as dotted and dashed lines, respectively.

Both expressions for Am(t)—that in (4.5) and the one derived from (4.6)—exhibit the

same scaling, Am oc t?~!. This leads to two interesting observations about the role of the
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Figure 4.4: The rate equation (RE) closely matches results derived from the master
equation (ME), also when initially, the system consists of five nodes in a single faction.
This shows that the rate equation is general for any initial conditions. The plot shows
the time evolution of the means for three different attachment bias p values.

control parameter p. First, for p < 0.5, Am decreases to zero as the system size ¢ increases
(see Fig. 4.2a), whereas for p > 0.5, it diverges as t grows (see Fig. 4.2b). This indicates
that p = 0.5 constitutes the first critical point governing the system behavior. Second,
for all biases p < 1, the normalized value of this difference, dm = Am/t, tends to 0 when
t — oo. This can be seen in Fig. 4.3, where all expected normalized means converge
universally to 0.5. This result has one very interesting implication: When the system size
grows, it becomes harder and harder to determine which is the dominating faction. To
explore the origin of this phenomenon, I next examine the probability distributions of the

faction sizes and their evolution.

4.4 Size distribution of evolving factions

The expression given in Eq. (4.4) provides the expected growth trajectory for the size
of each faction over time. However, since the model incorporates stochastic elements—
stemming from both the random selection of attachment targets and the probabilistic
bias parameter p—this mean-field description is insufficient to capture the full dynamics
of the system. To gain a more comprehensive understanding, I now turn our attention to
the underlying probability distributions governing faction sizes during network evolution.

This approach parallels methodologies employed in related contexts, such as the analysis
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of opinion dynamics within the Weidlich model [114]. Let P(m,t) denote the probability
that a given faction has size m at time ¢t. To evaluate how this distribution evolves, I
consider two mutually exclusive events through which a faction can reach size m at time
t 4+ 1. This can occur in two ways: (1) the faction size was m — 1 at the previous time
step, and a new node is added at the next time step, or (2) the faction size was m at time
t, and no nodes are added to the faction. In the first case, the new node is added with
a rate w(m|m — 1) and in the second case — with a rate w(m + 1jm). Thus probability

P(m,t+ 1) is given by the sum of

o the probability there were m — 1 nodes at time ¢ and the probability to increase the

faction size by one in At:

P(m —1,t) - w(m|m — 1)At (4.7)

o the probability there were m nodes at time ¢ and the probability that no increase

in the faction size will occur:

P(m,t) - (1 — w(m + 1jm)) At (4.8)

Then, the master equation for the process gives the probability P(m,t + 1):

Pim,t+1)=w(m|m—1)- P(m—1,t)

(4.9)
+ w(m [ m) - P(m, ),
where the transition rates are given by,
m(2p — 1)
wim+1|m)=———+1-p,
( | m) ; p (4.10)

wim|m)=1—wlm+1]|m).

The master equation (4.9) governs the evolution of the probability distribution, which
remains inherently non-stationary due to the ongoing growth process. The shape of
this distribution depends both on the parameter p and the chosen initial conditions. In
the following discussion, I explore how different initial setups lead to either unimodal or
bimodal distributions. In particular, I distinguish between asymmetric initial conditions,
where the two initial factions differ in size, and symmetric conditions, where they begin
statistically equivalent.

I begin with the asymmetric initial condition P(m,t = 1) = §,,1, which corresponds
to the process starting with a single node in one faction while the other remains empty.
The initially larger faction is denoted as m, and the smaller as m_. Under this condition,

the resulting distributions P(m.,t) and P(m_,t) remain unimodal across all values of p
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(as indicated by the dashed orange and blue curves in Fig. 4.5).

Asymmetric

m Pm_,t)
P(m,,t)
Symmetric

B Pm_,t)+P(my,t)

t=2000 22000 & t=2000 o

500 1000 1500 0 500 1000 1500 2000 500 1000 1500

Clique size (m) Clique size (m) Clique size (m)
(a) p=0.7 (b) p=10.8 (c)p=20.9

Figure 4.5: Evolution of the three faction size distributions for three values of the attach-
ment bias parameter p. Each panel shows the exact distributions derived from the master
equation, starting from a single-node system. Two distributions (with dotted outlines) in
each panel correspond to an asymmetric initial condition, where the starting node belongs
to the faction m, while the other group m_ is empty. The blue and orange fill are used
for the resulting distributions for the initially smaller faction P(m_,t | m=" = 0) and
the larger one P(m,t | m'?=" = 1), respectively. Solid outline with green fill represents
the distribution under a symmetric initial condition, where the first node is equally likely
to join any faction. It also reflects the case where no specific group is observed, and one
asks for the probability that any faction is of size m. That is why it is presented as
P(m_,t) + P(my,t). (a) At p = 0.7, all distributions are unimodal and approximately
Gaussian. (b) At p = 0.8, although the asymmetric distributions diverge, the combined
result remains unimodal, and no bimodal behavior is observed. (c¢) At p = 0.9, the sym-
metric distribution becomes distinctly bimodal, with the two peaks gradually diverging
as new nodes are added.

Next, I examine the symmetric initial condition P(m,t = 1) = %5,”71 + %57”70, repre-
senting a system where the first node joins either faction with equal probability. Here,
I observe one particular faction without specifying whether it is initially dominant. Us-
ing the analogy of two factions, “black” and “white,” the first agent joins one of them
randomly, resulting in a distribution symmetric around ¢/2. As the system evolves, this
inherent uncertainty can lead to bimodality, where each peak represents a distinct domi-
nant outcome. For sufficiently large p, these peaks become well separated (see Fig. 4.5).

An alternative interpretation of the symmetric case is that it reflects the probability
of observing a faction of size m in a system originally initialized asymmetrically. In
other words, starting from the asymmetric setup, allowing the system to evolve, and then
randomly selecting one faction (black or white) yields the symmetric distribution. Since
one faction evolves from P(m,t = 1) = §,,1 and the other from P(m,t = 1) = 6,0,
their combined, equally weighted distribution reproduces the symmetric case. Thus, the

symmetric distribution can be seen as the sum of the two asymmetric cases (see the legend
in Fig. 4.5).
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By comparing the distributions at ¢ = 1000 and ¢ = 2000 (top vs bottom panels
in Fig. 4.5), I observe the continuous growth of the factions as new nodes are added.
Under asymmetric initial conditions (blue and orange curves), the peaks shift rightward
over time, indicating an increase in the mode of each distribution. The overlap between
them gradually decreases, suggesting that one faction grows faster than the other. In the
symmetric case (green curve), the distribution appears unimodal for small p and becomes
distinctly bimodal for larger p. For small p, the peaks shift rightward but remain merged
[Fig. 4.5(a),(b)], while for large p, two clearly separated peaks emerge and move apart as
time progresses [Fig. 4.5(c)].

These results reveal two noteworthy observations. First, under asymmetric initial con-
ditions, the mean size difference between factions, derived from Eq. 4.5, increases over
time when p > 0.5. This indicates that the mean sizes of the larger and smaller factions
diverge as p surpasses this threshold, which might suggest the onset of bimodality. How-
ever, the normalized difference between their mean sizes vanishes for all p < 1. Second,
for symmetric initial conditions, the distribution (in both absolute and relative terms)
is expected to become bimodal for p > 0.5, but this transition is not apparent until p
is sufficiently large, as shown in Fig. 4.5. To reconcile these findings, I must establish a
quantitative criterion for identifying bimodality and examine how expected faction sizes

relate to their fluctuations.

4.4.1 Statistical measures of the faction size distribution

The evolution of faction sizes in the model can be understood through their underlying
statistical properties. As the system grows and the bias parameter p varies, the faction size
distributions undergo qualitative changes that can be quantified using measures such as
skewness and kurtosis. These statistical descriptors provide insight into how asymmetry
and modality emerge in the system, reflecting transitions from balanced to polarized
states.

Because the two opposing factions evolve symmetrically around the midpoint ¢/2, their
size distributions satisfy the relation P(m,,t) = P(t — m_,t). This symmetry allows
the construction of a unified probability distribution that characterizes the likelihood
of observing a faction of a given size, independent of its identity. In other words, the
combined distribution represents the overall probability that a randomly chosen faction—
regardless of group affiliation—attains a specific size. It can be obtained by summing the
two individual distributions and, if necessary, normalizing by a factor of % to preserve
total probability (see Fig. 4.6). This approach leads to the same functional form as the
distribution derived under symmetric initial conditions, P(m,t = 1). Figure 4.5 illustrates
this correspondence, showing the distributions for the larger and smaller factions, as well

as twice the combined distribution. For sufficiently large values of the model parameter p,
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the combined distribution becomes bimodal, developing two distinct peaks (see Fig. 4.5¢).
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Figure 4.6: A bimodal distribution can be formed by adding the individual distributions of
both factions through a reflection-based transformation. At time ¢, the distribution of one
faction (blue line) is reflected about the midpoint m /2 to represent the distribution of the
opposing faction. The two are then averaged, scaling the sum by a factor of % to preserve
normalization, resulting in a bimodal distribution (green line) with two distinct peaks.
For comparison, the dashed orange line shows the exact distribution obtained under the
symmetric initial condition, demonstrating the equivalence of both construction methods.

Both unimodal and bimodal forms of the distribution emerge dynamically as new nodes
are added to the system. In the unimodal regime, the peak gradually shifts to larger sizes,
indicating a steady growth of the dominant faction. Conversely, in the bimodal regime,
the probability mass separates into two modes, reflecting polarization between the groups.
The increasing asymmetry of the unimodal distribution with higher values of p can be

quantified using the third standardized moment (skewness), denoted by a3 [115]:

(%@)3] | (4.11)

where o is the standard deviation of P(my,t). Because of the mirror symmetry P(m,,t) =

OégZE

P(t—m_,t), the skewness of the smaller faction is —as. This reciprocal relationship high-
lights the complementary evolution of the two distributions and facilitates the formation
of a symmetric, identity-independent combined distribution. As shown in the Fig. 4.7a, a3
is increasingly negative with the increase of bias. It becomes visibly nonzero for p ~ 0.75,

yet a3 is never exactly 0, but it is a monotonously decreasing function of p.

93



The shape of the faction size distribution can further be characterized by its kurtosis,
which measures the sharpness or flatness of the distribution relative to a Gaussian form.
When the system transitions from a unimodal to a bimodal state, the probability mass
becomes concentrated around two distinct peaks, effectively flattening the central region

of the distribution [116]. This effect can be partially quantified using the excess kurtosis
ay [117, 118], defined as
4
(X——(m>)> ] _3. (4.12)
00

where (m) = t/2 is the mean and oy is the standard deviation of the symmetric distribu-

044:]E

tion. Negative values of ay typically indicate a broad or flat-topped shape and may suggest
the emergence of bimodality, though not conclusively. In this model, increasing bias p
drives the distribution toward larger absolute values of a4, reinforcing the development
of distinct modes as the peaks become more pronounced [116, 118]. The transition from
unimodal to bimodal behavior occurs near a critical value of p, which is analyzed in later
sections. Figure 4.7b presents the variation of excess kurtosis with the bias parameter p
under both symmetric and asymmetric initial conditions. For asymmetric initialization,
a4 remains close to zero at low or anti-bias levels but becomes positive as p increases,
indicating sharper, more peaked distributions. Under symmetric conditions, however, ay
becomes negative at high bias, a signature commonly associated with bimodal behavior
[117]. Although negative kurtosis alone does not definitively establish bimodality, in this
symmetric model, it provides a useful statistical indicator of the onset of polarization
[119].
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Figure 4.7: Statistical measures quantify key features of asymmetric and symmetric dis-
tributions. Panel (a) shows that skewness a3 signals asymmetry in the high-p regime,
becoming appreciable only for p = 0.75, with minimal time dependence. Results are
obtained from the master equation under asymmetric initial conditions. Panel (b) shows
excess kurtosis a4 converging over time, influenced by p and initial conditions. For sym-
metric initial conditions, negative a4 indicates the emergence of bimodality.
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4.4.2 Bimodality criterion

Under symmetric initial conditions, the faction size distribution is theoretically expected
to exhibit bimodal characteristics for values of p > 0.5. However, as illustrated in Fig. 4.5,
this bimodality does not emerge immediately and becomes apparent only at significantly
higher p values. To understand this discrepancy, the distribution can be viewed as a
combination of two overlapping components corresponding to the smaller (m_) and larger
(my) factions. This mixture representation provides a more accurate description of the
overall behavior observed under symmetric initial conditions.

In the context of Gaussian mixtures, the emergence of bimodality can be evaluated
based on the separation of component means relative to their spread (standard deviation).
According to the classical result of [120], a mixture of two Gaussian distributions with

means p; and po and standard deviations o and o5 becomes bimodal if:
|/L1 — /,1/2’ > 2 miﬂ<01,0'2>. (413)

Although this relation does not strictly apply to the considered model, a qualitatively
similar condition determines whether bimodality becomes visible. Specifically, the de-
gree of separation between the mean faction sizes, compared to the distribution’s overall
width, dictates whether two distinct peaks can be resolved. In this case, the compo-
nent distributions are symmetric about t/2 and share an identical standard deviation,
o, =0_=o0.

From theory, the mean sizes of the larger and smaller factions start to diverge once
p > 0.5, as indicated by Eq. 4.4. This produces an increasing difference Am = |m, —m_|,
which would appear to favor bimodality. However, this divergence alone is insufficient
to yield a bimodal distribution. In practice, solutions to the master equation under
symmetric initial conditions remain unimodal for a wide range of p > 0.5. Bimodality
arises only when the mean separation exceeds a certain multiple of the standard deviation.
Using a heuristic form of Eq. (4.13), I obtain the condition |m; — m_| > 20, with the
midpoint ¢/2 = (my + m_)/2 representing the center between peaks. Since the network
growth follows a Poisson-like process, the standard deviation scales as o ~ v/t. Thus, the

bimodality condition becomes:
tD S oVt & P25 0 (4.14)
In the asymptotic limit of large ¢, this simplifies to:

3
2p—=>0 = p>

; . (4.15)

e~ w

Therefore, for p > 0.75, the peak separation grows faster than the width of the distribu-
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tion, leading to clearly visible bimodality. For p < 0.75, the separation remains too small
relative to o, resulting in a unimodal distribution. Consequently, p = 0.75 serves as an
approximate analytical threshold separating unimodal and bimodal regimes. Neverthe-
less, as shown in subsequent analysis, this value underestimates the actual point at which
bimodality becomes numerically evident.

The parameter p quantifies the tendency of new nodes to reinforce existing factional
structures. When p = 1, the system evolves into a beta distribution of faction sizes
determined by the initial conditions. If the network begins with two equally sized groups,
the final distribution remains centered, implying that the system shows no preference for
either faction. Conversely, for p < 1, the group sizes tend to converge over time, with the
convergence rate depending on p (see Fig. 4.3).

A straightforward way to test for bimodality in the symmetric case is to evaluate the
concavity of the distribution between the two potential maxima. This can be done by
computing the second derivative of the distribution at the midpoint between the peaks.
A positive second derivative at this midpoint indicates a local minimum, confirming bi-
modality. As shown in Fig. 4.8, the midpoint curvature becomes positive for p = 0.836,
signaling the emergence of bimodality. The precise point where the second derivative

changes sign shifts slightly with time.
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Figure 4.8: Observing bimodality. The second derivative of the distribution evaluated at
m = t/2 serves as an indicator of bimodality; a positive value signifies the presence of a
bimodal distribution. For symmetric initial conditions, bimodality persists in the limit
t — oo when the attachment bias p exceeds the characteristic value p®* ~ 0.836 indicated
by a red cross.

The discrepancy between the analytical estimate (p = 0.75) and the numerically ob-

served onset of bimodality raises an important question: does p = 0.75 represent a physi-
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Figure 4.9: Distribution asymmetry is a signature of the high p regime. The figure shows
the difference between the normalized mode and the normalized mean, with the inset
presenting its absolute value on a logarithmic scale. For p 2 0.75, the difference becomes
significantly larger than 0, signaling the beginning of the high-bias regime. All three
distinct regimes of p are clearly evident in the inset. For p < 0.5, the normalized mode-
mean difference behaves smoothly, remaining close to 1/2¢ due to the discrete nature of
the distribution, whereas for 0.5 < p < 0.75, it exhibits fluctuations. These trends are
approximately independent of time.

cally meaningful threshold, or is it simply an analytical artifact? Figure 4.9 suggests the
former. While clear bimodality is only observed for p 2 0.836, qualitative changes in the
distribution’s structure already appear around p = 0.75, including increasing asymmetry
in faction sizes—features not captured by bimodality alone. Figure 4.9 further emphasizes
this asymmetry through the normalized difference between the mode and mean of the dis-
tribution. This difference remains negligible for p < 0.75, then rises sharply, peaking near
p =~ 0.95, before dropping back to zero at p = 1, where all new nodes join the same initial
faction. In the anti-bias regime, this difference theoretically vanishes but remains slightly
positive due to finite-size effects. For p < 0.75, the mode and mean are nearly coincident;
however, on a logarithmic scale, an additional behavioral transition emerges between the
anti-bias and low-bias regions. For p < 0.5, asymmetry follows a smooth, discrete-like
behavior near 1/2t, whereas in the intermediate range 0.5 < p < 0.75, fluctuations appear
without a consistent trend.

Collectively, these findings indicate that p ~ 0.75 does not mark the true onset of
bimodality but instead signals the beginning of a gradual transition in system behavior.
The difference between the mode and mean effectively captures all three regimes of the

bias parameter p, delineating the shift from symmetric convergence through intermediate
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asymmetry to strong factional reinforcement.

Asymptotic characteristic bias
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Figure 4.10: Convergence of characteristic bias p* over time. Panel (a) shows that the
characteristic bias p¢" increases monotonically. Panel (b) depicts the relation between
the absolute difference [pi" — pc| and time ¢ on a double logarithmic scale. The fitted
line follows a power-law scaling, log [p" — p| ~ —logt. The asymptotic value p* was
determined by maximizing the coefficient of determination R? of the fit. For the obtained
fit, R? > 0.9999 and p" > 0.835. The results are shown when starting from a single-node
symmetric initial condition.

The second derivative of the distribution offers a direct and effective criterion for
detecting the emergence of bimodality by assessing the concavity at the center of the

distribution. Specifically, evaluating the second derivative at the midpoint m = t/2, i.e.,

d*P(m,t)

2 )
dm m=t/2

allows us to distinguish between unimodal and bimodal distributions. A negative second
derivative at this point indicates concavity (a local maximum), consistent with unimodal-
ity, while a positive value suggests convexity (a local minimum), indicating the presence of
two separate peaks—hence, bimodality. For each time step ¢, I estimate the correspond-
ing characteristic bias pf" by identifying the values of p at which the second derivative
changes sign. Specifically, p¢" is obtained via linear interpolation between the two ad-
jacent values of p that bracket the zero-crossing of the second derivative. The resulting
sequence of values for p¢", computed for various values of ¢, is plotted in Fig. 4.10a. To
determine the asymptotic characteristic bias p<, T analyzed the convergence of ps" by
fitting a power-law relation

log |p" — p| ~ —logt, (4.16)
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where p is chosen to maximize the coefficient of determination R? of the linear fit. As
a result, the value of the asymptotic characteristic bias is p ~ 0.836. The quality of the
fit and the resulting p* are shown in Fig. 4.10b.

Characteristic bias based on observability criterion
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Figure 4.11: A criterion based on Gaussian approximation (4.13) predicts the emergence
of bimodality when the separation between the normalized peaks dm = (m, —m_)/t ex-
ceeds twice the standard deviation o of the normalized distribution under the asymmetric
initial condition. For values of attachment bias p > 0.86, this condition is met, suggest-
ing the potential for a bimodal distribution if symmetric initial conditions are applied.
When the difference is negative, the peaks are expected to merge, resulting in a unimodal
distribution.

A criterion discussed in Sec.4.4.2 offers an approximate method for determining the
modality (unimodal vs. bimodal) of the combined distribution constructed from two
independent distributions. The core idea relies on analyzing the sign of the expression
dm — 20, where 0m = Am/t represents the normalized difference between the sizes of the
larger and smaller factions, and o is the standard deviation of the normalized distribution
(see Fig.4.11). When p = 0.86, this expression becomes positive, suggesting that the two
peaks are separated sufficiently to avoid overlap. In such cases, the distribution becomes
bimodal. Conversely, for p < 0.86, the expression is negative, indicating that stochastic
fluctuations are large enough to blur the separation between the modes, resulting in an
effectively unimodal distribution. This result, however, appears slightly inconsistent with
the characteristic value p* =~ 0.836 obtained numerically in Sec. 4.4.2, where a detailed

analysis of the second derivative of the distribution identified the onset of bimodality at
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a lower threshold. This discrepancy stems from the fact that the dm — 20 criterion is
based on an approximation valid primarily for Gaussian distributions. In contrast, the
true distributions in the model deviate from Gaussianity, especially near the transition

regime. Despite this limitation, the criterion remains practically useful.

4.4.3 Fluctuations around mean sizes of factions

In deriving the equations connecting the Polya process with the growing network model,
I broadly adopt the formalism developed in [77]. In this framework, a replacement matrix
A is introduced, where each element a;; specifies the number of balls of color j added
upon drawing a ball of color ¢. In general, these elements may be random variables drawn

from a specified distribution. For the two-color case relevant to the model, the matrix A

11 Q12
A= )
Q21 A22

The long-term behavior of the process is governed by the eigenvalues of this matrix. The

is given by:

largest eigenvalue \; is real and positive, which determines the leading-order growth of
the system. For branching-type processes such as the Polya urn, the variance and limit-
ing distribution depend sensitively on whether the second eigenvalue Ao, which satisfies
Re(A2) > A1/2. In such cases, the mean grows as t*, while the variance scales as t2*2.
The growing network model considered in this study is equivalent to a two-color Polya
process with symmetric cross-color interactions. That is, the probability of adding a
ball of the opposite color—relative to the one drawn—is the same for both colors. This

corresponds to the replacement matrix:

1_
a_ [P P |
I—p p

where p € (0,1) is the attachment bias.

This setting corresponds to the “Randomized play-the-winner” scheme (Example 7.3
in [77]), originally introduced in [121]. The eigenvalues of this matrix are A; = 1 and
Ay = 2p — 1. Applying the condition Ay > \;/2 identifies a threshold at p = 0.75,
above which the variance increases more rapidly and the limiting distribution changes
qualitatively.

For this class of processes, Theorems 3.22 and 3.23 in [77] provide asymptotic results
for p < 0.75, yielding equal expected faction sizes and enabling closed-form expressions
for the variance.

For p > 0.75, the process does not admit a closed-form limit distribution. In this
regime, I apply Theorem 3.24 from [77], using the deterministic setting described in

Example 3.27, where all entries of the replacement matrix A are constants (i.e., the
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number of balls added at each step is deterministic rather than random). This framework
enables the derivation of the limiting distribution and corresponding expected values as

presented in the main text:

t a.s. ]- -
=) <m + —§> =5 457, (4.17)
where Z is a distribution. When the process begins with a single ball of a given color,

the moments of Z can be computed using Theorem 3.26 in [77]:

1 k

EZF = EZ*,
T(1+k(@2p—1))

(4.18)

where following Example 3.13 of the same work [77]. For this case, it holds that E[Z] = 1,
2p — 1)?
and the variance is given by Var(Z) = % This allows one to compute the second
p —
moment E[Z?], and subsequently derive E[Z], E[Z?], and finally Var(Z).
Summing up, the expected variance of faction sizes as a function of the attachment

bias p and time ¢ is given by:

( t

' forp< 075
13—y P ’
tlogt
o*(p,t) = Zg . forp=0.75, (4.19)
£2(2p-1)
5 B, for p > 0.75.
\

where B = r(4;—1) : ‘ip;__; — (F(;p))Q. Note that the estimates for p < 0.75 and p > 0.75
should not be used close to p = 0.75. These estimates diverge at p = 0.75 while the
simulated values are continuous and very close to the analytical one computed for this
specific p.

Figure 4.12 compares these theoretical predictions with the exact variances obtained
from the master equation. For p < 0.65, the theoretical expressions match the true
variance closely. However, a noticeable divergence emerges as p approaches the threshold
value of 0.75, where the analytical solutions for the p < 0.75 and p > 0.75 regimes
no longer align smoothly. Consequently, discrepancies between theory and exact values
increase near this point. Interestingly, the expression derived specifically for p = 0.75
provides variance estimates that deviate only slightly from the exact results, comparable in
magnitude to the discrepancies observed for larger values such as p 2 0.8. The discrepancy
between analytics and simulation results arises from the breakdown of assumptions made
in the theoretical approximations. For p < 0.75, the analytical expression relies on a

central limit theorem-type behavior, assuming that fluctuations scale linearly with time,
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Figure 4.12: Variance of the faction size under asymmetric initial conditions with a single
starting node for different values of p. The theoretical variance (blue line) calculated
using Pélya process analysis (Eq. 4.19) diverges at p — 0.75, which is inconsistent with
the true variance (orange line) obtained using the master equation. The plot shows the
variance after t = 1000 steps.

i.e., as t. For p > 0.75, a different scaling is assumed, with fluctuations growing super-
linearly as t22?~1. Both assumptions hold well away from the critical point. However,
near the “critical” value p = 0.75, they break down: the transition between the linear
and superlinear scaling is not abrupt but smooth, and neither scaling form captures the
correct fluctuation behavior precisely. Therefore, p = 0.75 should not be interpreted as a
true critical point of the system, but rather as a threshold marking the onset of a gradual
transition in the system’s behavior.

Using the estimates for the variance (4.19), I compute how the signal-to-noise ratio

(Signal to noise ratio (SNR)), i.e., Am(t)/o(t), evolves over time:

)
t2p=15 0 for p < 0.75,

Am(t) 1 for p —

~ , p = 0.75, :

o(t) Vlogt (4.20)
D, for p > 0.75.

\

where D = 2/(I'(2p)B), and A,, was obtained from (4.6). From these scaling relations, I
find that for p < 0.75, the signal-to-noise ratio goes to zero for t — oo as 2p — 1.5 < 0.
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This indicates that for p < 0.75, it becomes harder and harder to detect any difference
in the faction sizes as the system grows. For p = 0.75 a similar finding holds, but the
decrease in the signal-to-noise ratio is very slow. For p > 0.75, the signal-to-noise ratio is a
constant, indicating that the difference in the faction sizes are more stable and detectable.

These analytical expectations are confirmed by simulations (see Fig. 4.13) and have
one interesting consequence. Figure 4.9 shows the normalized difference between the
distribution’s mode and mean. Recalling that the normalized mean converges to 0.5 (see
Fig. 4.3), this difference tells us how bigger (or smaller) is the dominating (dominated)
faction. This difference remains negligible for p < 0.75, then increases sharply, peaking
near p &~ 0.95, before falling back to zero at p = 1, where all new nodes join the single,
starting one. Moreover, in the anti-bias regime p < 0.5, the difference is theoretically
expected to approach zero, but, due to finite-size effects, it remains slightly greater than
zero. Although the mean and mode appear almost equal below p =~ 0.75, the logarithm
scale (see inset of Fig. 4.9) reveals another change of behavior between anti-bias and
low-bias values of p. For p < 0.5, the asymmetry behaves smoothly, remaining close to
1/2t due to the discrete nature of the distribution, whereas fluctuations without any clear
trend occur within the range 0.5 < p < 0.75.

Recall, however, that to observe bimodality under symmetric initial conditions, the
control parameter must satisfy p > p® = 0.836 > 0.75. For asymmetric initial conditions,
bimodality does not occur. Instead, for p > 0.75, the mode, which is the most probable
size, exceeds the mean, representing the expected size. Taken together, these observations
suggest that p ~ 0.75 does not mark the onset of bimodality, but rather signals a gradual

change in the system’s behavior.
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Figure 4.13: SNR (4.20) as a way to estimate the relationship between the mean faction
sizes and fluctuations. In the low bias regime p < 0.75, it becomes increasingly difficult
to detect any difference in the faction sizes as the system grows. At p = 0.75, the SNR
decreases, but this decrease is very slow. In the high Bias Regime (p > 0.75), SNR is a
constant. This constancy indicates that in this regime, the difference in faction sizes is
more stable and detectable

4.5 Discussion and Conclusion

In this chapter, I have explored the model of two opposing growing factions, in which
new agents join either the group of a randomly chosen agent, or with probability 1 — p,
the antagonistic group. I demonstrated that the probabilistic evolution of faction sizes
aligns with the framework of a randomized Pdlya urn process. A central insight is that
for all p < 1, the system gradually trends toward an equilibrium where faction sizes are
comparable in relative terms, although the rate and manner of this convergence vary with
the value of p. Specifically, a persistent asymmetry in faction sizes is sustained when the
bias parameter exceeds the characteristic threshold p* = 0.836.

The attachment bias parameter p represents a feedback mechanism triggered by a
new individual’s interaction with the first encountered group. The positive feedback leads
the individual to join this group, while the negative one results in choosing the opposing
faction. While there are many potential reasons why people join one of many groups—e.g.,
access to resources, internal group structure, productivity, safety, or personal development
[122-124]—the model does not attempt to account for all such factors explicitly. Instead,
the bias parameter serves as a proxy for these influences, capturing their cumulative
effect through a single probabilistic mechanism. Although this specific formulation of
attachment bias is unique to the considered model, its outcomes can be meaningfully
related to results in other studies. For instance, the emergence of group size inequality for
p > p is conceptually similar to the productivity-driven inequalities described in [123].

In another model [125], the overall group size equality, similar to the case of p < p* in
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my framework, has been achieved through the introduction of the third possible state of
not belonging to any of the competing groups.

This study proposes a dual perspective on faction formation: one grounded in network-
specific structural properties and the other in underlying stochastic processes. Tradition-
ally, network science has emphasized structural features, such as clustering, modularity,
and structural balance measures, as primary explanatory variables for the emergence and
persistence of polarized groups [7, 126, 127]. These approaches typically center on in-
dividuals whose decisions shape the formation of network connection patterns, thereby
generating a divided system. A similar viewpoint can be adopted in the model when in-
terpreted at the level of individuals forming links. However, such a detailed, connection-
specific description is not necessary. The dynamics can instead be represented purely
from a group-level perspective, where individuals join one of the two factions. From
this higher-level viewpoint, the system evolves via two stochastic mechanisms: the Pdélya
urn process and Bernoulli trials. This abstraction eliminates the need to model explicit
connections between all agents while still capturing essential polarization dynamics. Be-
cause the individual-based and group-based descriptions are consistent with each other,
my framework enables drawing analogies and insights across both levels of analysis. My
approach highlights the importance of stochastic processes in shaping social and network
dynamics, which were observed in other studies [9, 128]. The combination of individual
and group perspectives has also been explored in more complex models involving hyper-
graphs, where interactions extend beyond pairwise links to group-level relations [129]. In
this sense, my model can be interpreted as a limiting case of hypergraph-based models
that capture polarization and group formation [130-132].

Three different methods were used to examine the dynamics of the system growth: the
master equation, the rate equation, and the Pdlya process formula. The master equation
gives an exact distribution. It is not closed-form, but it can be used to derive the mean
faction size. The rate equation aligns with the master equation at short timescales. The
accuracy decreases slightly for larger ¢, but the discrepancy remains small and constant.
For the analyzed initial conditions with the single starting node, the Pélya process formula
better approximates the long-term behavior compared to the rate equation. Obtaining
similar formulae for other initial conditions might be possible, yet it is not trivial. On the
other hand, the rate equation is general for any initial conditions.

My results reveal that for all p < 1, the network evolves toward relatively balanced
factions. However, perfect symmetry is not guaranteed. I identified three distinct behav-
ioral regimes in the evolution of faction sizes, each characterized by qualitatively different

statistical properties.

1. Anti-bias regime (p < 0.5): Here, the network swiftly evolves toward balance,
with both the mean and mode of faction sizes converging rapidly to t/2, regardless

of initial conditions. The symmetry emerges robustly, and transient fluctuations
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dissipate quickly.

2. Low-bias regime (0.5 < p < p“"): In this intermediate range, the mean sizes of
the two factions begin to diverge, yet the fluctuations are sufficient to produce a
unimodal distribution. The distinction between factions becomes obscured, espe-
cially under symmetric initial conditions, where the mode stabilizes quickly. Under
asymmetric conditions, convergence occurs more slowly but ultimately yields indis-

tinguishable group sizes in the limit.

3. High-bias regime (p > p* ~ 0.836): Beyond the characteristic threshold, the sys-
tem enters a qualitatively new regime. When initialized symmetrically, the faction
size distribution becomes distinctly bimodal, indicating the emergence of two stable
configurations associated with persistent group asymmetry. Below this threshold,

fluctuations remain too pronounced to permit clear peak separation.

These regimes can be differentiated not only by the modality of the distribution but also
by the relationship between statistical descriptors such as the mean and mode of faction
sizes. Notably, this mode-mean separation increases markedly in the high-bias regime and
thus serves as a diagnostic tool for detecting regime shifts.

An earlier analytical estimate, derived from scaling arguments in the Pdélya process
literature, suggested a transition at p = 0.75. However, the numerical results based on
the master equation reveal no substantive transition at this point. Instead, the scaling
assumptions that underlie this analytical prediction break down near the vicinity of p =
0.75, and no sharp phase transition is observed. Rather, this value corresponds to the
onset, of noticeable skewness in the distribution—a gradual structural change rather than
a critical point. True bimodality emerges only when p exceeds the empirically determined
threshold p°" = 0.836.

An interesting takeaway is the fact that unless p = 1, the normalized group sizes
equalize. Consider a scenario in which an uninformed individual encounters information
online from one side of a debate (for example, anti-vaccine arguments). If there is even
a slight chance that this individual is not persuaded and instead ends up joining the
opposing camp (p < 1), then the two opposing camps will tend toward the same size,
without one or the other winning. This is in stark contrast to most majority opinion
dynamics. The key distinction is that, in my model, opinions do not convert opponents
but rather compete to attract those who have yet to form an opinion, and thus are growing.
While in hindsight this result is logical, as p = 1 represents proportional growth where
relative sizes of each group remain constant, and any p < 1 means actual advantage for
the minority, the outcome of group size equalization is not immediately obvious. It would
be intriguing to extend this framework by integrating it with traditional opinion dynamics
models such as the voter model [133] or majority rule model [134]. Such a combination

would capture both the internal opinion shifts among individuals already holding views
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and the external recruitment of new agents, offering a more comprehensive perspective
on the formation and evolution of public opinion.

This work assumed that agents form relations with all those already present, and they
strictly adhere to the principles of the structural balance, which forces the system into a
permanent, balanced two-clique state (two opposing factions). A natural extension would
be to consider either some noise in the link sign choice or new agents probabilistically
forming relations with neighboring agents as described in [135]. This could lead to more
complex behavior, potentially involving the formation of multiple hostile groups or a
transition towards structurally unbalanced network configurations.

Summing up, this work advances our understanding of how structural balance princi-
ples interact with randomized attachment dynamics, which might offer insights into the
self-organization of growing social alliances, adversarial communities, and other polarized

systems.
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Chapter 5
Summary

This dissertation investigates the dynamics, stability, and emergent structural properties
of signed social networks grounded in the principles of Heider’s structural balance theory.
The investigations employ two primary methodological approaches: Statistical physics
approaches are used to analyze equilibrium states and phase transitions in structural bal-
ance models across different network configurations, including multiplex networks and
sparse random graphs. While complementary, stochastic modeling techniques are em-
ployed for understanding the emergence, persistence, and relative dominance of opposing
factions during network growth.

One significant aspect of this thesis explores the extension of the Heider balance the-
ory to multiplex networks. In Chapter 2, I delve into scenarios where agents maintain
relationships across multiple interconnected layers, reflecting the multifaceted nature of
social interactions. The model incorporates intralayer dynamics based on Heider balance
and interlayer correlations inspired by Ising interactions, with temperature representing
the tolerance for imbalanced relationships. Investigating scenarios where agents maintain
relationships across interconnected layers, the analysis reveals how interlayer correlations,
modeled akin to Ising interactions, coupled with intralayer balance dynamics (influenced
by temperature as noise), shape network stability and phase transitions. Key findings
demonstrate that the multiplex nature of the network enhances the stability of the ordered
"paradise” state against thermal noise compared to single-layer networks. Furthermore,
interactions between the layer states give rise to complex phase behaviors, characterized
by distinct temperatures for interlayer synchronization (7) and the transition to disor-
der (T;). A comprehensive phase diagram for duplex systems shows the stability regions
of ordered and disordered states based on temperature and interlayer coupling strength.
It identifies multiple characteristic transition points revealed by mean-field theory and
agent-based simulations.

Recognizing that many real-world social networks exhibit sparse connectivity, the the-
sis subsequently examines structural balance dynamics on ER random graphs, again em-

ploying statistical physics methods. This investigation focuses on the transition from an
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all-positive "paradise” state to disorder under thermal fluctuations within sparse topol-
ogy. A key theoretical contribution is the derivation of the dependence of interaction
strengths on connection probability— renormalized as p~2 for intralayer Heider interaction
and p~! for interlayer Ising coupling. This renormalization recovers mean-field behavior
similar to that of complete graphs within the sparse ER setting. Analysis of triad dis-
tributions confirms the shift towards entropy-dominated configurations in the disordered
phase. Overall, it has been demonstrated that although the ER network structure con-
tains a topological disorder, the spontaneous order in structural balance for ER graphs
can still exist below a critical temperature. Such a study establishes that the critical prop-
erties of balance dynamics on random graphs can be described using a properly adapted
mean-field approach adapted to network topology.

Shifting focus from the equilibrium properties of static network structures (both mul-
tiplex and sparse) to the processes of network formation, the final part of the dissertation
investigates the faction formation in a growing network using a stochastic modeling ap-
proach. A model based on a generalized randomized Pélya urn process is introduced. In
this model, new nodes attach sequentially, forming signed links that are influenced by
an intrinsic attachment bias —representing the baseline probability of forming a positive
(friendly) link—while simultaneously being constrained to maintain structural balance.
Mathematical analysis using rate and master equations to track faction size evolution
shows that the combined influence of stochastic attachment bias and structural balance
causes the network to self-organize into two opposing, cohesive factions. Three regimes
describe the system’s behavior. In the anti-bias regime, group sizes equalize rapidly. The
dynamics reflect contrarian behavior [113], causing the system to reinforce the minority
group. In the low bias regime, which exceeds 0.5 but remains below a critical threshold,
mean faction sizes diverge, but fluctuations mask this asymmetry, keeping the distribution
unimodal. For the high bias regime, bimodality emerges, reflecting the stable coexistence
of unequal factions. A notable crossover occurs before reaching the critical threshold,
corresponds to a change in fluctuation scaling rather than a true phase transition.

In conclusion, this thesis examines multiplex networks, where agents have multiple
types of relationships across distinct layers. Structurally balanced configurations of such
networks are more stable and resilient than those of single-layer networks. This thesis also
demonstrates that stable group divisions can emerge from a simple, group-level stochastic

process, in which a new individual supports or opposes a randomly chosen person’s group.
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