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Abstract

[EN]| Keywords: lattice Boltzmann method, computational fluid dynamics, multiphase
flows, heat transfer, reactive flows.

The aim of this work is to present the application of the lattice Boltzmann method to sim-
ulate the advection-diffusion-reaction equations. These equations may be viewed as a key
building block in computational fluid dynamics modelling. In all cases, the Navier-Stokes
equations describing the motion of a fluid are coupled with equation belonging to the
advection-diffusion-reaction family to simulate multiphase flow, solidification, dynamics
of an epidemy or heat transfer. Although the physical phenomena may appear distant,

the mathematical structure of the underlying equations is similar.

[PL] Stowa Fkluczowe: gaz siatkowy Boltzmanna, numeryczna mechanika plynow,
przeptywy wielofazowe, wymiana ciepta, modelowanie reakcji.

Celem pracy jest przedstawienie zastosowania metody gazu siatkowego Boltzmanna do
symulacji réwnan adwekcji-dyfuzji-reakcji. Moga byé¢ one postrzegane jako podstawowy
element konstrukcyjny w modelowaniu w obliczeniowej mechanice ptynow. We wszystkich
analizowanych przypadkach réwnania Naviera-Stokesa opisujace ruch ptynu sg sprzezone z
rownaniem nalezacym do rodziny adwekcji-dyfuzji-reakcji, aby symulowaé przeptyw wielo-
fazowy, solidyfikacje, dynamike epidemii lub wymiang ciepta. Chociaz opisywane zjawiska

fizyczne moga wydawac sie odlegte, matematyczna struktura rownan jest podobna.
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Chapter 1

Introduction

)

“Dissertation est omnis divisa in partes tres.’

— Julius Caesar

Contents
1.1 [EN] Outline . ..... ... ...y 1
1.1.1 Macroscopic equations of interest . . . . . . .. ... ... ... 4
1.1.2  Research hypotheses . . . . . .. .. ... ... ... ..... 5
1.1.3 Research methodology . . . . . .. ... ... ... ....... )
1.2 [PL] Streszczenie . . . . . . .. .. i e e e 6
1.2.1 Rownania makroskopowe . . . . .. ..o 8
1.2.2  Hipotezy badawcze . . . . . . . . ... oo 9
1.2.3 Metodyka badan . . . ... ... ..o 10

1.1 [EN] Outline

Key words: Lattice Botzmann Method, advection-diffusion-reaction, heat transfer, multiphase-

flows.

The doctoral dissertation is based on a series of three publications presenting the for-
mulation and application of the lattice Boltzmann method (LBM) for numerical solving
of advection-diffusion-reaction equations (ADRE) coupled with Navier-Stokes equations.
From the macroscopic perspective, these equations model, among others multiphase flows,

solidification, dynamics of epidemiological processes and heat transfer. Although these



Chapter 1. Introduction

phenomena may seem quite distant, the structure of the equations is similar. As an alter-
native to solving discrete macroscopic equations, the lattice Boltzmann method focuses on
a mesoscale description of the distribution of hypothetical gas particles. This distribution
determines the density of some physical quantity, such as mass, chemical concentration
or internal energy. It can be viewed as the probability of finding the particle at a cer-
tain time and place. In each iteration, distributions are passed to adjacent mesh nodes.
This step requires data exchange between nodes. Then, a local collision step is performed
where the distributions are relaxed towards an equilibrium distribution. The selection
of the relaxation coefficients and the proper space in which the collision is carried out
has a fundamental impact on the precision and stability of the simulation. In general,
most of the effort has been made to separate the relaxation frequencies of the observable
quantities in order to achieve independence from one another. Moreover, the number of
connections between the individual lattice nodes along which the distributions can move
(velocity discretization) affects the number of moments that can be reproduced on the
lattice. Another factor is the order of discretization of the equilibrium distribution. Over
the past decades, many variants of collision operators have been proposed. The recently
published textbooks [8, 9, 10] and review articles [11, 12, 13] provide a broad presenta-
tion of the current state of knowledge. The multitude of macroscopic physical models,
combined with various implementations at the LBM level, is a challenge in analysing
factors influencing a given approach’s potential success. This work focuses on numerical
properties and LBM theory, particularly on simulating the advection-diffusion-reaction
equations. In subsequent parts of the thesis, improvements to the models available in the
literature are presented, and their numerical properties are compared.

The first part of the work introduces the lattice Boltzmann method and describes
the modelling of the advection-diffusion-reaction equations with an implicit source term
(Chapters 2 to 4). The original achievement is a thorough analysis of the methodology
that allows the addition of an entangled source element (depending on the intensity of the
transported field) while maintaining the LBM-specific, second-order convergence both in
time and in space. Due to the general form of deliberations, the publication containing
this part of the work was entitled “Revisiting the second-order convergence of the lat-
tice Boltzmann method with reaction-type source terms” and was submitted for review.
Next, the system of differential equations used in consolidated epidemiological models
was analysed (Chapter 5). It is similar in nature to the equations which can be found in
the heat and mass transfer problems. In particular, they can be considered as a system

of diffusion-reaction equations. In classical terms, a fixed-sized population is divided into
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three groups: the susceptible (S) who may be ill; infected (I) who get sick; and healed (R)
who were infected and then became immune. One of the methods of taking into account
the spatial distribution of the population and the contacts between its individuals leading
to the spread of the disease is to use the analogy to diffusion processes. Another issue
is the density of the population. In this case, works related to heat transfer are a good
source of inspiration.

The second part of the work is focused on the heat transfer in fluids. The Chap-
ters 6 to 8 provide a theoretical background. Modelling of fluids characterized by a high
Prandtl number (Chapter 9) has been recently published [4]. The problem is numeri-
cally challenging because the transfer of momentum and heat occurs at different time
scales. In order to take into account the very low thermal conductivity while maintaining
the Courant-Friedrichs-Lewy condition, the numerical diffusion of the scheme should be
limited. Consequently, numerical artefacts are dominated by dispersion errors known as
wiggles. Research focuses on possible countermeasures in terms of LBM through the use
of novel collision kernels, lattices with a large number of discrete velocities (D3Q27) and
second-order boundary conditions. For the first time, a collision operator based on the
so-called cumulants has been used to simulate both hydrodynamic and thermal fields. The
results of the numerical simulations confirm that in order to obtain the benefit of using a
lattice with a large number of discrete velocities, it is not enough to relax the first-order
moments/cumulants of the advected field. In all of the performed benchmarks, the kernel
based on two relaxation times (TRT) proved to be better than the counter candidates.

The third part of the work (Chapters 10 and 11) is devoted to the modelling of an
incompressible and immiscible two-phase fluid based on a phase-field approach. In this
model, the phase is determined on the basis of the marker function. For example, a value
of 0 indicates phase A, while a value of 1 indicates phase B. The phase field is carried
(advected) in the direction of the fluid’s movement. In order to avoid mixing components,
the so-called anti-diffusion term is added. The implementation of this part of the work
has been described in the article “A cascaded phase-field lattice Boltzmann model for the
simulation of incompressible, immiscible fluids with high density contrast.” The original
achievement is the introduction of a cascade kernel to incompressible phase-field LBM

models, which improved the stability of the schema and Galilean invariance.
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1.1.1 Macroscopic equations of interest

The advection-diffusion-reaction equation may be viewed as a key building block in CFD
modelling. In its simplest form, it describes the transport of scalar fields such as temper-
ature, or concentrations of different chemical components across the spatial domain. The
equation can be extended by addition of a source terms to account for chemical reactions,
or heat generation. Once the density of a medium is introduced, the energy transfer can be
properly modelled. Finally, a much more complex, nonlinear Navier Stokes (NS) equation

describe the motion of a fluid.

1. Hydrodynamics: The continuity and momentum equations,

F+Vopu=0
p(%+u-Vu) =—Vp+ V- (u[Vu+ (Vu)']) + F.

2. Reactive flows: General form of the advection-diffusion-reaction equation (ADRE),

%+v-¢u:v-MV¢+Q(¢).

With a bit of tuning, the ADRE can be transformed to a more case-specific equation,

which describe processes such as:

(a) Heat transfer: The internal energy equation,

0
g(pch) + V- (upc, T) =V - (kEVT) + q.

(b) Multiphase flows: Phase field evolution equation,

96 B Vo [1—4(6 — 60)?)
E+V~¢u_V~M(V¢—|V¢| S )
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(c) Dynamics of an epidemy: Set of spatial WSIR equations,

(

SW =Bw |SAW +(I—-W)
) 95 =-pEwW

21 =pBEW —~4I
| %R =l.

The detailed meaning of the symbols will be described in subsequent chapters.

1.1.2 Research hypotheses

The issues arising during the development of the model relate to the expansion of the
possibilities of numerical simulations based on LBM. What is the best description of a
given phenomenon through mathematical equations? How to solve it numerically using

LBM?” How much better results will be obtained? More specifically, one can ask:

1. How to correctly, i.e. with second-order accuracy, discretize an implicit source term

in which the reaction intensity depends on the value of the simulated scalar field?

2. How to describe the dynamics of an epidemic process using a set of spatial SIR

equations with a variable density of the population?

3. Which model should be used to simulate a heat transfer in a fluid characterized
by a high Prandtl number? How will the results be influenced by the higher order
boundary condition (interpolated anti-bounce-back) and by the advanced operator

of the collision (cascaded and cumulant collision kernel)?

4. Will the introduction of a kernel implementing a collision of distribution functions
in a moving frame of reference allow to an increase in the accuracy and stability of

the two-phase flow simulation based on the 'phase-field” approach?

To the best of the author’s knowledge, there are no answers to the above questions in the

literature. The answer requires both analytical derivation and numerical experiments.

1.1.3 Research methodology

The rapid increase of the available computing power opens up new possibilities for meth-

ods with good scalability. Due to the local nature of computations, the scalability of LBM

>
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on high-performance computers (HPC) is almost linear. In this work, the open source
TCLB solver is used, which is being developed, at the Faculty of Power and Aeronautical
Engineering of the Warsaw University of Technology, University of Queensland and the
University of Warsaw. Thanks to the use of TCLB, it is possible to perform large-scale
calculations on multi-GPU architectures. Source code and instructions are available at:
https://github.com/CFD-GO/TCLB

https://docs.tclb.io/

In order to carry out the research, a set of programming tools was developed. They enable
automatic generation of the source code as well as symbolic integration and calculation
of moments of the Maxwell-Boltzmann equilibrium distribution function both in the con-
tinuous and discrete versions, which is of key importance in the analysis of macroscopic

equations.

1.2 [PL] Streszczenie

Stowa kluczowe: metoda gazu siatkowego Bolztmanna, réwnania adwekcji-dyfuzji-reakcji

wymiana ciepta, przeptywy wielofazowe.

Niniejsza rozprawa doktorska oparta jest o cykl trzech publikacji przedstawiajacych
sformutowanie i zastosowanie metody gazu siatkowego Boltzmanna (LBM) do
numerycznego rozwigzywania réownan  typu adwekcji-dyfuzji-reakcji  (ADRE)
sprzezonych z réwnaniami Navier-Stokes’a. 7 perspektywy makroskopowej rownania te
modeluja m. in. przeptywy wielofazowe, solidyfikacja, dynamike proceséw epidemiolog-
icznych oraz wymiane ciepta. Chociaz zjawiska te moga wydawaé sie dos¢ odlegte, struk-
tura rownan jest podobna.

Alternatywnie do rozwiazywania dyskretnych rownan makroskopowych, metoda gazu
siatkowego Boltzmanna koncentruje sie na mezoskalowym opisie ruchu dystrybucji czastek
hipotetycznego gazu sieciowego. Dystrybucja okresla gestos¢ danej wielkoSci fizycznej.
Mozna ja postrzegaé¢ jako prawdopodobienstwo znalezienia czastki w okreslonym czasie
i miejscu. W kazdej iteracji, dystrybucje przekazywane sa do sasiednich weztow siatki.
Krok ten wymaga wymiany danych miedzy weztami. Nastepnie, wykonywany jest lokalny
krok kolizji, w ktorym dystrybucje relaksowane sa w kierunku rozktadu réwnowagowego.
Dobér wspotezynnikow relaksacji oraz wtasciwej przestrzeni w ktorej realizowana jest

kolizja ma fundamentalny wptyw na precyzje i stabilinos¢ symulacji. Ogolnie rzecz biorac,
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wigkszos¢ wysitku ma na celu oddzielenie czestotliwosci relaksacji wielkosci obserwowal-
nych w celu uzyskania ich wzajemnej niezaleznosci. Ponadto, liczba potaczen pomiedzy
poszczegllnymi weztami siatki po ktérych moga przemieszczaé sie dystrybucje (dyskre-
tyzacja predkosci) rzutuje na liczbe momentéw jakie mozna oddaé na kracie. Kolejnym
czynnikiem jest rzad dyskretyzacji rozkladu réwnowagowego. W ciagu ostatnich
dziesiecioleci zaproponowano wiele wariantéw operatorow kolizji. Szeroka prezentacje ak-
tualnego stanu wiedzy zawieraja wydane niedawno monografie [8, 9, 10] oraz prace pordw-
nawcze [11, 12, 13]. Mnogo$¢ makroskopowych modeli fizycznych, w potaczeniu
z roznorakimi implementacjami na poziomie LBM stanowi wyzwanie w analizie czyn-
nikéw wplywajacych na potencjalny sukces danego podejscia.

Niniejsza praca skupia si¢ na wtasnosciach numerycznych oraz teorii LBM ze szczegdl-
nym naciskiem na symulacje réwnan adwekcji-dyfuzji-reakcji. Rozprawa rozpoczyna sie
wprowadzeniem do metody gazu siatkowego Boltzmanna (rozdzialy 2 i 3). Nastepnie
mozna wyrozni¢ trzy czesci opisujace rozne zastosowania rownan adwekcji-dyfuzji-reakcji.
W ramach poszczegdlnych czesci, przedstawiono udoskonalenia modeli dostepnych w lit-
eraturze, a nastepnie poréwnano ich wtasnosci numeryczne.

Pierwsza cze$¢ pracy (rozdzialy 4 i 5) opisuje modelowanie réwnan adwekcji-dyfuzji-
reakcjii  z uwiklanym  czlonem Zrédlowym. Oryginalnym  osiggnieciem  jest
doktadne przeanalizowanie metodyki pozwalajacej na dodanie uwiklanego cztonu
zrodlowego  (zalezacego od intensywnosci transportowanego pola) z zachowaniem
wlasciwego dla LBM, drugiego rzedu zbieznosci zarowno w czasie jak i w przestrzenii. Ze
wzgledu na ogdlng forme rozwazan publikacja zawierajaca ta cze$é¢ pracy otrzymalta tytut
“Revisiting the second-order convergence of the lattice Boltzmann method with reaction-
type source terms” i zostata ztozona do recenzji [3]. Ponadto, przeanalizowany zostat uktad
rownan rézniczkowych stosowanych w skonsolidowanych modelach epidemiologicznych.
Ma on podobny charakter do rownan spotykanych w zagadnieniach transportu ciepta
i masy. W szczegdlnosci mozna je rozwazaé jako uktad rownan typu dyfuzji-reakeji. W
klasycznym ujeciu populacje o statej wielkosci dzieli sie na trzy grupy: podatni (S), ktére
moga chorowaé; zainfekowani (I), ktérzy choruja; i ozdrowiali (R), ktérzy zostali zarazeni,
a nastepnie stali sie odporni. Jedng z metod uwzglednienia przestrzennego rozmieszczenia
populacji oraz kontaktéw pomiedzy jej osobnikami, a w konsekwencji rozprzestrzeniani
si¢ choroby jest wykorzystanie analogii do proceséow dyfuzji. Osobnym zagadnieniem jest
kwestia gestoéci o$rodka (populacji). W tym przypadku dobrym Zrédlem inspiracji sa
prace po$wiecone wymianie ciepta.

Druga cze$¢ pracy (rozdzialy 6,7 i 9) przedstawia zagadnienia zwiazane z wymiang
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ciepta dla przeptywéw z wysoka liczba Prandlta, i zostata opublikowa [4]. Zagadnienie
uwarunkowane w ten sposob stanowi wyzwanie numeryczne, poniewaz transfer momentu i
ciepta wystepuje w réznych skalach czasowych. Aby uwzgledni¢ bardzo niska przewodnosé
cieplng z zachowaniem warunku Couranta-Friedrichsa-Lewy’ego nalezy ograniczy¢ nu-
meryczng dyfuzje schematu. W konsekwencji artefakty numeryczne sa zdominowane przez
btedy dyspersji znane jako wiggles. Badania skupiajag sie na mozliwych srodkach zarad-
czych w ramach LBM poprzez zastosowanie nowatorskich kerneli kolizyjnych, krat o
duzej liczbie dyskretnych predkosci (D3Q27) oraz warunkéw brzegowych drugiego rzedu.
Po raz pierwszy operator zderzen oparty o tzw. kumulanty zostal wykorzystywany do
symulacji zaréwno pola hydrodynamicznego jak i termicznego. Wyniki symulacji nu-
merycznych potwierdzaja, ze aby uzyskac¢ korzys¢ z zastosowania kraty o wickszej liczbie
predkosci dyskretnych, nie wystarczy relaksowaé pierwszego rzedu momenty/kumulanty
adwekowanego pola. We wszystkich przeprowadzonych testach kernel oparty na dwdch
czasach relaksacji (two relaxation time, TRT) okazat sie lepszy od kontrkandydatow.
Trzecia cze$¢ pracy (rozdziaty 101 11) poswiecona jest modelowaniu niemieszalnego
i niescisliwego ptynu dwufazowego w oparciu o podejscie typu phase-field. W modelu
tym faze okresla si¢ na podstawie funkcji wskaznikowej. Przyktadowo, wartosé 0 wskazuje
na faze A, podczas gdy wartos¢ 1 wskazuje na faze B. Pole fazowe jest unoszone (ad-
wekcja) zgodnie z kierunkiem ruchu plynu. Aby uniknaé¢ wymieszania sie sktadnikow
do r. adwekcji-dyfuzji pola fazowego wprowadza sie tzw. czlon antydyfuzyjny. Realiza-
cja tej czedci pracy zostala opisana w artykule “A cascaded phase-field lattice Boltz-
mann model for the simulation of incompressible, immiscible fluids with high density con-
trast” [5]. Oryginalnym osiagnieciem jest wprowadzenie kaskadowego jadra (ang. kernela)
do niescisliwych modeli typu phase-field LBM, co pozwolito na poprawienie stabilnosci

schematu oraz niezmienniczosci Galileusza.

1.2.1 Roéwnania makroskopowe

Réwnanie adwekcji-dyfuzji-reakeji (ADRE) moze byé postrzegane jako podstawowy el-
ement konstukcyjny w modelowaniu w obliczeniowej mechanice pltynéow. W najprost-
szej formie, opisuje ono transport pol skalarnych, takich jak temperatura lub stezenie
sktadnikow chemicznych w domenie przestrzennej. Dodanie cztonu zrédtowego pozwala
na zamodelowanie reakcji chemicznych lub generacji ciepta. Po uwzglednieniu gesto$é

ofrodka, réwnanie umozliwia modelowanie transportu energii. Wreszcie, znacznie
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bardziej ztozone, nieliniowe réwnania Navier-Stokes’a (NS) opisuja ruch ptynu.

1. Hydrodynamika: Rownanie ciatosci i transportu pedu,

%vLV-pu:O
p(%+u-Vu)=—-Vp+ V- (uVu+ (Vu)']) + F.

2. Przeplywy reaktywne: Ogélna forma réwnania adwekcji-dyfuzji-reake;ji,

aa—(f+v-¢u:V-MV¢+Q(¢).

Po niewielkich modyfikacjach, réwnanie adwekcji-dyfuzji-reakcji moze zostaé uzyte

do opisu proceséw takich jak:

(a) Transport ciepta: Réwnanie transferu energii wewnetrznej,

0
a(pch) + V- (upc,T) =V - (kEVT) + 4.

(b) Przeplywy wielofazowe: Réwnanie ewolucji pola-fazowego,

9 B
a+v-¢>u_v-M(v¢>—

Vo [1—4(p — ¢o)?] )
Vo ¥ ’

(c) Dynamika proceséw epidemiologicznych: Uktad réwnan WSIR,

.

2\ =By [%AW (- W)}
58 =—psw
S =BIW —~yI

| %R =l.

Zmaczenie poszczegdinych symboli zostao przedstawione w kolejnych rozdziatach.

1.2.2 Hipotezy badawcze

Zagadnienia jakie pojawiaja si¢ w trakcie rozwoju modelu dotycza poszerzania

mozliwosci symulacji numerycznych opartych o LBM. Jak najlepiej mozemy opisa¢ dane
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zjawisko przy pomocy réwnan matematycznych, a nastepnie jak rozwigza¢ je numerycznie

przy uzyciu LBM? O ile lepsze wyniki uda si¢ uzyskac¢? Bardziej konkretnie, mozna za-

pytac:

1. Czy wprowadzenie jadra (ang. kernel) realizujacego kolizje funkcji dystrybucji w
ruchomym uktadzie odniesienia pozwoli zwickszy¢ doktadnosé i stabilno$é¢ symulacji

przeptywu dwufazowego modelowanego w ujeciu typu ‘phase-field’?

2. Jak poprawnie, czyli z doktadnoscia drugiego rzedu, zdyskretyzowaé¢ uwiktany czton
zrodtowy, w ktorym intensywnosé reakcji zalezy od wartosci symulowanego pola

skalarnego?

3. Jak opisa¢ model rozwoju epidemii w oparciu o przestrzenne réwnania typu SIR z

uwzglednieniem zmiennej gestosci populacji?

4. Jakiego modelu uzy¢ do symulacji przeptywu 2z wymiang ciepta
charakteryzujacego sie wysoka liczbg Prandtla? Jaki wptyw na wyniki bedzie miat
warunek brzegowy wyzszego rzedu (interpolated anti-bounce-back), a jaki zaawan-

sowany operator kolizji (cascaded and cumulant collision kernel)?

Wedtug najlepszej wiedzy autora, w literaturze brak jest odpowiedzi na
powyzsze pytania. Poszukiwanie rozwiazan wymaga zarowno wyprowadzen analitycznych

jak i eksperymentéw numerycznych.

1.2.3 Metodyka badan

Gwaltowny wzrost dostepnej mocy obliczeniowej otwiera nowe mozliwosci dla metod
cechujacych sie dobrg skalowalnoscig. Dziegki lokalnemu charakterowi obliczen,
skalowalno$¢ LBM na systemy obliczeniowych o duzej wydajnosci (High-performance
computing, HPC) jest niemalze liniowa. W pracy badawczej uzywany jest solver TCLB o
otwartym kodzie Zzrédtowym, ktory jest rozwijany m.in. na Wydziale Mechanicznym Ener-
getyki i Lotnictwa Politechniki Warszawskiej, University of Queensland oraz Uniwersytecie
Warszawskim. Dzieki wykorzystaniu TCLB, mozliwe jest wykonywanie wielkoskalowych
obliczen na architekturach typu multi-GPU. Kod Zrédtowy oraz instrukcja dostepne sg
na:

https://github.com/CFD-GO/TCLB

https://docs.tclb.io/

W celu realizacji badan rozwiniety zostal zestaw mnarzedzi programistycznych.

10
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Umozliwiaja one automatyczne generowanie kodu zrédtowego, oraz symboliczne
catkowanie i obliczanie = momentéow  funkcji  dystrybucji = rownowagowej
Maxwella-Boltzmanna zaréwno w wersji ciggtej oraz dyskretnej, co ma kluczowe znaczenie

przy analizie rownan makroskopowych.

11






Chapter 2

The Lattice Boltzmann Method

“There are no foreign lands. It is the traveller only who is foreign.”

— Robert Louis Stevenson

Part of this chapter (Sections 2.3 to 2.5) is based on the manuscript, which is available

online [3].
Contents
2.1 From kinetic theory of gases to Boltzmann equation .. . . . 14
2.1.1 Basic properties of the equilibrium and the collision operator . 16
2.2 From Boltzmann equation to discrete Boltzmann equation . 18

2.3 From discrete Boltzmann equation to lattice Boltzmann method 19

2.3.1 Calculation of the scalar field . . . . .. ... ... ... .... 22
2.3.2 Imitialization . . . .. ... ... ... 24
2.4 Example: Direct derivation of the 0D scheme from ODE. .. 24
2.5 Notes on integration of the discrete Boltzmann equation .. 25
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The LBM is a widely used numerical scheme for solving both the NS equations and
ADRE. Its popularity has significantly risen in the recent three decades due to its ability
to handle complex boundary shapes and its relative ease of implementation and paralleli-
sation. Several numerical methods are currently used across academia and industry for
solving both the Navier Stokes and advection-diffusion equations. These include, but are
not confined to, finite difference, finite volume [14], and finite element method (FEM) [15],

which all discretise the macroscopic equations directly. Alternatively to solving discretised

13
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macroscopic equations, the LBM focuses on the evolution of a particle distribution func-
tion. As a consequence, LBM has specific features (see Figure 2.5), some of which will be

discussed in details thorought the thesis.

2.1 From kinetic theory of gases to Boltzmann equa-
tion

Between the description of a continuous flow and movement of individual molecules there
is a mesoscopic scale, as shown in Figure 2.1. At this scale, we investigate a representative

set of molecules in terms of their distribution. The distribution function define the density

(a) Macroscopic scale (b) Mesoscopic scale (c) Microscopic scale

¢ R RN PR
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Solid and Fluid Particles distribulic—n Molecule
I Kn number
0 | - 00
0.1 10.0

FIGURE 2.1: Illustration of fluid flow in different scales. The Knudsen num-
ber (Kn) describes the a ratio of the mean free path of the gas molecules
to the macroscopic length of the flow domain. Figure from [16].

of some macroscopic physical quantity (such as mass or chemical concentration) across
space. From the mesoscopic perspective, it can be viewed as the probability of finding a
quantity-carrying particle with a given velocity and coordinates at a given time. In the
discretised form, the set of velocities is finite. In each iteration, the discretised distributions
are passed to neighbouring nodes along these velocities, in a step called streaming. This
requires exchange of information with neighbouring nodes. Next, a local collision step is
performed in each node, which relaxes the distribution function toward some form of an
equilibrium. Let us investigate what kind of physical processes can be described by the
lattice Boltzmann equation. To do so, consider a continuous distribution function g(¢, x, §)

which describes a probability of finding a particle in a phase space. Assume (for a while)

14
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FIGURE 2.2: Phase space (left) for a damped oscillator g = g(¢, x, &)

that particles are travelling but not interacting with one another. In an infinitesimally

small volume of the phase space dxd§, the system can be described as,
Gnocollisions(t + dt, @ + dx, u + d€)dxd€ = gnocottisions(t, T, &)dxd€ (2.1)
Now, we are ready to include the collision term Q(g):
gt +dt,x + dx, & + d€)dxd€ = g(t, x, &)dxd€ + Q(g)dxdEdt (2.2)

Expand into Taylor series,

99

dt + Vzgdx + Vegd€ (2.3)

Plug Equation (2.3) into Equation (2.2),

g(t,x, &) + %dt + Vgdx + Vggdﬁ} dxdé = {g(t, x, &) + Qg)dt | dxd€ (2.4)

Next we have to reformulate the mesoscopic velocity & = fl—f and acceleration 3 = a =

TLG, where Y§ is the zeroth order moment of the g distribution, i.e., T§) = [ gd€. The
00

result, has been formulated by Ludwig Boltzmann in 1872 [17] and is known as the

Boltzmann Equation (2.5). It can be viewed as a substantial derivative (of an intensive

quantity ¢g) which is equal to the collision term 2 applied to the distribution function of
g:

2 (€ Valo+ (5 Ve) o= 900 25)
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Depending how we interpret g, different macroscopic partial differential equation (PDE)

can be recovered from the streaming and collision routine:

gt +dt,x + dx, & + d€)dxd€ = g(t, x, &)dxd€ + Q(g)dxdEdt (2.6)
Stre;rming Coll\z;ion

2.1.1 Basic properties of the equilibrium and the collision oper-

ator

The collision operator, 2(g), has to obey the conservation laws.
JEONGUEE 27)

To simulate the NS, we will require x (&) = {1, €, %} Moreover, the moments of the meso-
scopic distributions have to match macroscopic quantities such as density, p, momentum,
pu, and total energy, pE. Let us denote the distributions corresponding to hydrodynamic
field with f = f(x,&,1).

p— [ sae 2.8)
pu= [ rede (2.9)
pF = p(% + ) — 5 [ reae (2.10)

Observe, that the internal energy, e, is the second central moment (also known as the

variance) of the distribution function,

2
pe— [1E5HE reae (2.11)
(2.12)

as w is the mean (macroscopic) velocity weighted by the particle distribution function.
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2.1. From kinetic theory of gases to Boltzmann equation

The relationship between pressure, temperature and internal energy is described by

an equation of state. For an ideal gas, one can write,

e=c,T (2.13)

b= pRgasT (214)

where ¢, = %Rgas is the heat capacity at constant volume of mono-atomic gas, D is the
number of spatial dimensions and R,,s = k,/m is the gas constant.

The simplest collision model has been proposed by Bhatnagar, Gross and Krook [18]

in 1954. It applies a single relaxation time 7 towards an equilibrium state,

. (9 —9g%). (2.15)

T

Q(9)

The local thermodynamic equilibrium shall maximize the entropy and is given by [17],

g% = UME vy o & p) (2.16)
o Yoo {_ (€ - H)T
~ (2m0?)P/2 b 202
Yo [ (E-w)?
~ (2mc?)D/2 “rp 2¢2

where the scalar quantity of interest (like density, phase-field or internal energy) is equal
to the sum of the distribution, Yoo = [ WM “dg, the macroscopic velocity is the mean
value of the distribution w = pu, the lattice speed of sound corresponds to the variance of
the distribution ¢2 = Ry,sTp = 0. Assuming isothermal equation of state, the ideal gas
law can be expressed as p = pRyqs10, where Tj is a constant, reference temperature. The
heat transfer simulated in this thesis is based on a decoupled model [19]. It is assumed
that the change of temperature does not affect properties (such as density or viscosity) of
the fluid. The buoyancy effect, can be obtained using the Boussinesq Approximation [19]
or change the variance of the distribution [20].

To simulate advection-diffusion-reaction equation coupled with NS, another set of
distribution functions h = h(x, &,t) is introduced. This additional set evolves between
the same lattice nodes and at the same time-steps as the hydrodynamic one (further

discussion is provided in Chapter 9). Denoting the advected field with ¢, the moments
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Chapter 2. The Lattice Boltzmann Method

of h for a weakly compressible scheme reads,

po— [ hie.
pou= [ nede

(2.17)

(2.18)

The procedure of recovering of the macroscopic ADRE is discussed in Chapter 7.

2.2 From Boltzmann equation to discrete Boltzmann

equation

To construct a numerical scheme from the Boltzmann equation (BE) (see Equation (2.5)),

the mesoscopic velocity space, &, has to be discretized Figure 2.3. Unfortunately, the de-

= .
3 Boltzmann
a Equation
o
o
Velocity
3 Magnitude
‘/ = Latti
= attice
§ - % Boltzmann
B A T 2 Method
}|» [/ k //;\\/ o
| \T\H_L" Velocity
| / Magnitude

FIGURE 2.3: Discretization of the velocity space: & — e;.
Figure courtesy of M. Dzikowski [21].

pendence of the unknown particle distribution function, g, on the mesoscopic velocity & is
9 — F_is the acceleration) He

unknown. To approximate the gradient a-V¢g (where a = 3; = &
00
et al. [22] proposed to approximate g by its dominant, equilibrium part @ - V¢g®. Assum-

ing that the LBM scheme is formulated in a weakly compressible form (see Sections 11.5
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2.3. From discrete Boltzmann equation to lattice Boltzmann method

and 11.6 for the incompressible formulation),

g%

F 7 N
Fiu®) = (g Ve ) W77 TG 6 u)
00
F F (-
N Vg = —— > T peq 2.1

Introducing the discrete velocity vectors as e;, the discrete Boltzmann equation reads,

0 -0 , . 1, .
J

and plugging in Equation (2.19),

9 e g Fi (6Z — uj)ggq _ 1 (g¢q<TG u) — g,) + (Y8, 2, 1) (2.21)
ot ot XS 2 v WA ‘ oo R '

where ¢;(g, x,t) is an additional source term.

2.3 From discrete Boltzmann equation to lattice Boltz-

mann method

In general, the derivations of the conventional LBM numerical schemes present in the
literature, can be broadly divided into two groups. First one is referred as bottom-up and
the second one as top-down approach.

The bottom-up procedure starts from an a priori postulated discrete evolution scheme.
It proceeds with an expansion procedure (such as Chapman-Enskog) to recover the macro-
scopic equations and to analyse its order of accuracy. Knowing the difference between the
target and recovered equation, one can apply corrections to account for the unbalanced
terms. Regarding the advection-diffusion-reaction equation, the missing terms are recog-
nised as spatio-temporal derivatives of the source term. To regain second-order accuracy
of the numerical scheme, two approaches can be distinguished. Shi et al. [23, 24] evalu-
ated the derivatives using standard finite-difference stencils. On the other hand, Seta [25]
and Chai et al. [26] realised that a redefinition of variables allowed the problem to be
resolved, while preserving the locality of the underlying scheme. An analogous analysis

regarding the forcing term in the NS equations have been done by Guo et al. [27].
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Chapter 2. The Lattice Boltzmann Method

In the top-down approach, the DBE is first constructed. It is then integrated along its
characteristics to derive the fully discrete scheme [28, 29, 30]. In most cases, the resulting
time integration scheme will be implicit. Again, redefinition of variables can be used to
transform it into explicit equations [31]. Finally, it is interesting to notice, that some
alternative LBM schemes are also being developed [32, 33, 34].

Readers interested in a detailed discussion on analysis methods are referred to [35,
36, 37]. In this work the iterative scheme is derived using the top-down approach, i.e. by
direct integration of the DBE.

Given an advection-diffusion-reaction equation,

T4V (ug) = V- (MY9) + Q.. 1), (2.22)

where ¢ denotes the scalar field, u refers to an advection velocity, M is a diffusion coefhi-
cient, and @) is the source term. The DBE reads,
Ot D = 2 (h5(0,w) — ) + 0., ) (2.23)
ot " Ox; T A
where h®? is the equilibrium distribution, ¢ is the source term, ¢ = ). h; is the scalar
field, and w is the advection velocity. It is important to reiterate here that the source term
depends on the investigated scalar field. To the best of the authors’ knowledge, such a
form has not been discussed in the literature. With an appropriate choice of equilibrium
distribution [10], this equation can be shown to represent the advection-diffusion-reaction
equation with, ¢ = ). h;, and Q = ) ¢;. The equations for the equilibrium distribution
are presented in Section 3.3. An important property of the equilibrium that will be used,
is,
> hi (e, u) = 6. (2.24)
Contrary to classical numerical methods, such as finite-volume or finite-element method,
the space and time integration can not be treated independently in the construction of a
conventional LBM scheme. For a fixed ¢, x and ¢, the characteristic of DBE is given by

x(w) =x + we;, and t(w) =t + w. Integrating over @ from 0 to 1 we get,

/1 gh—i—ejih- dw—/l l(heq—h)%—‘ dw (2.25)
o \ae i TGy, ) T )\ T T e '

' N~

Iy Iz
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2.3. From discrete Boltzmann equation to lattice Boltzmann method

Two integrals, I; and I, can be identified in the integration process of the DBE. To denote
the variablesfrom the next time step, the hat superscript is used in this work. Namely,
E=wx+e,t=t+1 ¢ =0t and & = u(i,¢). The first integral can be evaluated

directly, as it is a material derivative of h;,

1 a a o

The second integral can be approximated by the trapezoidal rule,

1 <% (hi* — hi) + Qz) dw
~3 E (426 0) — hul@, D) + b, 8) + - (W6, w) — hilie, 1) + (6, 1)
(2.27)

Integrating Equation (2.27) over the characteristics, and collecting the variables from

the next time step (which depend on & and f) on the left hand side gives,

Equation (2.29)
7\

- {1 — QL] hi(z,t) + heq(gb, u) + ;qi(gb,m,t). (2.28)

Next, a shifted distribution, A, is introduced to remove the implicit relation from Equa-
tion (2.28). To illustrate the idea, a simple example of variable shift in a ordinary differ-
ential equation is presented in 2.4. A general description of this procedure in the contexts
of LBM can be found in the textbook by Kriiger et al. [9, Chapter 3.5]).

The new (shifted) distribution, denoted with a tilde, is defined as,

hi(e) = [1 - %} hi(e) — %hf%.) - %qi(o) (2.29)
— o) = 1 () 50+ (e ) 2:0)

where e is a placeholder for variables in either ¢ or £. Substituting Equation (2.29) into the
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Chapter 2. The Lattice Boltzmann Method

left-hand side of Equation (2.28) and Equation (2.30) into the right-hand side of Equa-

tion (2.28) leads to a fully explicit evolution scheme (see 2.5 for details),

hi(x + et +1) = hX(z, 1) = (1 — s)hi(e, ) + shS (¢, u) + (1 - g) (o, 1), (2.31)

where a relaxation frequency, s = has been introduced to simplify the expression.

1
TH+1/27 i
The post-collision densities are denoted as h*. It shall be underlined, that h is the variable
being solved in the implementation of a LBM scheme. It is denoted with a tilde in this work
to distinguish it from the non-shifted population, h. The differences in the discretisation
schemes available in the literature are discussed in 4.5. The concept of the streaming step

is illustrated in Figure 2.4.

FIGURE 2.4: The streaming step on a D2Q9 lattice.

2.3.1 Calculation of the scalar field

Equation (2.31) would be an explicit iterative scheme for h, if not the implicit dependence
on the scalar field, ¢. One can calculate ¢ from h by summation of Equation (2.29) noting
that both Y. h; and ). hi? are equal to ¢,

&;Z;}i: <1+%> Zhi(m,t) —%th%gﬁ,@—%Z%(@%ﬂ

1 1 1
= {1‘1‘;} ¢—Z¢—§Q(¢,$at)

=6~ 3Q0,,1). (232
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2.3. From discrete Boltzmann equation to lattice Boltzmann method

Since the source term depends on the scalar field, Q@ = Q(¢,x,t), one must solve the
implicit equation for ¢ to retain the second-order convergence of the underlying scheme.
This can be done with a sub-iteration routine, such as bisection or Newton’s method, and
in certain cases it can be solved analytically. In Table 2.1, a set of common source terms
is presented with corresponding equations for the scalar field, ¢. In some cases multiple
solutions to the implicit equation can exist, and physical limitations must be applied to
select the appropriate value. For these cases, the relevant conditions are listed in the notes.
If ) is dependent only on the spatial, &, and temporal, ¢, location, the equation reduces

to, ¢ = & + %Q(m, t), which is commonly encountered in the literature.

Class Source term Equation for ¢ Notes

No source term Q=0 b=

¢ independent term Q = Q(z,t) b=+ %Q(az, t)

General 1st order term @ = —A(¢ — ) b=¢+ 2%\)\(7 — )

Linear decay Q=-X¢ ¢ = Q%\QB

General 2nd order term  Q = —A(¢> — B¢ +C) ¢=a+ %(Z; +a2—C for ¢ > «a, where

«=f-1

Logistic model Q= \p(1 — %) p=a+ Q%qzz + a? for ¢ > «, where
| a=1(1- )

Gompertz model Q=—-\o ln% o= aeMGE) for ¢ > a%, where

o= ’ye’§7 and W
is the Lambert W
function

Allen-Cahn equation Q= Xp(1—¢? o

I
Qlx
I
Q

for A\ < 2, where
_ 2-) _
= % B =

, and C =
VVB2+ A3 - B

implicit equa-

>0 :j>

w

General term Q=Q(¢,x,t) ¢ — %Q((ﬁ, x,t)

I
©

tion, which can
be solved with

sub-iterations

TABLE 2.1: Calculation of the value of the macroscopic scalar field ¢ from

the sum of LBM densities ¢ = >, h;. In cases of higher order terms, only

one branch of the implicit function is selected, based o physical considera-
tions.
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Chapter 2. The Lattice Boltzmann Method

Observe, that the equation for the macroscopic quantity, ¢, is independent of the LBM
scheme being used. Namely, for any collision operator, for example single relaxation time
(SRT), multiple relaxation time (MRT) or cascaded LBM, and any discretisation of the

source term, ¢;, the equation will stay the same.

2.3.2 Initialization

As the densities simulated in the LBM are different than the DBE densities, the difference
must to be taken into account in the initialization procedure. Namely, if one assumes the
DBE to be initialized by the equilibrium distribution function, the LBM densities need

to be initialized as,

hi(x,0) = hi?(¢o, wo) — %%(%,%0)
= h*(o, uo), (2.33)

where ¢y and ug are the initial values of the macroscopic field and advection velocity
respectively. Taking advantage of Equation (2.32), the initialization procedure can be
simplified by calculating ¢o. Omission of this crucial adjustment of the initialization pro-
cedure will result in a solution inconsistent with the desired initial condition, and will
reduce the order of convergence. Note, that Equation (2.33) gives the value of the initial

distribution functions after streaming and before collision.

2.4 Example: Direct derivation of the 0D scheme from
ODE

As an illustrative exercise, a direct derivation of numerical scheme for an ordinary differ-
ential equation (ODE), analogous to the proposed LBM scheme, is presented. Consider
an ODE,

d

—¢ = t). 2.34

%6 =0Q0.1) (2.34)
Integrating it with the trapezoidal rule leads to the update formula,

ot

ot +0t) = o(t) + 5

(Q(gb(t), t) + Q(o(t + dt), t + 5t)) , (2.35)
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2.5. Notes on integration of the discrete Boltzmann equation

st

which belongs to a wider class of implicit Adams-Moulton methods. Introduction of a %

shift, similarly to the LBM derivation presented in Section 2.3,
~ ot ~ ot
¢:¢—5Q—>¢:¢+5Q7 (2.36)
allows to transform this update formula into an explicit one,

dtt-+00) + 2oty o) = 60 + Yoo, + L (Qw + Qo)

(2.37)

as long as the transformation between ¢ and & is bijective. This lead to a numerical

scheme, identical to one obtained in LBM methodology,

B+ 0t) = 6(1) +51Q(0(1). 1) where  o(1) = 6(1) + TR (238)

2.5 Notes on integration of the discrete Boltzmann

equation

To ease the reading of the main text, some of the algebraic transformations are listed here.
The substitutions can prove a useful reference for the reader, especially for newcomers,

although similar derivations can be also found LBM textbooks [9, 10].
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Chapter 2. The Lattice Boltzmann Method

Substituting Equation (2.29) into the left-hand side of Equation (2.28) and Equa-
tion (2.30) into the right-hand side of Equation (2.28) gives,

- 1, 1
- 1 hz(w,t)—i-Zhlq((b,u)-l-5(]1(33,15) 1 . 1
T 14— T
27
1 1
o |3 L o 1 L e
14— 2T 2 2T
2T
21 —1 |- 1 1 1 1
= i(x,t — R —q;(x,t —hY P, —q;(x,t
ot e+ o) + G| + 600+ Jate

2T ) + [H o 1] W6.u) + {1 L2 1} al@,1). (2.39)

T 2r+1 27 27 + 1 27 + 1
\,—1 N P v} N ~
F Fy F3
. . . 1 o )
Next, introducing the relaxation frequency, s = 12 simplifies the expressions further,
T
2r—1 2 1 2 1
2r+1 27+1 27+1 T+1/2
1 27 — 1 1 4 2
B=— |1+l =2 T _ =5 (2.41)
27 21+ 1 272r+1  27+1
1 21 — 1 2 2 1 2 1 1
2 2r+1 2r+1 27+1 22741 2

Substituting Equations (2.40-2.42) into Equation (2.39), the desired Equation (2.31)

emerges,

hi(z + et +1) = X (,t) = (1 — 8)hy(a, t) + shS (¢, u) + (1 - %) gi(z,t).  (2.43)

2.6 Summary

Figure 2.5 presents six specific features of lattice Boltzmann method. Thanks to its

formulation, the collision and streaming routine makes the LBM scheme a conservative

26



2.6. Summary

one. As the collision is done locally and streaming involves only directly neighbouring
nodes, the algorithm enjoys ideal scalability on HPC clusters. Moreover, it is well suited
for GPU implementation. In each iteration, the distributions travel along the lattice links,
thus the simulation can inherently capture the unsteadiness of fluid flow. The algorithm is
implemented in an explicit manner and there is no global matrix inversion. However, the
shift of variables gives the method properties of a second order implicit scheme, i.e. makes
it suitable to simulate flows characterized by large diffusivity coefficient (like viscosity or
conductivity). Finally, the Cartesian grid allows to import a complex geometry without

meshing process in opposite to classical computational fluid dynamics (CFD) solvers.

Almost ideal
scalibility on HPC

Explicit algorithm;

Conservative scheme L .
no global matrix inversion

Cartesian grid;
easy to import
complex geometry

2nd order convergence,
properties
of implicit scheme

Inherently unsteady flows

FIGURE 2.5: LBM features.
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Chapter 3

The collision kernels

“The first casualty when war comes is truth.”

— Hiram Johnson

Contents

3.1 Collisionspace . . . . . . .ottt t .. 29
3.2 Discretisation of the velocity space . . . . . . ... ... .... 30
3.3 Moments of the distribution . . . . . ... ... ... ..., 31

3.3.1 Aliasing of moments . . . . . ... ... ... 34
3.4 Discretisation of the equilibrium distribution function . ... 34
3.5 Transformation matrices . ... ... ... ... ..., 37
3.6 Two Relaxation Time (TRT) .. ... .............. 39

3.6.1 TRT in central moments space . . . .. ... ... ... .... 41

In this chapter a closer look at selected collision kernels and relaxation strategies is

provided.

3.1 Collision space

During the last decades, a variety of collision operators have been proposed. For the de-
tailed discussion of this subject, the reader is referred to the comparative works [11, 12, 13]
and established textbooks [9, 10]. Substantial effort was made to use the mutual indepen-
dence of the observable quantities (such as density, momentum, stress tensor components,
etc.) to separate their relaxation frequencies and improve stability. In the simplest form

of the collision operator, a single relaxation time (SRT) is assigned to all distribution
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Chapter 3. The collision kernels

functions. The next concept follows from the fact that the observable quantities can be
found as moments of the distribution function [38, 9]. As different relaxation rates can
be assigned to each moment, the MRT name has been coined [38]. The moments can
be calculated in stationary or moving reference frame and are refereed as raw or central
moments (CM) respectively [39]. A method, in which the relaxation rates of odd and even
raw moments are separated has been originally proposed by Ginzburg [40], and is known
as two relaxation time (TRT).

The proper choice of the combination of moments used during the collision step plays
important role for the stability of the scheme. Dubois et al. [41] have benchmarked
two frequently used sets in the contexts of NS equations. Some researchers argue that
the orthogonalisation of the transformation from distribution function to the moments’
space shall limit the cross-talk between the moments [42]. On the other hand Geier et al.
[43, Appendix I] stated that the orthogonalisation process can be the source of spurious
couplings. As a remedy, a more complex, non-linear, statistically independent quantities
known as cumulants has been proposed in [43]. The cumulants can be calculated from
the distribution function. Their use in the LBM framework resulted in the formulation
of the Cumulant Lattice Boltzmann Method, which exhibited very promising numerical

properties [43, 44].

3.2 Discretisation of the velocity space

Discretisation of the velocity space in the Lattice Boltzmann Method corresponds to the
number of links between each of the neighbouring nodes in the lattice. In general, the
choice of the discrete velocity set is dictated by the target macroscopic equation. On
the one hand, large velocity sets are expected to provide more accurate [45] and stable
solutions [46]. On the other hand, they contribute to increased memory consumption,
computational and communication cost, as well as complexity of boundary conditions.
The velocity sets are commonly described using DdQq notation, where d corresponds to
the number of spatial dimensions and ¢ accounts for the number of discrete velocities.
In order to formally discuss different LBM schemes, the concept of moments of the
distribution is introduced in this section. The general formulations is first presented for
the D3Q27 lattice (utilized in Chapter 9), as restrictions to smaller lattices or to two

dimensions can be easily derived. Using the Euclidean basis, the discrete velocities for a
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3.3. Moments of the distribution

D3Q27 lattice, shown in Fig. 3.1, read,

e=[e, e, e, (3.1)

e, =10,1,001,10-1,0,0,1,1,-1,-1,0,0,1,—1,-1,0,—-1,1,1,1, -1, —1, —I]T,
(3.2)

e, =10,0,1,0,1,0,1,0,-1,0,-1,0,1,0,1,—-1,1,-1,0,-1,1,—1,1, —1,1, —1, —I]T,
(3.3)

e, =10,0,0,1,0,1,1,0,0,-1,0,-1,0,1,-1,1,1,0,—-1,-1,1,1,—-1, -1, -1, 1, —I]T.
(3.4)

Obviously, a different set of velocity vectors e can be chosen for the evolution of f and h

/

>e

/70

FiGURE 3.1: A D3Q27 stencil.

distributions.

3.3 Moments of the distribution

The moments of distribution function can be calculated in a stationary or a moving
reference frame [39]. The so-called cascaded or central moments are moments calculated
in a reference frame, moving with the local macroscopic velocity, w. The discrete, raw and

central moments are defined as,

Yoo =D (€)™ ()" (€::)° 01, (3.5)

i

Fymno = Z(eix — )" ey — uy)" (€3x — uz)’0s, (3.6)

i
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Chapter 3. The collision kernels

where mno is a three-index, spanning triplets of positive numbers. As many equations
are formulated analogously for both f and h, the letter g will be used as placeholder for
both of these distribution functions. Notice, that for a fixed set of three-indexes mno, the
Equations (3.5) and (3.6) forming the raw, .#, and central moment, M , transforms can

be expressed as matrix multiplication [47, 48, 49],

Y = .4 (g) =g, (3.7)
kG = .M (g) = NYC, (3.8)

where Y and k denote the vector containing raw and central moments, respectively. It
is essential that M is a fixed matrix while the shift matrix, N, is dependent on the fluid
velocity, u. We select all indexes mno for which m, n and o are less than 3, in the following
order: [ 000, 100, 010, 001, 110, 101, 011, 200, 020, 002, 120, 102, 210, 201, 012, 021, 111, 220, 202,
022, 211, 121, 112, 122, 212, 221, 222 |. This choice of 27 moments results in non-singular
square matrices M and N, making the .# and M operators reversible. Remarks regarding
assembling of the matrices can be found in Section 3.5.

Now, let us adopt the D2Q9 lattice for illustrational purposes. It is the most popu-
lar choice for discretisation of 2D problems. Here, the lattice velocities, e;, and weight

coefficients are defined as,

€= [el‘?ey]’ (3'9)
€ = [071707_170717_17_171]T7 (310)
e, =[0,0,1,0,—1,1,1,—1,—-1]", (3.11)

411111 1 1 1

For moments of LBM densities, g, shifted densities g, post-collision densities, g, equi-
librium distribution, ¢°? and source term, ¢, we will use Y, 'i', 'i‘*, Y*°Y and R respectively.
As the set of densities is finite, and the velocities e are distinct, one can select a finite
set of linearly independent moments to fully represent any set of densities. For the D2Q9
lattice, the following set of moments is chosen,
-
YT =T Tio Yoo T Yoo Tiz Tor Tiz Top| - (3-13)

It is convenient to express LBM schemes in terms of moments, and not densities
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3.3. Moments of the distribution

themselves. This is because they represent specific mechanics and have physical inter-
pretations, which the densities themselves do not possess. The LBM collision operator

defined in equation Equation (2.31), can be expressed using moments as,

Tz, t) = (1-5)T(2,t) + T, u) + (1 - g)R(¢,u, ,t). (3.14)

The moments of the discrete equilibrium, Y4, are defined to be equal to moments of the

continuous Maxwell-Boltzmann distribution function, Y°(¢, u) = ¢ I'(u), where,

- AT
1

Uy
Uy
2+ u?
I'(u) = 2 +up . (3.15)
Uy,
uy (€2 + uf)
U (C + ul)

4 2002 4 22 2,2
| ¢ + o5 (ug +uy) + ugug |

One can clearly see that these moments fulfil the conditions required for representation
of the advection-diffusion-reaction equation by the DBE. A common choice of the speed
of sound ¢, is 1/ \/g, which reduces the error in higher moments. The moments of the
equilibrium distribution are truncated by some authors on the second order terms [31, 50,
51,45, 52, 53, 54, 55, 56, 57], by not including the terms u}u,, uyu; and uju;. Furthermore,
it can be truncated at first-order terms [58, 59, 60, 61, 62] giving,

1st ord
ristor er(u):[l u, u, & ¢

20 wuy? w2 ool (3.16)

S S

Formulas analogous to Equation (3.15) can be used for the D2Q5 lattice [63]. Similarly,
the moments of the source term can be expressed as R = Q(¢,x,t) I'(u). Again, some
authors simplify the source term by truncating the velocity of the equilibrium distribution
function (EDF) [64, 58]. Investigation of an error related to the order of velocity expansion
in the EDF has been conducted by Chopard et al. [65]. It has been shown that the full
order velocity expansion enhances both the Galilean invariance [39, 66, 67, 68, 69] and
stability of the LBM schemes [39, 69].
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Chapter 3. The collision kernels

3.3.1 Aliasing of moments

The aliasing error causes some of the discrete moments to be indistinguishable from
the others. For example, if the discrete velocities are contained in a {—1,0,1} set, then
(¢/)? = €/. The first moment of the normal distribution is equal to its mean value p, while
the third order moment shall be p3 + 3uc?. To reduce the aliasing error, the variance is
usually set to 02 = ¢ = 1/3. In case of the hydrodynamic distributions, f, their mean,
1, corresponds to the macroscopic velocity u, thus the aforementioned error is one of the

sources of the lack of the Galilean invariance in LBM schemes [43].

3.4 Discretisation of the equilibrium distribution func-
tion

Before the derivations, it is useful to comment on the factors influencing Galilean invari-
ance and stability within the LB framework. The first issue concerning Galilean invariance
originates from the use of standard lattices, which suffer from the aliasing of the third-
order longitudinal moments, namely €2, = e,;. Prasianakis et al. [70] and Geier et al. [43]
sought to alleviate this issue by formulating correction terms within the standard lattice
formulation. Nie et al. [66] took a different approach in which the LB scheme was ex-
tended to higher-order lattices, typically referred to as multispeed methods. According to
the work of Geier et al. [39], it does not appear possible to recover the full Galilean invari-
ance of the hydrodynamic shear rate in three dimensions when implementing a standard
LBM on lower-order lattices such as the D3Q13, D3Q15, and D3Q19. Moreover, simula-
tion of a thermal field on such a lattice could lead to defects in recovering critical Rayleigh
number [45].

Secondly, the truncation order of the equilibrium distribution function has also been
recognized to significantly impact the Galilean invariance of the flow [66, 67, 69]. Nie et al.
[66] and De Rosis and Luo [69] were able to show that Hermite polynomials up to the
sixth order were required to recover the central moments of the continuous, Maxwellian
equilibrium distribution function through its discrete analog. If a lower order is used, such
as the second order equilibrium commonly seen in LB schemes, the error can manifest
as a cubic velocity dependence on the viscosity [66]. Further, De Rosis and Luo [69]
supplemented their study with a linear stability analysis of the collision operator as a
function of Mach number, relaxation frequency and the order of the discrete equilibrium.

Similar remarks apply to the forcing term in CLBM. With the exception of the exact
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difference method [71], the forcing schemes typically used in CLBM are built from the
method derived by He et al. [22]. Premnath et al. [72] presented the extension of this
into the central moments’ formulation. Furthermore, Huang et al. [73] was able to show
the relationship between the forcing scheme of Guo et al. [27] and the discrete, as well as
continuous, schemes of He et al. [22]. Again, the difference stems from the order of the
Hermite polynomial expansion used for the forcing term. As expected, an approximation
which uses the full set of Hermite polynomials converges to the results obtained with a
continuous equilibrium. For a discussion on the recent developments of various forcing
schemes, the interested reader is pointed to the work of Fei et al. [48, 67] and Huang
et al. [73].

Finally, the Galilean invariance can further deteriorate as a result of unfavourable
coupling between moments of the distribution functions. Some of these spurious couplings
can be removed through a non-uniform weight function in the orthogonlization process.
This was shown in 2D by Dellar [74], and extended to 3D in the context of multiphase
flows by Fakhari et al. [75], in what was termed the weighted multiple-relaxation-time
method. Geier et al. [39] proposed an alternative solution in the form of the Cascaded
LBM. An interesting example of the coupling between moments has been observed in
the MRT collision kernel commonly introduced into the single-population, multispeed
LBM for thermal flows. Although the kernel facilitated simulations with variable Prandtl
number, it coupled the thermal conductivity with the velocity of the flow. Chen et al. [76]
solved the problem by recognizing that the moment corresponding to energy flux must be
expressed as an eigenvector of the collision matrix in the relative reference frame.

In addition to Galilean invariance, the stability of collision kernels plays a signifi-
cant role in their selection and practical use. The ability to suppress higher-order, non-
hydrodynamic, ghost moments, such as in models with multiple relaxation rates or regu-
larization techniques, has been observed to significantly increase the range of achievable
simulation parameters [77, 78].

Some authors favour the usage of the Hermite polynomials to discretise the equilibrium
distribution function [69, 79]. In this section, an common alternative [39] is discussed. Let
us remind Equation (2.17), which describes the continuous Maxwell-Boltzmann distribu-

tion,

\I/M_B’ eq _ \I’M_B’ eq(¢7£’ U) _ ¢ x |:_ (E B ’U,)2:| :

(27rc§)N/26 b 2¢2
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The definition of the raw and central moments for a continuous distribution is,

T = / N / ) (6) Y (6, €. u)dEd,, (3.17)
/ / » = )" (& — )", €, w)dE,dE,, (3.18)

To illustrate the analysis with a relatively short example, a D2Q9 lattice with the following

order of the raw/central moments is investigated,

Y = [To0, T10, Tor, Ta0, Yoz, Tu1, Tar, Trz, Tao] T (3.19)

T
R = [fioo’ R10, Ro1, K20, K02, K11, K21, K12, /4322] . (3-20)

The resulting moments and central moments are,

1
Ug

Uy

(w3 + c3)

Yo =05 | (u2+ ) = T4 T(u), (3.21)

Ug Uy

uy (uz +¢3)
ug (u2 + c2)

w2ul + ul 4 ul 4 ¢}) |

K& = T (3.22)

where Tgo is the zeroth order moment of the quantity of interest. For example, to express
the internal energy one would substitue ¢ = Tgo = H = pc,T.

In general, the central moments of a physical quantity being in equilibrium should be

36



3.5. Transformation matrices

independent of the velocity. Next, the discrete equilibrium distribution and source term

can be obtained using backward transformation from moments space,

hel = M1 kP, (3.23)
q=M"'R, (3.24)
or from the central moments space
hel = M IN" e, (3.25)
qg=M'N"'R, (3.26)

and the result is the same as in case of full order Hermite expansion [69, 79].

3.5 Transformation matrices

The transformation from raw to central moments can be obtained by application of the
shift matrix, N. This matrix was originally introduced by Asinari [47], and later, re-
formulated by De Rosis [80]. De Rosis’ approach allowed the distribution functions to be
transformed directly into central moments, without first transforming into moment space.
Unfortunately, the obtained matrix is dense. Moreover, each element is filled with lengthy
expressions. As a consequence, the one step transformation is computationally costly.

The shift matrix proposed by Asinari [47] is sparser. As a result, it is more suitable
to be symbolically inverted and used for automatic generation of efficient code.

From the computational point of view, it is preferred to perform the transformations

to the central moments space in two steps, using Equations (3.7) and (3.8). Since
k = Tg = NMg, (3.27)
the N matrix can be easily found as

N=TM". (3.28)
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Rows of the transformation matrices are calculated analogously to T and k. For a D3Q27

lattice, each row consists of ¢ € {1,2,...,27} elements,

ano - [anoll ) ano|2 JRERE) ano|i JREES) ano|q_1 ) ano|qi| ) (329)

oo = | Tnols s Tonols+ o Tonoli s s Tonol 1 Tonnol |- (3.30)

The mno subscript refers to the order of moment, while ¢ — th subscript indicates the

index of the element in the M ,,,, row. Each element can be calculated as,

Monol; = (€i2)™ (eiy)" (€:2)°, (3.31)

Tonol; = (€ix — ug)™ (€5 — uy)" (€42 — u2)°. (3.32)
Next, the matrices are assembled row by row as,

T
- [M0007 MlOOa M0107 M0017 MllO; MlOla M0117 M2007 M020a MOO27 Mz]k7 M222] )

M
T
T = [T0007 T1007 TOlOa T0017 TllOa TlOlv T0117 T2007 T0207 TOOZa szk7 T222] .
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For the D2Q9 lattice, utilized in Chapters 4 and 11, the matrices are presented below.

=

I
O 00 o0 o0 o0 o O -
O 00 o R O R O -

N s N s o T e B e S = S e S SO S

Uyt
—utu,
2
—uUy

2,2

| uguy,

1 1 1 1
-1 0 1 -1
0 -1 1 1
1 0 1 1
0 1 1 1
0 0 1 -1
0o 0 1 1
0 0 1 -1
0 0 1 1
0 0
1 0
0 1

—2Uy, 0
0 —2uy
—uy — Uy
2u,u, u?
u 2,y
—2u$u§ —2u,u?

1 1

-1 1

-1 -1

1 1

1 11,
1 -1

-1 -1

-1 1

1 1]
0 0
0 0
0 0
1 0
0 1
0 0

—uy 0
0 —u,
w2 u?

Y

T

—2U,,
—2uy

dugu,

o O O o O

1

0
0
0
0
0
0
1
0

—2u

Y

o O O O O o O

1

—2u,

0
0
0
0
0] -
0
0
0
]'_

(3.33)

(3.34)

The matrices have been given explicitly by Fei et al. [68], which originates from the work

of Asinari [47]. The matrices can also be obtained using Equation (3.28) which was not

explained clearly in [47, 68].

3.6 Two Relaxation Time (TRT)

The two relaxation time (TRT) collision operator was shown to have superior accuracy
and stability [40, 81, 82, 83, 84, 85| when compared to the SRT one. The TRT approach

consists of decomposing the distribution function into even (symmetric) and odd (anti-

symmetric) components [40],

even __
hgven =

hi + h;

odd __
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Chapter 3. The collision kernels

where i = —i. The discrete equilibrium distribution is treated analogously,
hgven—eq _ hfq + hzfq
1 2 Y
eq eq
hgdd—eq _ h'l - h{
y —_—r.
2

The collision reads (the source term is omitted for simplicity),
R*(%,1) = h 4 Sepen R0 — ROV 4 5, pa[hO%C — podd). (3.35)
Multiplying by M, the scheme can be transferred to the moment space
YO (x,1) = YO + Sppen[ Lo Yoeven] 4 [y dodd—eq _ pdodd] (3.36)

The TRT approach requires the odd-moments, to be relaxed with a common rate s,4q4,
while the even moments, with S.,.,. When the combination of odd and even relaxation
rates is kept constant, then the steady state, non-dimensional solution of NS or advection-
diffusion equation (ADE) is exactly controlled by the similarity numbers (Reynolds num-

ber, Péclet number, etc.) [85]. The so called magic parameter has been defined as,

1 1 1 1
A= =z ). .
(Sodd 2) (Seven 2) (3 37)

Fixing the magic parameter at specific constant values, results in a minimisation of spe-

cific types of discretisation errors, and can improve stability and or accuracy of commonly
used boundary conditions [40, 85].
It is interesting to observe, that vectors describing {T¢’e“€"’eq, T¢’e”e"} and
{x?0dd x?4 contain elements with zero values at the same indices (see Equations (3.43)
and (3.44)). In other words, the symmetric component, 5", has only even order mo-
ments, and the anti-symmetric, h;?dd, component has only odd order moments that are
Nnon-zero.

The relaxation matrix S¢ is diagonal. It has s,4q in rows corresponding to moments of

odd order, and Sq,e, otherwise. For D2Q9 the matrix is as follows,

Sd) = dwg ([Sevena Soddy Sodds Sevens Seven; Sevens Sodd) Sodd Seven]) . (338)
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3.6. Two Relaxation Time (TRT)

In case of the ADRE, the relaxation rate for odd moments, s,44, has to correspond to the

macroscopic diffusion coefficient, k,

1

Sogd = 3.39
! a5 +1/2 (3.39)
This means that the Equation (3.36) can be simplified further to:
YO (x,t) = Y7+ S (T — 1?)
= (1 —8*)Y? 4 8P ?<. (3.40)

This means that the non-orthogonal matrix of raw moments, M, provided in Equa-
tion (3.33), diagonalises the TRT collision operator [47]. For additional information on
the TRT method, the interested reader is directed to the work of Ginzburg [40], although
this particular property has not been explicitly stated there.

3.6.1 TRT in central moments space

The transformation to the central moments space can be performed in two ways. In the
first approach, which follows the original idea of Ginzburg [40, 81|, the Equation (3.36) is
multiplied by N,

K¢’*(X, t) — I‘.',¢ + Seven[nqb,even—eq o K/(j),even] + Sodd[ﬁ¢’0dd_eq _ K/(b,odd]. (341)
In the second approach, the Equation (3.40) is transformed,

n¢’*(x, t) = k? + S?(k" — K?)
= (1 —S”)Kk? + Sk, (3.42)

As the structure of {k®®ven=e4 g®even} vectors (see Equation (3.46)) do not contain
zero elements, thus the Equation (3.41) does not collapse to Equation (3.42).
In Chapter 9, the full order, discrete equilibrium distribution function given in Equa-

hc?ven—eq
7

tion (3.25) is used to express and hfdd_eq. Their moments can be calculated using
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Equations (3.5) and (3.6),

1 0
0 Uz
0 Uy
2+ 2 0
YPeven—ed — Yo uy + ¢ ) Yook =g |0
Uy Uy 0
0 Uy (ui + Cg)
0 Uge (uz + cg)
uiug + ciul + ciul + ¢ 0

(3.43)

The moments of symmetric and anti-symmetric distribution function exhibits analogous

structure,
[ Th ] [0 ]
0 T(fo
0 T&
TS, 0
yoeen — | o | Yoodd _ | , (3.44)
9, 0
0 T%
0 T(f2
T3, 0

These results extend the analysis done in [57], which was limited to raw, second-order

moments and truncated (to linear and quadratic velocity terms) discrete equilibrium
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function. Finally, the central moments are,

2u2 +
g beveneq _ Tgo 2u§ + Cg , (3.45)
DAV T

—uy (du2 + ¢2)

— Uy (4u§ + cz)

Sufuy 4 2c2(ul + ul) + ¢4

s

0

Uy

2
—2u

,odd,eq __ ¢

2
; (3.46)
—2uguy,

Uy (4u? + ¢2)
Uy (4u§ + c?)

| — (8uduy + 23 (ul +uy)) |
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Chapter 4

Reactions

“Be careful how you are talking to yourself because you are listening.”

— Lisa M. Hayes

Content of this chapter is has been submitted for publication. The manuscript is

available online [3].
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This chapter analyses an approach to consistently recover the second-order conver-

gence of the

LBM, which is frequently degraded by an improper discretisation of the re-

quired source terms. The attention is focused on advection-diffusion-reaction models, in
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which the source terms are dependent on the intensity of transported fields. Such terms
can be observed in reaction-type equations used in heat and mass transfer problems or
multiphase flows. The investigated scheme is applicable to a wide range of formulations
within the LBM framework. All considered source terms are interpreted as contributions
to the zeroth-moment of the distribution function. These account for sources in a scalar
field, such as density, concentration, temperature or a phase field. Further application of
this work can be find in the method of manufactured solutions or in the immersed bound-
ary method.

The second-order convergence of the proposed LBM schemes is verified on both linear and
non-linear source terms. The pitfalls of the commonly used acoustic and diffusive scaling
are identified and discussed. Furthermore, for a simplified case, the competing errors are

shown visually with isolines of error in the space of spatial and temporal resolutions.

4.1 Introduction

In general, the explicitness of the scheme and the second-order convergence of the LBM is
known the literature [31, 9]. Unfortunately, it may be easily degraded through inconsistent
discretisation of the source terms. This may lead to excessive computational requirements
to achieve accuracies observed in other formulations. In this chapter, we will focus on

advection-diffusion-reaction equation (see Equation (2.22)),

O 64V (uo) = V- (MV6) + Q6,2 1) (4.1)

where the source term, @, is dependent on ¢ itself, i.e., @ = Q(¢). To the best of the
author’s knowledge, such a form has not been analysed in the literature. Integration of the
DBE with trapezoidal rule leads to implicit expressions. To transform them into an explicit
scheme, a shift (redefinition) of variables is used [31, 9]. The resulting relation between
the macroscopic field, ¢, and the shifted one, ¢, can be expressed as (see Section 2.3 for
details),

6 5Q6.m1) =6 (1.2

However, in the case of ) dependent on the ¢, the Equation (4.2) is implicit itself and
potentially non-linear. The detailed analysis of this issue is the primary concern of the

current work.
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Finally, we clarify the potential confusion related to the way in which the convergence
LBM is investigated. In classical numerical methods, spatial convergence is tested by
varying the domain resolution while holding a fine, fixed time step. The idea is to keep
the error of temporal discretisation much smaller than the spatial one or vice versa. Due
to the relatively narrow range of parameters for which LBM is stable, its convergence
is usually investigated for a special relationship between spatial and temporal scales.
Usually, these relationships follow the rules of so-called acoustic and diffusive scaling. As
a consequence, a biased view of convergence may be reported by looking solely at either
spatial or temporal resolution, while the corresponding errors can converge at different
rates. The naive discretisation of the source term (assuming ¢ = gz~5) reduces the order of
convergence in the case of acoustic scaling. On the other hand, we will demonstrate that
the same order of convergence can still be observed even for the improper treatment of

the source term under diffusive scaling.

4.1.1 Discussion on the state of the art

From an application point-of-view, there is a wide range of physical phenomena which can
be described by a form of the advection-diffusion-reaction equation. Models based on the
LBM were developed for processes such as multicomponent reaction [86], combustion [87],
solid and fluid dissolution related to underground C'O, storage [88, 89], crystallization and
melting [53, 90], Joule heating in electro-osmotic flows [91] and heat transfer [31, 50, 51,
92, 45, 93, 68, 63, 94, 95, 96]. Last but not least, the numerical solvers can be verified by
the method of manufactured solutions [97, 98, 99] in which the source term modelling is
extensively used. Selected studies involving the use of LBM are listed below to present
both the scope of modelling approaches, and applicability of the concepts discussed in
this work.

One of the earliest studies in which the LBM framework was applied to simulate
reaction-diffusion equations has been conducted by Dawson et al. [100] in 1993. The group
investigated the classical Selkov model (originating from biological studies of glycolysis).
They used a hexagonal lattice with a BGK relaxation model and an explicit first-order
integration of source term. The proposed technique was used to simulate pure diffusion,
homogenous reaction and the formation of Turing patterns. Later, the model was re-
formulated on a square lattice by Blaak and Sloot [101]. The first order approximation of

the source term was present in both works.
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Arguably, the most widely explored application of the advection-diffusion LBM is
found in coupled flow-heat transfer problems [31, 50, 51, 92, 45, 93, 68, 63, 94, 95, 96].
To model the underlying physics, a two-population approach is frequently used. One of
the populations simulates the motion of the fluid, while the second one uses some form
of the energy balance equation to resolve the heat transfer. The primary benefit of using
the same numerical framework for fluid flow and heat transfer is that it greatly simplifies
the computational implementation.

The LBM framework has also been extended to capture the conjugate heat transfer
and or phase change between solid and liquid phases. Huang et al. [53, 90] incorporated the
term responsible for the latent heat of fusion into the equilibrium distribution function.
As a result, moments of equilibrium have been adjusted to recover the desired PDE. A
similar effect has been obtained by Hosseini et al. [62], who presented a set of weight
coefficients to tune the second-order moments of a source-like term, which was added to
the equilibrium distribution function. Karani and Huber [60], and later Chen et al. [61],
studied the macroscopic energy equation suitable to model conjugate heat transfer in
comparison with the standard ADE. The difference was expressed as a corrective source
term, and was added to the standard LBM routine for the ADRE to obtain the correct
energy balance. While the aforementioned works [60, 61, 62] introduce a source term
specific for conjugate heat transfer problems, they do not discuss its treatment which
potentially leads to the use of explicit first-order schemes. Interested readers are referred to
a comprehensive review of methods related to phase-change, heat transfer and multiphase
flows by Li et al. [102].

The source term technique can be also used to implement a boundary condition on
a moving or curved wall. The intensity of the heat source is adjusted in each iteration
to match the Dirichlet, Neumann, or Robin boundary condition. Models that use this
technique are commonly referred to as immersed boundary method. Seta [25] performed
a comprehensive work on its thermal variant, including an analysis of the error terms
present. Many authors have recognised the importance of consistently treating the source
term with an appropriate scheme [103, 104, 105, 25, 106, 107, 108], however, it is not
always taken into account [109, 110, 111]. An alternative approach to couple the fluid-
solid interaction is through the partially saturated method [112], where a lattice node is
categorised as a pure fluid, pure solid or mixed node. Recent applications can be found
in the studies of heat transfer in particle suspensions [113, 56].

To simulate advection-diffusion-reaction in a compressible medium, Aursjg et al. [114]

have defined the concentration of the scalar quantity relatively to the density of fluid.
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Later, the same research group proposed a scheme for including a mass source term in the
NS equations and showed its application for imposing a pressure boundary condition [115].

While problems relating to heat transfer represent the majority of work conducted
with the ADRE resolved in the LBM framework, other physical phenomena are also
studied. When multiple components are present in the same volume, a reaction between
them may occur [100, 116, 87, 117]. Kang et al. [116] managed to reduce the number of
equations required to solve the problem of dividing species by separating their interaction
into reaction rate-, and diffusion-dominated. Again, the convergence was not discussed in
[100, 116, 87].

Shi and Guo [24] and Chai et al. [26] provided general studies on the non-linear and
anisotropic variants of the advection-diffusion equations in the LBM framework, respec-
tively. The influence of source term treatment is highlighted, but the numerical examples
are focused on other aspects of the ADRE and do not include an example of solving
non-linear source term preserving both temporal and spatial derivatives. The asymptotic
analysis of the LBM schemes for the ADRE have been discussed in detail by Yoshida
and Nagaoka [58] and Chai and Shi [35]. The authors gave a detailed expansion analysis
for both SRT and MRT collision operators for the advection-diffusion-reaction system.
For the diffusive scaling, second-order accuracy was reported. However, the test cases
presented did not include source terms, which were integrated with a first-order scheme.

From a theoretical point-of-view, detailed studies of LBM schemes for the 1D advection-
diffusion equation have been conducted by Dellacherie [118]. The systematic analysis pre-
sented by Dellacherie provided a framework to quantify the behaviour of D1Q2 LBM
schemes in L*° norm, allowing one to check both consistency and convergence. It is worth
noting, that the author indicated a need to integrate the collision operator with a higher-
order integration scheme. Additionally, a link was shown between the periodic 1D LBM
schemes and the finite-difference schemes, namely, leap-frog for the temporal discretisa-
tion, centred-difference for convective terms and Du Fort-Frankel for the diffusive term.
The interested reader is referred to the discussion on stability analysis and convergence
of a 1D LBM in the work of Junk and Yang [119].

Although less common in the literature, the final family of discretisation schemes for
the diffusion and advection-diffusion within the LBM framework were derived based on
the finite-volume concept. The scheme was proposed by Onishi et al. [120]. It adapts the
particle distribution function used to resolve the NSE to calculate the scalar flux similar
to the finite-volume approach. The method was later extended by Osmanlic and Korner

[121] to include an upwind-type switch in flux calculation. The interested read is directed

49



Chapter 4. Reactions

to the review by Kiing et al. [122] for more information on this formulation and the details

relating to it.

4.1.2 Structure

With the state of the art, and the common methodologies for deriving an LBM scheme
introduced, the remainder of this chapter is structured as follows. From this, a general
method which preserves the second-order nature of the underlying LBM with source terms
is analysed. A simplified relaxation procedure using a moment-based collision operator is
then presented in Section 4.2.1. Section 4.3 outlines the non-dimensionalisation procedure
for a PDE and the required scaling of parameters on LBM grids. Subsequently, Sec-
tion 4.4.1 describes how leading components of error affect the accuracy of a solution in
terms of both spatial and temporal resolution. To illustrate the methodology, the proposed
approach for solving a formally implicit source term is applied to the Allen-Cahn equation
in Section 4.4.2. With the use of symbolic algebra, a solution with an explicit algorithm,
which preserves second-order accuracy is proposed. Finally, the methodology is validated
numerically by comparison with a finite-element method solution in Section 4.4.2.2 and a
convergence study is provided in Sections 4.4.2.1 and 4.4.2.3. The summary of the findings

and major outcomes of this work are presented in Section 4.6.

4.2 Model description

4.2.1 The collision operator

If the moments of the source term are chosen to be R = Q(¢, x,t) I'(u), and Y (¢, u) =
¢ T'(u), one can use Equations (2.32) and (3.15) to express the collision operator in three

equivalent forms,

T = (1-5)7 + T}, u) + (1 — §>R (4.3)
= (1—5)Y +5Y¢,u)+ R (4.4)
= (1—5) (Y — Y4(p, u)) + Y+ Q,u). (4.5)

The form provided in Equation (4.4) can be viewed as a simplification of a relaxation

procedure expressed in central moments space by Fei and Luo [63]. On the other hand,
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the form in Equation (4.5) can be interpreted as a natural extension of the exact difference
method [71] for reaction-type source terms. Even though Equations (4.4) and (4.5) use
Y°U(p, u) instead of YU, u), the implicit Equation (2.32) must still be resolved as the
source term () is dependent on ¢.

To perform numerical benchmarks, the Equation (4.4) has been adopted to formulate

the TRT collision operator (see Section 3.6).
T =(1-957+5Y%¢, u)+ R (4.6)

For a comparison of forcing schemes, the reader is referred to the studies [27, 123,
124]. Further discussion concerning discretisation and the order of the velocity expansion
of the forcing scheme in the central moment space can be found in [73, 79, 5] and references

therein.

4.2.2 Streaming

As usual, the collision step, given by Equation (4.6), is followed by the streaming step,
hi(x + e, t+1) = b (z,t) = MY (2, t). (4.7)

Concluding, the order of operations in the LBM scheme can be presented as in Figure 4.1.

Pmm----mm-e- | Export ¢ to file
Initialization, Find ¢, Collision, Streaming,
Equation (2.33) Equation (2.32) Equation (4.6) Equation (4.7)

FIGURE 4.1: The order of operations performed during execution of the
solver.

4.3 Scaling of LBM

To represent the same physical problem, the non-dimensional form of the investigated
differential equation must be preserved on a set of LBM grids. Let us consider a source
term Q = AP(¢), where P has the same unit as ¢, and A is a scaling coefficient (see

Table 2.1). Using L, T and U as reference length, time and velocity, respectively, one can
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define non-dimensional coordinates x = z*L, t = t*T, u = uw*U. For a constant M one

can express the Equation (2.22) in non-dimensional form [125],

;t)*gb +PeFoV™- (u*¢p) = FoA*¢p + DaFo P(¢), (4.8)

where Fo, Da and Pe are dimensionless numbers:

MT

o Fourier number Fo = 75 — the ratio of the diffusive term to the temporal term;

 (second) Damkohler number Da = ’\7’:2 — the ratio of the reaction term to diffusive
term,;
o Péclet number Pe = % — the ratio of the convective term to the diffusive term.

Observe, that the Fo incorporates the temporal scale of the simulation and as such can
be considered as a non-dimensional time. An alternative approach would be to fix Fo = 1,
and quote the time of simulation for each case.

The LBM grids are described by their characteristic length and time (L, T") expressed

in number of elements and time-steps. The element size, and time-step can be expressed

1
Z 2

M, X, and U that preserve the dimensionless numbers: M = FOLT, A = Da Fo% and

U = Pe Fo%.

For the so-called acoustic scaling, one uses a series of lattices with L, = e,leo and

as their inverse, Ax = + and At = % For each grid, there are corresponding values of

T, = g,ng o, for some scaling factor €, — 0. Using the previously mentioned equations
for the simulation parameters one obtains, M; = 5,:1M0, U, = Uy, and A\, = e, \g. This
scaling is called acoustic, as it preserves the velocity scale, making the speed of sound
constant across the series of LBM grids. On the other hand, for diffusive scaling, one has
L, = &, 'Ly and T}, = ¢, °Ty. This in turn gives, My = My, Uy = Uy, and A, = €2 ).
This scaling is called diffusive, as the diffusion coefficient M is constant across the series
of LBM grids.

4.4 Model verification and validation

To test the numerical properties of the described LBM scheme, two equations were inves-
tigated, an advection diffusion equation, with a linear source term, and the Allen-Cahn
equation. As analytical solutions are easy to obtain for the first example, a detailed analy-

sis of error is performed in that case. Also, for the first equation, the results are compared
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4.4. Model verification and validation

with the situation in which one would naively assume ¢ = ¢. In the case of the Allen-Cahn
equation, which has a bi-stable, highly non-linear source term, convergence is checked for
both uniform, and non-trivial initial conditions.

If not stated differently, the error between the numerical solution ¢(z;) defined on the
lattice points @; and the reference solution ¢, is quantified using the £, norm, defined

as:

1 N

Ly norm of error = N Z (D7) — res())?, (4.9)

i=1

where NN is the number of points in the lattice.

4.4.1 Linear advection-diffusion-reaction model

Here, a simple equation with a linear source term is considered,
99
R (ug) = V- (MVe) + A(n(x) — ¢), (4.10)
———
Q=Q(¢)

where v is a known constant function. On a periodic domain with constant velocity, w,
the problem is a first order linear differential equation, which acts independently on all
wavelengths. That means that for any selected wavevector k, we can solve analytically the
equation for initial condition ¢ |;—o= Pe** and n = Ge** where upright i denotes the
imaginary unit. The analytical solution will be a transition between the initial condition

and the steady state,
¢analytical(m7 t) = (e_atP + (]- - 6—at)a—1)\G) eik-m’ (411)

where a = A\+i(u - k)+ M (k- k). As the equation is linear, one can take the imaginary or
real part of the above analytical solution to obtain a real valued solution. If not specifically
mentioned, the real part is used in tests. By varying P and G one can study the influence

of the initial condition and the steady-state solution respectively.

4.4.1.1 Second-order convergence

To test the convergence, the Equation (4.10) was solved on a periodic domain of size
L x L elements for a time ¢t with Fo = 0.001 and Da = 1000. In all computations of this
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Chapter 4. Reactions

case, the SRT collision operator was used. The number of time steps was increased by a
factor of 2 from T = 2° to T' = 2%, while maintaining the number of elements per length,
L, proportional such that 16L = T (acoustic scaling). The velocity was varied between
Pe = 0 and Pe = 1000 and the wave number k£ was 02%, 127” or 22%. For each setup, two
cases were executed. One with P =1 and G = 0, and the other with P =0 and G = 1.
The LBM solutions were compared with the analytical solution of Equation (4.10), and
the L5 norm of the difference was computed. The proposed scheme consistently recovered
second-order convergence for all the cases, with the slope varying from 1.99 to 2.2 as
calculated with a least square fit.

4.2 provides an indication of the convergence for k = 127”, P =1and G = 0. The
convergence observed was compared to results obtained when ignoring the implicit Equa-

tion (2.32) and assuming ¢ = ¢ in the calculation of Q.

P e 1
o 33 \ﬂ\\\gu T
5 10—5 ] \\‘\\ \ﬂ\“~a~\
5 NG a3
S .6 - 1
e 107 assuming 0=¢| ~# =
= u = ~
=} S~ T
€  |oPe=0 \‘
3107 4 A pe=1000 -
present study .~
1078 -|{ ™ Pe=0 \‘~
A Pe=1000 A

T TTTIT I T T TTTTI I I
10° 10*

Time steps (T)

FIGURE 4.2: Convergence of the solution of Equation (4.10) compared with
analytical solution given by Equation (4.11), for k = 12%, P=1land G=0.

4.4.1.2 Convergence of DBE to ADRE

The LBM can be treated as a discretisation of the DBE, which in turn converges to the
ADRE that one originally wanted to solve. This means that two types of error need to
be considered, namely, the error of discretisation, and the error (difference) between the
DBE and ADRE. Readers interested in a more detailed study regarding equivalent partial
differential equations for the lattice Boltzmann schemes are referred to the recent work
of Fué¢ik and Straka [36] and Simonis et al. [37].
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4.4. Model verification and validation

In the case of the linear source term, ¢ = Q(¢)v(u), h** = ¢y(u) and vy(u) =
M™IT(u); see Equation (3.15) for the definition of I'(w). Assuming an uniform velocity
field, u, the DBE given in Equation (2.23) can be solved analytically and its solution can

be conveniently expressed using matrix exponents,
Panalytical (2, 1) = (" (u)P + (I — e 4) A7 y(w)AG) 7, (4.12)

where Aj; =10;, (€; - k) — £ (;(u) — 8;1,) + Ay;(w). Substitution of all variables indicates
that the analytical solution of the ADRE is independent of L and 7', as one would expect,
however, the analytical solution of the DBE is only dependent on ratio of L to T (the
velocity scale).

Figure 4.3 provides the £, norm of the difference between the complex solutions of
DBE and ADRE. The two components of the error can be observed, namely, the fourth-

order, velocity dependent error, and second-order, velocity independent error.

L, norm of error (DBE vs ADE)

N
oI
S

[N N N N I Y |

T/L

FIGURE 4.3: L5 norm of the difference between the analytical solutions

of the discrete Boltzmann Equation (2.23) and the advection-diffusion-

reaction Equation (2.22). Evaluated for k& = 12%, M = 0.001%2, G =0,
and P = 1.

4.4.1.3 Error landscape

A better understanding of the behaviour of the LBM method for advection-diffusion-
reaction equation, and LBM in general, can be gained by looking at the dependence of
the error on both spatial and temporal resolution. In this work, this is termed the error

landscape. For most of physical problems it is prohibitively expensive to calculate the full
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Chapter 4. Reactions

error landscape, even if an analytical solutions is available. Nevertheless, the landscape
for this case is discussed here, as the general trends and slopes of this landscape will be
similar in any LBM application.

A set of 23 and 31 distinct values of L and T were selected, generating a solution
set that is close to a linear distribution in log space. For each pair, two simulations were
performed, one with the method presented in this chapter, and one in which @) is calculated
from gz~5, not ¢. In total, 1426 simulations were performed to populate the error landscape.
The results were compared to both the analytical solutions of the ADRE and DBE.

Figure 4.4 presents the isolines of the error. One can observe, that the convergence to the

vs. ADRE vs. DBE

Isolines of error

—— present study _
--- assuming ¢=0 |/

10%

Elements per length (L)

101 N A’—«.A —~ A NN {0M-24 Y~~~ —
T T T T T T T T T T
10° 102 10° 104 10° 10’ 102 10° 10* 10°
Time steps (T) Time steps (T)

FIGURE 4.4: The isolines of error of the LBM solution against advection-
diffusion-reaction equation and discrete Boltzmann equation, given by
Equation (4.11) and Equation (4.12), in the T-L space. The y-axis of
the left-hand and right-hand side plots are the same. Error is defined as
Lo-norm of the difference between LBM solution and the reference one. All
combinations of 23 and 31 distinct values of L and T respectively, were
simulated. Evaluated for k = 2T, M = 0.001%%, G =0, P =1, and u = 0.

DBE is only driven by competing temporal and spatial discretisation errors. On the other
hand, the 7/1 dependent error between DBE and ADRE dominates the temporal error in
convergence to ADRE. In either case, if the source term is inappropriately integrated, its

first-order error reduces the accuracy greatly in almost the entire landscape (marked with

dashed lines).
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4.4. Model verification and validation

In order to provide a clear view of the trends present in the error landscape, ap-
proximations of all the separate errors were established to create a smoothed landscape
presented in Figure 4.5.

To quantify the impact of the source term discretisation, the computational cost was
compared to achieve the same level of error using either a first- or second-order scheme.
Both for the present method, and for the inconsistent integration, an optimal selection
of number of time-steps, T, and number of elements, L, was made, to achieve error of no
more than 107°. In this specific example, the use of the inconsistent integration scheme
for the source term leads to an increase in computational effort (L*T) of the factor of 500
to achieve an equivalent level error.

The landscapes presented in Figures 4.4 and 4.5 indicate the pitfalls of analysing the
convergence of LBM. It has to be reiterated that the Boltzmann equation is integrated
along the characteristics, thus the space and time integration can not be treated indepen-
dently in the construction of a conventional LBM scheme. As a consequence, a properly
implemented LBM scheme has second-order convergence. The isolines of error, presented
in Figure 4.5, are commonly traversed along the directions marked by the acoustic and dif-
fusive scaling. Given a specific scaling, i.e. ratio of temporal to spatial resolution between
subsequent refinements, a researcher may get a biased view of the error and the order
of convergence. For instance, under the diffusive scaling, a second order convergence in
space will be observed for both the trapezoidal and Euler’s implementation of the reaction
term integrator. An example of first order implementation leading to the aforementioned
behaviour can be found in [126]. Next, the second order convergence in time is clearly
visible in the acoustic scaling, while the diffusive scaling works as only first order in time
(see Figure 4.11). Moreover, in the lower right corner of the landscape, the error caused by
Euler’s implementation is relatively small, thus it may not affect the order of convergence.
Concluding, the same gain in accuracy can be accomplished along different pathways. The
choice of the pathway will influence the computational cost. Based on this, one could se-
lect the spatio-temporal parameters of the simulation to progress along the iso-error line

in order to obtain the desired result with a lower computational cost.

4.4.2 The Allen-Cahn equation

— illustrative advection-diffusion-reaction problem.

In this section a solidification problem was selected in order to illustrate the impact of the

non-linear dependence of the source term on the transported scalar field. The problem
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FIGURE 4.5: The schematic isolines of error in the T—L space. See Figure 4.4
for the plot of actual error, measured in simulation. First three of the top
four plots show the trends of: error between discrete Boltzmann equation

solution and advection-diffusion-reaction equation (N (T/L)_2>, error of

the spatial discretisation (~ L~2), Ist order temporal error introduced
by improper integration of the source term (~ 71). The last of the top
four plots presents the trend of the cost of the simulation for 2D lattice
(~ L2T). The large black circles mark optimal (CPU cheapest) selections
of L and T to achieve the error of no more then 107°. The ratio of the
computational cost for the optimal setup in the naive approach (¢ = é)
compared to the present study is approximately 500 times. The vectors
indicate the direction of spatio-temporal refinement using either acoustic
or diffusive scaling. Assuming that the length of a vector corresponds to
a single refinement step, the second order convergence can be deduced (as
two iso-lines of errors are crossed) when looking at the diffusive scaling and
setting ¢ = ¢. In other words, the slope of convergence for diffusive scaling
would be the same for both the proper and naive implementation.
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4.4. Model verification and validation

solved is the Allen-Cahn equation in the form,

WV () =V (MY) + 26 (1 - ),
———
Q=Q(¢)

(4.13)

where the source term is responsible for the phase change. The details for this equation can
be found in the dedicated literature, for example Cahn and Hilliard [127] and Jacqmin
[128]. To formulate the implicit relation between ¢ and ¢, the source term, Q(¢), was
substituted into Equation (2.32),

- . 1 1 A

= =0 — = =p—=Xp(1—¢) =0 (1-=(1-9¢%) ). 4.14
b=Yhi=o- 500 =0 (-@) =g (1-50-9) . 6w
As previously discussed, this equation has to be solved to express ¢ as a function of
b = > hi to resolve the implicit relation introduced by @@ = @Q(¢). The exact solution
can be readily derived for this third order polynomial. For A\ < 2, there is only one

real-valued solution,

qb(qz;):é—C WhereA—2 >\, —?andC’ \/\/BQ+A5 B. (4.15)

C 3\

In the next sections, this analytical expression is used in the LBM collision operator
to calculate ¢, and Q(¢).
Two stable fixed points correspond to the roots of @, present at ¢ = ¢ = 1 and —1,

Figure 4.6 illustrates the relationship between ¢, () and (5

and one unstable at 0. The round-off errors can cause the solution of Equation (4.14) to

1.5

1.0

0.5

0.0

#) and Q(¢)

=-0.5

¢

-1.0

-1.5

FIGURE 4.6: Plot presents the real solution of Equation (4.15),

-
-
-

-
-
=7
-
-
-

namely ¢ = ¢($) and Q = Q(&) for A =1.

drift from the unstable, 0, root (see Figure 4.6). Although direct implementation (as in
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Chapter 4. Reactions

the present work) of Equation (4.15) and calculation of the source term as @ = Q(¢) =
Ao (1 — ¢?) generates acceptable results, one can seek to improve the stability in two ways.
In the first approach, an iterative (e.g. Newton-Raphson) method can be applied to find ¢
directly from Equation (4.14) instead of Equation (4.15). Then, @ = Q(¢) is calculated as
before. Alternatively, ¢ and ¢ can be calculated from Equation (4.15) and Equation (4.14)
respectively, while the source term (see Equation (2.32)) would correspond to double of
their difference, Q = 2(¢ — gz;)

The following subsections are ordered by the growing complexity of benchmarks. First,
only the reaction term is benchmarked. Then, a non-uniform initial condition is applied
to observe the diffusive effects. Finally, an external velocity field is imposed to obtain the

full advection-diffusion-reaction problem.

4.4.2.1 TUniform reaction benchmark

— comparison with an analytical solution

This section analyses the evolution of a uniform initial distribution of the scalar field,
¢, in the absence of an external velocity field. The spatial derivatives in Equation (4.13)

reduce to zero and the problem simplifies to ordinary differential equation,

@ _

o= Ap(1 — ¢?). (4.16)

The analytical solution of this equation is,
_1
¢(t) = £ (Cre™ +1) "2, where C; = (4(0)) > — 1. (4.17)

The results obtained from LBM using the Equation (4.15), were compared with the
analytical solution of the ODE. In Figure 4.7, both local and global (accumulated) trun-
cation errors are presented. The local time-step error was calculated as the difference
between the numerical and analytical solution after a single time step. For this case,
the third-order convergence up to the level of computational accuracy was recovered. As
there is no diffusion, the Fo is undefined. The global convergence rate was determined by
comparison of the numerical and analytical solution after a fixed time ¢ € 1,10, 100. The
coefficient responsible for the intensity of reaction was set to A = 0.01.

As observed in Figure 4.7b, the scheme recovered the expected second-order conver-

gence. From this result it can be concluded that the presented implementation recovers

60



4.4. Model verification and validation

the trapezoidal integration scheme for the special case in which the Allen-Cahn PDE
reduces to an ODE.

Local timestep error
P Accumulated error

»
L — 3 L7 ]
107 At o~ 10-71 e t=100 e
E ,/’ —x-—- t=10 1 o~ ”,",)(
— Pe =y = PR
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(A) Local truncation error for a single time step.
The error reaches 10716 being the limit of numer-
ical accuracy.

(B) Convergence of total/accumulated error, eval-
uated for three different times ¢ = 1;10; 100.

F1GURE 4.7: Convergence study of the reaction component of the Allen-
Cahn Equation (4.13), on a D2Q9 lattice with uniform initial condition and
on periodic domain with A = 0.01. In such a case, the problem simplifies
to an ODE given by Equation (4.16). The operator |e| on the vertical axis
denotes a scalar absolute value. It is used to evaluate the error against the
analytical solution. In general, a method which converges with O(n + 1)
local truncation error, has a global error of order O(n). In this example,
the convergence of a local time-step error is limited by truncation error at
~ 10716 in local error.

It is reminded that to obtain accurate solution, a precise initialisation procedure which

took into account the shift in calculated values (see Equation (2.33)) must be applied.

4.4.2.2 Reaction-diffusion benchmark (2D, periodic)

— comparison with a finite-element solution

To ensure that the proposed collision kernel properly recovers the diffusion process, the
LBM solver has been qualitatively compared against the finite element method (FEM).
A spatially varying, periodic initial condition was applied on a square, unit domain using

the exponential function,

¢ |i—o (7,y) = 1 (esm(%%) — 2¢8n (4”%)> : (4.18)

2¢ —e~1

Figure 4.8a shows the result of the initialisation.
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The FEM results were obtained using the FEniCS [129, 130] solver. We used fourth-
order Lagrange interpolation for spatial discretisation. Fourth-order Runge-Kutta (ES-
DIRK43a) with adaptive time-stepping was used for time integration, as implemented
in Gryphon package [131]. The FEM was solved on a regular, triangular mesh in the
2D square domain of unit length. There were 25 divisions along each side of the domain
resulting in ~ 262 elements in total. The time step ranged from approximately 10~* to
1075, Diffusivity in FEM solver was set to one, while the reaction rate was defined by
setting Da = 500. The LBM domain was discretised with 256 x 256 lattice nodes and the
diffusivity was set to 1/6 in lattice units, and magic number was set to 1/12. To match
the solutions obtained by two different solvers, the results were reported for a specific
non-dimensional time. There was no external velocity field, thus Pe = 0. Figure 4.8b
provides a qualitative comparison between the FEM and LBM solutions at a time defined
by Fo = 7.26 x 1073. Here, the colour contours from the FEM solution are aligned with
the dashed iso-lines of the LBM solution. Figure 4.9 quantitatively compares the time
evolution of the scalar field, ¢, computed by both solvers. through the cross section de-
noted by the vertical dashed line in Figure 4.8a and Figure 4.8b. The initial condition,
and three subsequent times are provided in the same figure. It can be clearly seen that
the LBM and FEM solutions agree.

Fo = 0, initial condition Fo=7.26-1073

-0.25

—0.50

-0.75

-1.00

(A) The initial condition, given by Equation (4.18), (B) The intensity of the phase field, ¢, at the final
used to initialize the intensity of the phase field, ¢, time, Fo = 7.26 x 10~3. Both FEM (colors) and
for both the FEM and LBM solvers. LBM (lines) solutions are presented.

FIGURE 4.8: Comparison of the FEM and LBM solutions for reaction-

diffusion problem specified in section 4.4.2.2. The LBM lattice consists of

2562256 nodes. Domain is periodic. The Péclet and Damkohler numbers
are Pe = 0, Da = 500.
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FIGURE 4.9: The time evolution of the phase field, ¢, is captured for four
different Fourier numbers at a cross-section defined at x/L = 0.2 (see Fig-

ures 4.8a and 4.8b). The FEM and LBM solutions are marked with crosses
and lines respectively.

4.4.2.3 Advection-diffusion-reaction benchmark (2D, periodic)

— self-convergence study

This section investigates the convergence of the advection-diffusion-reaction problem,
given by Equation (4.13). The exponential initial condition was used again, as per Equa-
tion (4.18). For this study, a TRT collision operator was used again, with the magic
coefficient, A, set to 1/12 in order to cancel out the third-order spatial error and provide
optimal results for advection dominated problems [132]. The scalar field was advected
with a uniform external velocity, U,, corresponding to Pe = 1 x 10%. The time of the sim-
ulation was determined by setting Fo = 1 x 107%. The Damkohler number has been set
as Da = 1 x 10, to provide a scenario in which the reaction term dominates the diffusion
behaviour. The convergence of the scheme was assessed using both acoustic and diffusive
scaling techniques. The parameters used during these studies are provided in Table 4.1
and Table 4.2, respectively. Here, the number of elements per the domain length, L, is

provided, as is the number of iterations, T
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L T U, M A
4096 1024 | 4.00 x 1073 1.64 x 1072 9.77 x 10~*
2048 512 | 4.00 x 107% 8.19x 1073 1.95 x 1073
1024 256 | 4.00 x 1072 4.10 x 1073 3.91 x 1073

512 128 [ 4.00 x 107* 2.05 x 1073 7.81 x 1073
256 64 | 4.00x 1072 1.02 x 107® 1.56 x 1072

TABLE 4.1: Simulation parameters in lattice units, acoustic scaling, for

Pe=1x103 Fo=1x10"% and Da =1 x 105.

L T U, M A
4096 1024 | 4.00 x 1073 1.64 x 1072 9.77 x 10~*
2048 256 | 8.00 x 107% 1.64 x 1072 3.91 x 1073
1024 64 | 1.60 x 1072 1.64 x 1072 1.56 x 1072

512 16 | 3.20 x 1072 1.64 x 1072 6.25 x 1072
256 416.40x 1072 1.64 x 1072 2.50 x 107"

TABLE 4.2: Simulation parameters in lattice units, diffusive scaling, for
Pe=1x103 Fo=1x107% and Da =1 x 105.

Figure 4.10 provides the result of the finest resolution simulated for the scalar variable,
¢, and the implicit source term, Q(¢). As there does not exist an analytical solution to
the complete advection-diffusion-reaction equation, this finest mesh solution is used to
provide a reference point of convergence tests.

The two scaling approaches (acoustic and diffusive) are evaluated in Figure 4.11 for
both the proper and naive (assuming ¢ = <;~5) discretization of the source term, ). The
spatial and temporal resolutions are calculated as Ax = 1/L and At = 1/T, respectively.
In both scenarios, the proposed scheme provided second-order convergence with respect to
the grid spacing. However, when the diffusive scaling is applied, the spatial discretisation
error dominates (see Fig. 4.5) which manifests as first-order dependence of the error on
the time step. To understand the impact these convergence rates have in practice, the L
error norm is shown as a function of the computational cost, defined as CPU,ys = TL?,
in Figure 4.11. Assuming that the simulation parameters will be maintained within the
stability regime of the LBM (namely, U < 0.1, w < 2), one may conclude that for a
given set of dimensionless numbers, it is more computationally effective to use acoustic

scaling for mesh refinement, and diffusive scaling for mesh rarefaction. It is noted here,
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(A) Phase field, ¢. (B) Source term, Q.

FIGURE 4.10: Contours of the reference solution on the 4096 x 4096 lattice,
for Pe =1 x 103, Fo = 1 x 1075 and Da = 1 x 10%. The solver has been
initialized according to Equation (4.18).

however, that a domain-specific simulation may affect the scaling approach. For example,
one may prefer to use diffusive scaling in the simulation of flow through a porous medium
as the effective boundary location is known to be affected by the choice of relaxation
frequency [133, 134].

In addition to the above, the convergence rates reported in this test case highlight
the importance of the error landscape previously introduced. The rates observed in Fig-
ure 4.11, indicate that the set of simulations were conducted below the diagonal of Fig-
ure 4.5. This apparent diagonal line sets the limit on the accuracy that could be obtained
by means of a single acoustically scaled set of grids, and should be noted by practitioners
looking to study the convergence of their LBM scheme. For the particular scenario inves-
tigated here, the temporal error dominates. By refining solely the time step, one can hide
the source term discretization error below the spatial one and regain the second order

convergence under acoustic scaling for the naive scheme.
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(B) Diffusive scaling

FIGURE 4.11: Self-convergence study of an advection-diffusion-reaction
Equation (4.13), on a D2Q9 lattice for Pe = 1 x 103, Fo = 1 x 1076
and Da = 1 x 10%. Notice, that the formally second-order LBM scheme
works as first-order with respect to time if the refinement is done along
the diffusive pathway (see Section 4.4.1.3). Despite the same order of con-
vergence under the diffusive scaling for both proper and naive (assuming
o= gg) discretization of the source term, the level of Lo error differs.

66



4.5. Comparison of approaches to the source term integration

4.5 Comparison of approaches to the source term in-

tegration

The appropriate integration of the DBE with the trapezoidal rule and redefinition of
variables allows one to derive a second-order accurate, local, and explicit evolution scheme
as presented in Equation (2.31). To broaden the discussion of approaches available in the
literature, this section briefly analyses the spatio-temporal derivatives of the source term
that appears in the works of Shi et al. [23, 24] and Chai et al. [26, 35]. If the source term

is not included in the shift of variables, then the evolution equation reads,

hi(x+ e, t+1)=h (x,t) =

= (1 — 8)hi(x,t) + shi% (¢, u) + ¢;(¢, x, t) + % (% +e;- V) ¢(p,x,t), (4.19)
where contrary to the presented scheme, ¢ = ¢ = > h; and h is a shifted variable,
analogous to h;, but without the contribution of ;.

To understand the relation between Equation (4.19), and the one described in the
present study (given by Equation (2.31)), consider the right hand side of Equation (2.25).
The I, integral consist of two parts, first related to collision and second to the source term.
In fact, any number of different numerical techniques can be applied to each of them. For
example, instead of applying the trapezoidal rule, one can use a first order approximation

of the source term,

¢ (p(x + sej,t +s), @+ se;,t+s) =

= q; (¢(x, ), x,t) + s% (q,- (p(x + se;,t +s),x + se;, t + s)) + O(s%)

o 9 oz 0

= 4q; (gb(a?,t),il?,t) +s q; (gb(:l?,t),il’:,t) +O(82)

ds Ot ' s Ox
~ ~

=1 =e;

0
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This approximation can be integrated giving,

1
/ ¢ (o(x + se;j, t+s),x + se;,t + s)ds =
0

1

= |:SQ’i (¢($>t)v :Ii,t) + % (% + €; - V) q; (¢($,t>, IL‘,t) + O(Sg)

0

~ qi(¢p,x,t) + % (% +e;- V) ¢(p,,t). (4.21)

In the case of the bottom-up approach, the last term in Equation (4.21) is usually
recognised as an artefact [25]. As pointed out by Seta [25], this term can be removed
by redefinition of variables or by addition of a correction with regard to the derivative
of the source term. The derivative can be computed using a forward or backward finite
difference (FD) expression. As one would expect, if a forward FD is used, than the result

is equivalent to that obtained through the trapezoidal rule,

0 A
q(o, x,t) + % <a +e;- V) qi(p,x,t) = qi(p, @, t) + % <qi(¢,:i:,t) — qi(¢,:c,t)) =
1

=2 (aldaD) + alo.2).

The influence of the spatial component of the derivate, e; -V, and various FD stencils has
been analysed in [23]. As long as the source term does not depend on ¢, both forward
and backwards FD are computationally trivial. However, if there is a dependence, the
backwards FD would require additional transfer of data, while the forward FD, without

the appropriate shift of variables, results in a globally implicit scheme.

4.6 Conclusions

Since its initial formulation, the LBM has been developed and adapted to solve a variety
of equations, addressing different physical scenarios. Current study has been focused on
the details of the usage of LBM for ADRE in which the source term directly depends
on the advected field. Such source terms arise in the study of heat and mass transfer,
phase-transition or evolution of species populations. Moreover most, implementations of
immersed boundary method for heat flows, use source terms to account for desired thermal
boundary conditions. In this chapter, the state-of-the-art applications of the LBM for

ADRE were presented, and the main differences in discretisation were discussed. A clear
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framework for derivation of the LBM numerical scheme from the DBE was discussed, and
the algebraic manipulations needed for it, were explicitly shown. Next, a simplification of
the collision operator in the moments’ space has been proposed.

The article reminds that an implicit relation (see Equation (2.32)) between the value
of the macroscopic field and the zeroth-moment (sum) of the LBM densities is the key
component for recovering the second-order convergence of the resulting LBM numerical
scheme. Furthermore, the closed form solutions of this relation were presented for a va-
riety of common source terms, ranging from simple linear terms to Gompertz model and
the Allen-Cahn equation. Using this implicit relation, the chapter presented a local and
explicit single- or TRT LBM for ADRE with source terms dependent of the transported
field.

To demonstrate the order of convergence of the proposed approach, two distinct equa-
tions, involving a linear source term, and a third-order one (as in the Allen-Cahn equa-
tion) were investigated. In the case of the linear source term, analytical solutions for both
ADRE and DBE were obtained, allowing for the study of the dependence of the error of
the LBM on both spatial and temporal resolution. This dependence was visualized as iso-
lines, forming an error landscape. Different competing sources of error were discussed, as
was the dependence of the convergence graph on choice of scaling and initial parameters.
Moreover, by investigating the isolines of error one can find the point which minimizes
the computational effort for a given accuracy. In the second benchmark, the relation
between the macroscopic field and the shifted one was non-linear and implicit. The ana-
lytical solution was derived and embedded into the explicit, local evaluation of the LBM
collision operator. The resulting numerical scheme was evaluated on three different test
problems. Firstly, the domain was initialised with a uniform initial distribution to verify
the accuracy of the time integration of the source term independently. The uniform initial
distribution removed the spatial derivatives from the governing equation and allowed an
analytical solution to be derived. In this scenario, the proposed scheme recovered the ex-
pected second-order global, and third-order local-in-time convergence. Next, the diffusion
term was included in the assessment along with a periodic initial condition based on the
exponential function. The result of a two-dimensional LBM simulation was compared to
a fourth-order FEM solution, as an analytical solution for such case was no longer ob-
tainable. Finally, to introduce advective effects an external velocity field was added to
drive the phase field and a self-convergence study has been performed. The TRT collision
operator was required to reduce the influence of numerical artefacts in the results.

All of the examples confirmed the consistency of the proposed approach and have
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shown the expected order of convergence. Observe, that the same implementation of the
LBM scheme exhibits different order of convergence depending on the ratio of temporal
and spatial refinements. For example, the formally second-order LBM scheme displays
a first-order convergence with respect to time if the analysed with diffusive scaling (see
Figure 4.11). Interestingly, in the case of this scaling, both the proper and naive (assuming
¢ = gg) discretizations will exhibit the same slope of convergence (see Figures 4.5 and 4.11),
but the second-order scheme will result in the lower overall level of error. It is thus
concluded that great care should be taken when verifying the order of the LBM scheme

with tests of convergence.

4.7 Future outlook - system of equations

Let us ilustrate the idea with the following system,

Orca + V(u-cy)

(DVCA) - kACA + k)()CC

V-
(4.22)
V- (DVCC> + kaca — kece.

Orce +V(u-co)

The variable being solved in a LBM scheme is €. The implicit relation (due to ’shift’ of

variables) is.

1 c 1 |-k k
c=c—-Q& ?A — | == Aca - foto | (4.23)
2 cc co| 2 |+kaca —keoce
One can find ¢ = ¢(¢) as,
_ éako+2ea+ick
cA= et (4.24)
=

To benchmark the source term, the advective and diffusive term can be skipped, and the
Equation (4.22) simplifies to system of ODE,

Oica = —kaca + koce (4 25)

8tCC = kACA — kCCC-
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Then, the general solution is,

ca(t) = Gke _ Oyetlkatko)
all) = 5,5 — G (4.26)
Cc(t) =C1 + CQ@t(kA+kC).

As the mathematical procedure has been outlined, the LBM scheme can be implemented

and benchmarked.
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Chapter 5

Role of diffusion-reaction equations

in epidemic modelling

“What gets measured gets managed.”

— Peter Drucker
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This chapter introduces basic describtion of an epidemic processes from a point of
view of CFD modelling. Content of this chapter has been published as an online tutorial

followed by set of interactive jupyter notebooks [135].

5.1 Introduction

The history of infectious diseases and attempts to stop them has accompanied mankind
since the dawn of time. Thanks to the progress of science, some pathogens, such as the
bacteria Yersinia pestis, responsible for the plague, have been eliminated. Nevertheless,
modern history is not free from epidemics. In the last century, the so-called Spanish flu,
caused the death of nearly 50 million people. At the turn of the last century, we witnessed
the Ebola epidemic, bovine spongiform encephalopathy (colloquially known as mad cow
disease), and flu-like infections caused by zoonotic viruses such as swine and avian flu.
The first empirical, quantitative study of human deaths and diseases was conducted
by Graunt in 1662 [136], it concerned the number and cause of deaths in London parishes.
A century later, Bernoulli presented a deterministic model to justify the practice of vac-
cination against chickenpox [137]. In 1927, Kermack et al. [138] have made a significant
contribution to epidemic modeling by introducing a simple but effective consolidated
model. In particular, a fixed-sized population can be divided into three groups: suscepti-
ble (S), who may become ill; infected (/); and recovered (R) who became immune upon
recovery. During the epidemic process, individuals may move between the compartments.

Currently, the use of the classical SIR model to predict the evolution of epidemics over
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time is a frequent starting point for more complex methods. It consists in solving three

differential equations,

08 S ol S
a - N o Ot

% =l (5.1)
where ¢ is time and N = S+ 1+ R is the total population. The average number of contacts
per person per day (supposing "day" is the time unit) is denoted with 5. The transition
rate between I and R, is v (simply the rate of recovery, that is, number of recovered
during one day). If the duration of the infection is denoted as D, then v = 1/D, since an
individual experiences one recovery in D units of time. The basic reproduction number is
defined as Ry = g Finally, the Equation (5.1) can be enriched by considering maternal
immunity, immunization, exposure and incubation periods.

Observe, that the number of contacts between people (draw with replacement) is
responsible for the spread of disease. Each infected person, I, has 8 contacts (meetings
with other people). Therefore, the probability of meeting a susceptible person by an

S

infected one is -

5.1.1 Limitations of the 0D SIR model

One of the main assumptions of Equation (5.1) is the homogeneity of the environment.
There is no doubt that this assumption limits the application of the equation as environ-
mental factors differ significantly from place to place. Movement restrictions, both of a
geographical nature and of administrative bans affecting a given region, can dramatically
affect the spread of an epidemic. Another factor significantly influencing the dynamics of
the process is the local population density. Over the past 20 years, a great deal of research
has explored the importance of spatial epidemiology, showing how population diffusion
influences the formation of spatial patterns [139, 140, 141, 142, 143, 144]. Apart from the
consolidated models, simulations based on [145] cellular automata and [146] agent models
should be mentioned. Undoubtedly, blocking the flow of people, especially the infected, is
one of the reliable recipes for the spread of infectious diseases. When choosing an epidemic
control strategy, the costs associated not only with the effects of the disease itself, but

also with the containment of its outbreak [147, 148] are important.
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5.1.2 Numbers or fractions?

Notice that % corresponds to the fraction of susceptible in the total population. Dividing
each of the equations by N, the SIR system can be described in terms of fractions instead

of numbers:

%s = —[fsi
20 = Bsi—i (5.2)
%r =i

5.1.3 The nondimensional form equations

If we rescale the time as 7 = ~t, then the set of equations can be described by single
similarity number - Ry = g known as the basic reproduction number. It is a measure of

contagiousness, i.e, the number of secondary infections each infected individual produces.

Zs = —Rysi
24 = Rysi—i (5.3)

=T =1

5.2 Under which conditions one may be lucky enough

to not get infected?

It is interesting to observe, that there are scenarios in which some of the population may
survive the epidemic with non infected individuals (see Figure 5.1).
To start the analysis, let us denote a small perturbation, ¢, in the SIR compartments

as,

§ =385+¢s
i =i+tei (5.4)
r =Tr+er
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SIR: 0D Epidemic Calculator

Rp=1.99
1.0 leb 0
0.8
L 06
2 —— Susceptible
8 — Infected
g —— Removed
S04
0.2
0.0 * T r . . ; .
0 5 10 15 20 25 30
t [days]

FIGURE 5.1: Parameters has been set to § = 0.71, v = 0.36, a Sy = 0.9,
Ihy=0.1,Ry=0

Consider a system which was initially at rest (no infections: 3 # 0,7 = 0,7 = 1 —3).
One day, a couple of infectious patients, i, have returned from holidays. What are the
conditions to prevent the epidemy from growth? In other words, what proportion of the
population should be immunized to eradicate a disease? To answer this question, we have

to insert the small perturbation into the (nondimensional) system of SIR equations,

Zs = —Ryst
9i = Rysi—i (5.5)

—~r =1
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Expanding,

D5 = —Ry(5+es)ei = —Rysei — Ry5e?i
95 = Ry(5+es)ei — i = Ry3ei + Rose%i — ei (5.6)
=r =€

Eliminating the higher order terms, €2, the condition of decay of the epidemic is,

0 . _ :
Ez<0<:>(Ros—l)6z<0

< Rys < 1 (5.7)
Since s = 1 — T, the condition can be expressed as:

0
—i<0&e R(1-7)<1
or

1
<Tr>1——=. 5.8
el (5:5)

The Equation (5.8) can be refereed as Herd Immunity Treshold (HIT). It is plotted in
the Figure 5.2.

5.2.1 Stability of linear systems

The perturbed, linearised, 0D SIR system can be expressed in matrix form as,

s 0 —R0§ 0 ES

il =10 R5—1 0] |ei (5.9)
7 0 1 0] ler
~ > S ad

where s denotes %s, etc.

The stability condition for the continuous system is Re(eigenvalues(A)) < 0 (all real
parts of the eigenvalues; A, of the matrix A are negative). Intuition for ODE is fairly
simple: # = A\ — x = CeM. Again, calculating eigenvalues(A) we obtain condition
Rs—1<0&7r>1-— Rio. The matrix notation would be even more useful if one would
like to consider additional couplings to the SIR system (like loss of the immunity of the

recovered).
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FIGURE 5.2: Herd Immunity Treshold (HIT), based on Equation (5.8).
Image from [149]

ST Streamlines

It is instructive to plot the streamlines (phase portrait) of a non-dimensional SIR system.

The Figure 5.3 shows fractions of susceptible and infected individuals during the epidemic.
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Notice, that the R compartment can be eradicated thanks to the R = N —I—.S constraint.

1.0

0.8

0.6

0.4

0.2

0.0

5.8 = —Rqgsi
Qi = Rysi—i (5.10)
6%_7’ =1

SIR Streamlines, R0=2.00

0.0 0.2 0.4 0.6 0.8 1.0
S

FIGURE 5.3: Starting from various initial conditions and following the i(s)

streamlines, one can visualise the fractions of infected and susceptible indi-

viduals in the phase space. The fraction of recovered, r can be easily found
as S+ i+ r = 1. The red line corresponds to r = 0.
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5.3 The simple spatial SIR model

5.3.1 The 1D queue case

Consider a queue of people waiting in front of a drug-store. Some of them are ill, some
have just come to buy medicine for their beloved ones. Some are standing alone, some are
couples or whole families... What is the probability that the susceptible people would get
infected? A 1D queue example shall allows us to observe the spatial effects and make some
general conclusions before setting up a more real, 2D model. How does the people behave?
Do they swap their places in the queue? What is the distance at which an individual may

get infected? We will start with the already presented SIR system:

el S
o) S
o) _

5.3.2 The spatial effect

The disease may spread to neighbours with some probability P(r), where r is the infectious
distance. Various functions can be chosen to model P(r).

Comparing to 0D SIR, we have to take into account interaction between two functions.
First accounts for the spatial distribution of infected individuals I(x), while the second
describes the distance at which infection may occur P(r), where r = x — zg

From a mathematical perspective, the resulting interaction can be as a convolution of

these two functions. Now, the viral load, W, can be defined as,
W =1xP(r). (5.11)

Next, the rate of change of infected people can be generalized as,

B S
ZI=B82W —~I. 12
P 5NW v (5.12)

Notice, that the 0D case corresponds to P(r) = §, where 0 is the Dirac distribution.
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5.3.3 Choice of the infectious operator

Let us investigate four basic distributions.
1) The simplest choice is to assume, that an individual can become infected (with

constant probability) if he/she is located within a disc of radius r.
W = I x [disc of radius r]. (5.13)

2) which can be (explicitly) approximated as [150],

2

W T+ %AI. (5.14)

3) An alternative (implicit) approximation is,

2
W %AW ~ 1. (5.15)

4) Finally, assuming, that the probability of getting infected at some distance has a

normal distribution,

W = I x Gaussian(o). (5.16)

5.3.4 Comparison of "infectious" operators in the frequency do-
main

Let us remind basic properties of the Fourier transform:

F(6

F(u)F(v)
F(u) + CoF (v)

F(uxwv

)

F(Au) = —k*F(u)
)
) =

]:(C’lu + OQ’U

The frequency response, G describes the ratio of the output amplitude,Y, to the input

amplitude, X, for each frequency w,

Glw) = . (5.17)
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where X and Y denote the Fourier transform of the input and output signal respectively.

The frequency response for each of the "infectious" operators can be calculated as follows:

CFI+EA F()-KZFI) e
Gi="—F = 30 =1 (5.18)
Gy = JT(IQ) - ! 2 (5'19)
FI-ZAI)  1+k22
_ F(I «[disc of radius 1]) 2 x besselJ(kr, 1)
Gs = 0 = o (5.20)
Gy = FU GGU;S(Z?;(O ="/2) = exp ((—kr)2/8) (5.21)

Notice that the input, X, in G5 is implicit and the frequency response is related to the
continuous (not discrete) operator. The gain can be defined as absolute value of the system
frequency response.

Remarks
For frequencies where negative values occurs, the spread of the disease may become un-
physical. The high frequency for explicit operator (W =1 + %AI , see Equation (5.14))
tends to infinity, thus such IC is expected to diverge.

The frequency response for the discrete operators does not follow the same plot. The
response for higher frequencies becomes flattened by a discrete operator. The lower the
order of a FD stencil, the more flattened the response.

Numerical stencils of various size can be used to express the discrete convolution /Laplace
operator. In general, the approximation by means of Laplacian operator is in general more
local than convolution. As a result, the algorithm is computationally faster. Moreover,
imposing BC for an equation which includes a Laplacian term is far easier than with

convolution.
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S
—

0.5

Operator

0.0

— W =1+ aAl
W —aAW = |
conv. disk

conv. gaussian kernel

FIGURE 5.4: Frequency responce of different "infectious" operators.

5.4 The spatial SIR system (SIR-Peng model)

Let us use the simplest approximation [150],

(5.22)
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Substituting W = I + %AI,

25 =-pw
A1 =pBSW -4l (5.23)
%R =l

Notice that the diffusivity depends on S, which is decreasing in time. As a consequence,
the any numerical scheme (LBM as well) is likely to become unstable at some point. We
will reference the Equations (5.22) and (5.23) as SIR-Peng model.

5.4.1 The low diffusivity issue and the spatial WSIR remedy

Low values of the diffusivity coefficient can lead to stability problems in the numerical
algorithms. To avoid numerical issues the viral load, W, is simulated as an additional
field. W is relaxed (with By coefficient) to W — AW% = I. The WSIR system reads:

(21 :%{%mv+g-wﬂ

9 s

£S =—-p2W

o N (5.24)
) _ a8

0
Lot =1

5.4.2 The nondimensional form equations - revisited

Again, we can rescale the time as 7 = ¢, then the set of equations can be described by

single similarity number Ry = g
28 =-Rop(I+%5AI
O = ReS(I+5AD)—1 (5.25)
) —
R =1

85



Chapter 5. Role of diffusion-reaction equations in epidemic modelling

The WSIR system reads:

2w =8 [ZAW 4 (1-W)]
LS =—RyXW
o N (5.26)
LI =RyIW -1
(7R =1

5.4.3 Remarks on other SIR-diffusion models

There are models [151], in which the diffusion acts as an independent operator for each

of the compartments,

95 =B+ ksAS
21 =BT -yl + kAL (5.27)

SR =1+ kAR

where kg1 r denotes the diffusion coefficient for particular compartment.

According to [150], such models does not capture physics of the epidemic because:

(a) almost all humans moves within a small fixed radius and does not disperse in a
manner such as Brownian motion.

(b) equation cannot explain the spatial transmission by infection if individuals are at
rest.

(c) humans would move away from an increasing gradient of the infected.

(d) humans would move away from over-crowded locations.

Consequently, the spatial transmission described in [151] is caused not by infection but

by the dispersion of patients. Inspired by the heat transfer equation,

)
— f— . .'
%p? =V -kVT +¢q

One can mitigate the escape of humans from over-crowded locations by using fractions in

the laplacian term.
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Notice, that this will be a different model: %V - ksVS # V - k;Vs because N is a

spatial variable:

298=2Ns =V -kVs—pB2]
S1=2Ni =V -kVi+p3I—~I (5.28)

SR=2Nr =V kVr+yI

Anyway, the drawbacks mentioned in a) — ¢) still apply.

5.5 Similarity numbers in SIR-like models

Let us define dimensionless variables,

I _ N _ S _
=2 =1 N= 5—2 T=

! (5.29)
xc tc NC7 Nc Ncy .

where the c-subscript denotes a characteristics scale.
The Fourier number, Fo, is the ratio of the diffusive term to the temporal term. It
can can be viewed as a non-dimensional-time.
The (second) Damkohler number is defined as the ratio of the reaction rate to the
diffusive transfer rate,
pa o (5.30)

where R[1/s] denotes the reaction rate, z.[m] is the characteristics length and k[m?/s] is

the diffusion coefficient.

5.5.1 SIR with independent (naive) diffusion

First, we will analyse a SIR model with independent (naive) diffusion. Its dimensions are,

(1/s] (-]
~ individual] [1/s] < [individual]  [m?2/s] [1/m?] [individual]
0 =~ = =~ AN AN A
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In terms of the characteristic scales

10— SN, - N. 0% —
——SN,= —fB—=—IN, + ks——=S “tey: N
t, Of ﬁNNC TR emt /
0— S- t. 9% -
R TR Ry
P2E kot o kste 0%
cN NSte Ste
= — 5.32
P ks a2 2 o7* (532)
Dag Fo Fo

In this model, the diffusion coefficient are independent for each fo the S,I,R compart-
ments. As a consequnce, this model will be described by three Damkohnler numbers,
Das, DCL[, DCLR.

5.5.2 SIR-Peng model

Notice, that in the SIR-Peng model [150], the only field with diffusive term is the I

compartment,

2

O 35+ A — 41

ot N 8
Repeating the analysis,
10- SN. [- 219 -
——IN, = = IN.+ N.———1| —vIN, tey: N 5.33
t, ot O Ty 77 // (5:33)
(5.34)
, 23
and denoting k = S5 <
k
o) S 2 S t. 9
_ _ r te _
—I=|f=—7]|td+—=P=——1 5.35
ot <N 7) +85Na:gaf2 (5:35)

leads to the final form

[=—— £ T4 = T 5.36
Bl g 2T 2 (5.36)
— ~—
Day Fo Fo
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5.5.3 WSIR model

Notice, that in the WSIR model, the only field with diffusive term is the W field.

a 2
=W = B {T—AW (- W)]

5.37
h (5.31)
Repeating the analysis,
Loy —pen 2w a-w] N (5.38)
tot ¢ W8 a2 or? ot ‘
k
0 — - — 7 t. 0% —
= - tCI - tc - I — .
8tW Bw BwtW + g Bw 22 8:702W (5.39)
and denoting k = ﬁwg
s, Bwa? kt, kt. 0% —
—W = Byt d — £ — ——— A4
git =Pt = W e e (5.40)
822 kt kt. 0* —
= - == = — ——W. .
Bwt. 2 + 2 7= (5.41)
\D//v ~—
@ Fo Fo

Finally, the Damkoéhler number for WSIR model is Day, = 8¢

5.5.4 Numbers or fractions - revisited

This time, the task is more difficult. First, let us remind the quotient rule for Laplace
operator:

s(2)=Lar-20 () v Loy
g g g g g

- lAf =A (f> + iy <f> Vg + %Ag (5.42)
g g g g 9
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Chapter 5. Role of diffusion-reaction equations in epidemic modelling

Again, we can divide each of the equations by N to represent them in terms of fractions

instead of numbers. Consider the spatial equation for S from [150],

O 52 (14 Al dividing each side by N

5° = Py g ividing ide by N...

a0 S S /1 rZ 1
92 g2 (L T AT 4
Ot N BN(N+8N ) (5-43)

Substituting the quotient rule for Laplace operator,

0S8 S[r r I 2 I I
——=-0f=|=+=-|A|= —V | =) -VN+ —=AN 5.44
a0 x5 [0 (5) 7V (F) ey e
Introducing fractions s = %,i = %, =%,
2 :—/33[¢+§(A¢+2w-%+¢%)}
Gi = Bs|i+n (Ai+2vi- S +igY)| -y (5.45)
%r =

Alternatively, one can easily rewrite the initial equation as,

55 = —Ps (z + %%A(i]\f))
S =Bs i+ 5 HAGN)) — i (5.46)
%r =1

Notice that A(iN) = iAN +2Vi- VN + NA.
Concluding, the attempt to switch from numbers to fractions in spatial model results
in more complex form of the equations. According to the authors’ experience, the LBM

scheme for the latter form is expected to be unstable for large ratio of N (~ 100 <+ 1000).
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5.6 Benchmarks of the spatial WSIR and SIR-Peng

models

For By — oo the W-SIR model converges to the SIR-Peng one ( Equation (5.22)). The
Finite-Difference scheme has been implement to present the basic properties of the afore-
mentioned models in 1D. The domain of length 64 units has been disretized using 129
points. The temporal discretizetion has been set to At = 107> and the simulation was run
for 100000 iterations. The infectious radius was choosen as rq = 5.5, while the average
number of contacts per person per time was § = 3.01 and it took 2.8 days to recover thus
v = 1/2.8 . If not stated differently, the Sy parameter for the WSIR model was set to
103.

5.6.1 Uniform population density

First, the population is assumed to be distributed uniformly. The total number of people,
N has been normalized, thus N = S;¢c + I;¢ + Rjc = 1 Next, the S, I, R compartments
has been initialized as follows,
(

S[C = 1 - [[C
Iic =0.05 for ze€(3,3), elsewherel;c=0.01

Ric=0

(N = Sic+ Irc + Rie = 1.

The initial conditions have been visualized in Figure 5.5

The Figure 5.6 show that the WSIR model is well aligned with SIR-Peng model,
while it allows to alleviate problems related to low diffusivity as indicated in Sections 5.4
and 5.4.1
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Chapter 5. Role of diffusion-reaction equations in epidemic modelling

SIRIC@nt: 0dt0

1.0 \ 7

0.8
206 —— Susceptible
D_ .
3 —— Infected
j=N
% —— Recovered
S04 —— Total population

0.2

0.0 / \

0 10 20 30 40 50 60
X

F1GURE 5.5: The initial condition.

5.6.2 Spatially variable population density
The validate the method in a nonuniformly distributed population, following conditions
have been assumed,
(
S[C = 1 - ][C
I;c=0.05 for z¢€ <%, g>, elsewherel;o = 0.5

R[CIO

(N = Sic+Iic + Rie =10 for x € (}l,%% elsewhere N = 1.

The initial conditions have been visualized in Figure 5.7

Due to non-uniformly distibuted population in Figure 5.6, the WSIR model does not
follow the SIR-Peng model as good as uniform case. Nevertheless the behaviour is the
same, and the similarity can be improved by increasing the Sy, coefficient at the price of

smaller time steps.
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FIGURE 5.7: The initial condition.
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5.7 Conclusions

It has been shown that the W-SIR model is the most suitable candidate for implementation
in the Lattice Boltzmann Solver due to its ability to deal with low values of numerical
diffusivity. From the physical perspective, it follows the idea of the SIR-Peng model [150],

thus is believed to correctly capture the dynamic of an epidemic.

5.8 Future outlook

There is a trade-off between amount of control variables and accuracy. The greatest chal-
lenge is the input data and calibration of the model. Fitting the mathematical model to
a real world data is multivariable optimization problem. To do limit the computational
cost, application of an adjoint technique would be necessary, however such extension is
beyond the scope of the current work.

Another view of epidemic modelling may point toward a control theory as indicated

in Figure 5.9.

disturbances noise

Model-based
Controller

Set Point Slow Y measurment
+ Feedback +>—’
4 Controller actuation

Feedback signal

FIGURE 5.9: Control Theory and Covid-19 [152].

Last but not least, an origin-destination ’diffusion” matrix shall be implemented to

account for quick movement of people between the cities Figure 5.10.
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Independencia

La Cisterna

La Florida

La Granja
La Pintana

La Reina
Las Condes
Lo Barnechea

Lo Espejo -

Macul
Maipu

Pedro Aguirre Cerda -
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Providencia

Penalolén

Destination

Pudahuel
Puente Alto

Quilicura -
Quinta Normal -

Recoleta
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San Bernardo

San Joaquin -

San Miguel -

Example of an Origin-Destination matrix.
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Chapter 6
Conservation laws: energy balance

“Laws are like sausages, it is better not to see them being made.”

— Otto von Bismarck

Contents

6.1 The general framework . . ... ... ... ... .. ....... 98
6.2 Totalenergy ... ... ...ttt 99
6.3 Kineticenergy . . . . . . . . i ittt e e e 99
6.4 Internalenergy . . . . . . . . ¢ v v v i ittt 100
6.5 Internal energy and enthalpy ... ................ 100

6.5.1 Ideal gas - assumptions . . . . . .. . ... .. ... 101
6.6 Stresstensor . . . .. .. ...ttt 101
6.7 Balance of internal energy in terms of enthalpy ... ... .. 102
6.8 Balance of total energy in terms of enthalpy . . ... ... .. 103

This chapter is dedicated to show relations between equations describing balance of

enerqy.

Figure 6.1 presents intuitive ways in which energy of a physical system can be de-
scribed. In this chapter, we will derive how these forms of energy are related to each
other.
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Chapter 6. Conservation laws: energy balance

Internal
Energy

1

Enthalpy

)

FIGURE 6.1: Intuitive concept of internal energy, enthalpy and total energy.

|

6.1 The general framework

1

Total Energy

'i‘

Let us consider some extensive quantity, ®, such as mass, energy, momentum, electrical

charge, etc. Its spatial distribution is characterized by the mass specific density, ¢, which

can be a scalar, vector or tensor. The total amount of the quantity ® is expressed by a

volume integral,

dd
o = dV = —
/v“b dt

= [ Goov+ § oy nis

= [%pqs)w-(pqﬁu)} av

0 0
:/qu {ap—kv-(pu)l dV+/‘/p\[a¢+u~V¢} dV

production

n dd
dt

-~

mass conservation eq. = 0

D
= —aodV.
/v”Dt¢

The material derivative appeared,

D

E(.)

flow through oV

~~

material derivative

— D) hu- Vo).

ot
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6.2. 'Total energy

Apart of it, we will define an augmented material derivative,

D 0

Dt(‘) i (*) TV (ou) (6.7)
Based on Equations (6.3) and (6.4) the relationship between them is,

D D
EW) = P (9)- (6.8)

In this chapter we will use the augmented material derivative, as it seems to be more

native to LBM (see the form of equations in Chapter 7).

6.2 Total energy

The total energy is a sum of internal and kinetic energy, e = h + k,
0 - .
E(pe)dv + P (peu) -ndS = P =Zn-udS+ | pg-udV — ¢ n-qdS + | pgdV

(6.9)

where ¢ = —kV'T is the conductive heat flux through the boundary and = is the stress
tensor (see Equation (6.20)). Applying the GGO theorem, the equation can be rewritten

in the differential form,

SIS

(pe) =V -(E-u)+ pg-u + V-(EVT) + pq. (6.10)
—— ~—— ——— ~~

surface forces body forces conductive heat flux heat source

6.3 Kinetic energy

The kinetic energy is defined as,

N | —
[\V)

pK = p=u” = (pu) - u. (6.11)
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Chapter 6. Conservation laws: energy balance

The balance of kinetic energy is,

(pr) =(V-E)-u+pg-u (6.12)

)

=V-(E-u)—Z:Vu+pg - u. (6.13)
Recall, that the : symbol denotes the double dot product,

A2 B = aybij = a11b11 + a12b12 + a13b13 + az1ba1 + agabaa + ao3boz + azibzr + azabsa + azzbss.

6.4 Internal energy

Subtracting the balance of kinetic energy Equation (6.13) from the balance of total energy

Equation (6.10), we obtain the balance of internal energy:
(ph) =Z:Vu+V - (EVT) + pq. (6.14)

Notice the change of sign of = : Vu between %(ph) and %(p/—i). This term describes

transfer of mechanical energy into internal energy (or vice versa).

6.5 Internal energy and enthalpy

Specific enthalpy is a sum of internal energy h = ¢,T" and the work required to make
space for the system at given pressure. Using equation of state for an ideal gas, p = pRT,

we can express the specific enthalpy as,

=RT

=~
n=c,T+ pV (6.15)
= (c, + R)T (6.16)
=c,T. (6.17)

Where the ¢, and ¢, are the specific heat capacity at given constant pressure and volume

respectively. Here, by enthalpy, we will mean the sensible enthalpy, which is defined as
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6.6. Stress tensor

absolute enthalpy minus enthalpy of formation,

"= / L (T (6.18)

To

Enthalpy is an extensive property of the system,

ji”:/p"ﬂdv. (6.19)
1%

6.5.1 Ideal gas - assumptions

The ideal gas model depends on the following assumptions:

(a) The molecules of the gas are indistinguishable, small, hard spheres.

(b) All collisions are elastic and all motion is frictionless (no energy loss in motion or
collision).

(c) Newton’s laws apply.

(d) The average distance between molecules is much larger than the size of the molecules.

(e) The molecules are constantly moving in random directions with a distribution of
speeds.

(f) There are no attractive or repulsive forces between the molecules apart from those
that determine their point-like collisions.

(g) The only forces between the gas molecules and the surroundings are those that
determine the point-like collisions of the molecules with the walls.

(h) In the simplest case, there are no long-range forces between the molecules of the gas

and the surroundings.

6.6 Stress tensor

The stress tensor is known as,

g 2 0 g 3} 0
= 8 _ 2N i BT
Eij pd? + (¢ 3,u)a$k upd” + {8171- uj + oz, uz}

2
(:)E:—pIL+(§—gu)(v-u)]H—u[VujL(Vu)T}

= —pL+ (¢ o)V w)T + 2D, (6:20)

101



Chapter 6. Conservation laws: energy balance

Divergence of the stress tensor,

5 5 > 9 o9 .. a0 )
L E = i L) ()0 4 | o+ ——u
G, = g0 T g g (G g {axi“ﬁaxﬂ}
NN I N
&%ip e axiﬁxj Y ”ami ox; Max? ‘
0 0?
5t D7 ST gt
<:>V'E:—Vp—|—(C—|—§) (V-u)+ puV - (Vu) (6.21)
Divergence of the stress flux,
V- E-u)=(V-E)-u+Z:Vu (6.22)

Let us take a closer look at the second term of Equation (6.22),

. 2 0 g
E:Vu=E:(D+R)=Z:D=—pé’D;; + (( — gu)aTuk5”Dij + 20D;; D
k
2 0
pDu + (C - _,u)a ukDu + QMD’LJDZ]
2
=—pV-u+(¢— g,u)(v cu)? +2uD : D. (6.23)

The pressure term —pV - u, is responsible for reversible internal to mechanical (expan-
sion) or reverse (compression) energy transfer, while the last two terms account for the
irreversible dissipation of mechanical energy.

6.7 Balance of internal energy in terms of enthalpy

Let us transform the balance of internal energy into the balance on enthalpy,

D
9] 2
E@h) + V- (puh) = —pV - -u+ (¢ — gu)(v w)® +2uD : D+V - (kVT) + pg. (6.24)
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6.8. Balance of total energy in terms of enthalpy

Moving the pressure term to the LHS, we obtain,

pV-u
o) 0 g % ~ 0
5P T 5+ V- (pud) + V- (pu) —u - Vp—oop =
2
:(C—gu)(v-u)2+2uﬂ):D+V-(kVT)+pq. (6.25)

Grouping terms together,

0 D P 0

il PV N ) L —w- 2=
T [,0( + p)] +V [pu( + p)} u-Vp g

— (- gu)(v-u)Q—I—Z,ulD D+ V- (kVT) + pd. (6.26)

Recognizing the specific enthalpy as # = h + p/p allows us to express the LHS of the

balance in terms of enthalpy,

0 0
Limy—u-v _9 — (€= 2V w4+ 2uD D+ V- (kVT) + pi
7, (" P 5P = S pD Pq.

(6.27)

6.8 Balance of total energy in terms of enthalpy

Now, we will repeat the analysis to see how the balance of total energy transforms to a

form which contains enthalpy,

(oh) +B%<pfa> — V- (E-u)+ V- (kVT) + pd

(pr) =V - (X-u—pu)+ V- (EVT)+ pg

“u

[n

(6.28)
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Moving the pressure part to the LHS allows to collect the terms in the form of enthalpy,

) 0 0 D
= (ph) + =p+ V- (puh) +V - (pu) — —-p + E(pfﬁ):V(XUHV(WT)erd

ot ot ot
0 D P 0 D B
o |t D]+ 9t 2] = S S om) -
0 o D
5P TV (pun) = op + E(pﬂa) =

D 0 D

—(px) — =—p+ —(pr) =V - (2 -u)+ V- - (EVT) + pg.

Dt(p) priy Dt(p) (X u) (EVT) + pg
(6.29)

Reminding Equations (6.21) and (6.23) which describe divergence of the stress flux Equa-

tion (6.22), the V- (X -u) term responsible for viscous dissipation can be explicitly written

as,

Vo(Zou) = ¢+ g)V(v ‘w)+ uv - (vu)] cut(C— ;u)(v ‘w)?+2uD:D. (6.30)

(V-2)u Y:Vu
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Chapter 7
Recovering Energy transfer

“Creativity is just connecting things. When you ask creative people how they did
something, they feel a little guilty because they didn’t really do it, they just saw

something. It seemed obvious to them after a while.”

— Steve Jobs
Contents
7.1 Macroscopic equation . . . . . . . . . .0t e e e e e e 105
7.1.1  Way I: The 'basic’ approach . . . . . . . ... ... ... .... 106
7.2 Conjugate Heat Transfer — future outlook . . . . ... .. .. 112
7.2.1 Way II: Why variable pc, causes problem . . .. .. ... ... 112

7.2.2  Way III: Calculate the right moments (or correction by weights) 114
7.2.3  Way IV: Correction by source term . . . . . . .. ... ..... 118

7.2.4  Way V: Two passive scalar worlds tied by BC at the interface. 120

In this chapter a procedure of recovering the selected macroscopic advection-diffusion

equations is presented.

7.1 Macroscopic equation

For an incompressible and inviscid fluid, i.e. skipping the pressure work and viscous heat

production, the balance of internal energy, (see Equation (6.14)), can be simplified as,

/%(pch)dV + f(pchu) -ndS = —%n -qdS + /cjdV
where q = —kVT
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Chapter 7. Recovering Energy transfer

The heat flux g is related to the thermal conductivity coefficient k[W/mK].
Applying GGO theorem, we obtain,

%(pch) + V- (upe,T) =V - (kVT) + q. (7.3)

This is the differential form of the internal energy balance. In this chapter we show how
to recover the above equation or its simplified version using LBM. We adapt the multiple-
scale analysis of the NS equations from Laniewski-Woltk [153]. In this chapter, the ¢ will
be used to denote the advected field.

The procedure of recovering the NS equations can be also found in textbooks [9, 10]. A
comparison of other analysis methods like Chapman-Enskog analysis, Maxwell iteration,

direct Taylor expansion, and recurrence equations approaches has been presented in [35].

7.1.1 Way I: The ’basic’ approach

Thermal LB models, which do not deal with Conjugate Heat Transfer (CHT) problems
simply assume ¢, = const = 1. We will implement and benchmark such a model in Chap-
ter 9.

Equilibrium distribution function (EDF) - second order in u,

eu (eu)?  u?
fe?  20%e*  20e?

hed = w; |1+ (7.4)

2
=

tion 2.1.1 for short discussion) Moments of EDF,

where § = ¢ RyqsTp is a constant non-dimensional lattice temperature (see Sec-

Lt =o=pT

Yeh!  =u¢ (7.5)

Stelekptt = 1% = 07%0¢ + w/ub o

171

Moments of distribution function (DF),

> h =¢=pT
Selhi  =wo+ Qi (7.6)

Selelh; =T+ THE, = 006 + wuto + T

[ neq neq
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7.1. Macroscopic equation

The @’

central moments of h, corresponds to diffusive flux @’

neq

neq

k= >.(ef —u®) = k0, T. Discrete Boltzmann equation (DBE) reads,

0 .0 1
—h; +el—h; = —(hi* = h;).
ot +€Z8xj 7'( ! )

Zeroth moment of DBE = ). DBE,,

¢+i< ot Qi) =0

8
0 0
— (a )
¢+8 ( ¢) 2?] neq*

First moment of DBE = Y. e*DBE;,

0
( Ot Queg) 5, (00 O+ T, = -

& 2 fute)+ 0 Qneq + i(éﬂ’%)

oz, Ox
0 6 0
& 5700+ 51Qhe, + 5-(00) + S (wuk0) + IR, =

Product rule:

(abe)" = abc’ + ab'c + a'be.

2 (wtg) + iHiL’Zq =

Qneq
1 k

neq

- _Qneq

a(be)’ + (ab)'c — a'be = ab'c + abd’ + a’be + ab’c — a’be = (abe)'.

Applying product rule to identities from Equation (7.9):

O, wo 0 e,
8t( ¢) = u_¢+T8t< uf) — TU@
0 0
I (9¢) =g 0T) + Ta—kap)'
0 0 0 8
a—mj(uﬂu }) = T&E‘7 (ujpur) + uk (u]gb) 8xj —(pu;).

107

can be viewed as a diffusive flux. It is interesting to observe, that the first order

which is a temperature gradient
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Chapter 7. Recovering Energy transfer

Substituting Equations (7.10) to (7.12) into Equation (7.9),

R
—l—pai (0T) + T%(Qp)—l—
+T 8?5] (ujpur) + ug a@ (uj) — 81 (puj)+
+o Qneq + inggq = ——qu. (7.13)
Grouping terms,
Equation (748):—% hea

A

( 6t - <u]¢>)

momentum eq.
7\

o F) Kl \
T =(puF) + — (u.

continuity eq.

8
+pa—k(9T)+

0 jk
+ Qneq + _szeq = __Qneq (714)

Next, we apply Equation (7.8), continuity (32, DBE[*¥0%m*mies — )

kDBEihydrodynamics _

and momentum (), e; —I17%) equations,

0 . 0 0
—uk T—T*F — Tuk0 + p—(07T) + —ka =
U’ Qneq 837]‘ u"0+ p@xk (0 ) Qneq + neq Qneq
a . 0 - 0 8
QI — T—TI* + p—(07) + —H =

o aiL’j e aiL‘j * Pa (9 ) Qneq - L net Qneq

0 8 8 0
And Qneq = T¢pa (HT) + T (u Qneq a H]k + 5 ot neq + or nglfaq) :

(7.15)
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7.1. Macroscopic equation

To recover the macroscopic equation we insert the waq from Equation (7.15) back to
Equation (7.8),

0 a , . 0 0
— — (7 - N
8t¢ + aﬁj (U Qb) 8xj7—¢p8xk (0T>+
o 0 -~ 0 o .
E Y i _ Y Tk L Y0k Y ik
+ 7 (u a:ij”"’q TaxjH + o "8q+8xjH”eq>' (7.16)

Vo
error terms

To match the macroscopic conductivity coefficient, k£, with a relaxation time, 74, the

relationship must hold as

Ty = —. (7.17)

Recall, that at the beginning of Section 7.1.1 we assumed that 6 = ¢? is constant.

7.1.1.1 Scaling

Let us introduce a scaling factor ¢ — 0, which can be interpreted as Knudsen number

(Kn). For diffusive scaling:

(= 5t
T = %x*
. (7.18)
u = cu* the scale of velocity is [m/s], thus u* ~ &
( To =T} the scale of diffusivity is [m2/s], thus 7} ~ (@7)?

*

Based on Equations (7.5) and (7.6) the scale of non-equilibrium terms is analogous to the

velocity scale, thus

Qneq = Ewaq
Ieq = 211

neq

(7.19)
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Substituting into Equation (7.16),

8 , 0 0
uMp) = T)+
a ‘ 0 ~ . 3 0
*k *j 3 *jk *jk
+ 74 <€ u” o *Qneq € T_ﬁx;fH + & % Qneq—i— 3 JHneq> .

(7.20)

Dividing both sides by &2,

0 6+ o (w0) = L rp (0T +
k

J

ot*

o . O . a
*k /N AN . . 7.21
+ €T¢ (u 8:1:;* Qneq (?x; at* Qneq neq) ( )

Vv
cancels out as e—0

The (recursive) scale of Q¥ term based on Equation (7.15) is,

neq

0 o, , 0 .. 5 0
- _ 0T *j 3T_H*]k: H*]k )
aneq T¢€pa * ( ) + T¢ (8 U’ 8 * Qneq € ax;k + 6 6t* Qneq +e 8 ;k neq)
(7.22)
Dividing both sides by ¢,
0 0 , 0 - 0
*xk 2 xk * * k *k *jk
= 0T J —T 1 I7r ). (7.23
Qneq T¢pa * ( ) +e T¢ (U ax; Qneq 8.1'; at* Qneq + a * neq) ( )

cancels out as e—0

For acoustic scaling:

(1t =1t
3
r=1z*
3
u=u* the scale of velocity is [m/s], thus u* ~ &
[ T = 17} the scale of diffusivity is [m2/s], thus 7} ~ (”‘:*)2
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7.1. Macroscopic equation

Again, the scale of non-equilibrium terms is analogous to the velocity scale, thus

Qneq Qneq

(7.24)
Hneq H:Leq
Substituting into Equation (7.16),
8 0 0
u ) = 9T 7.25
+ ET¢ <su 81:;*- neq gTE)_x;H at* Qneq e | -
(7.26)
Dividing both sides by ¢,
8 8 0
0T
1 . O fpein . O ek
-7, lu* N (i | o H*J ) 7.27
e et

N~
cancels out as e—oc0

The scale of QF_ term is,

neq

0 o . o o
_Ork — x T * * *J *k
Qneq T¢pa$z (QT) + Td’ (U agjj; neq ax; at* neq a neq) . (728)

Observe that the acoustic scaling does not converge to the target macroscopic equation

(see Figure 4.5)!
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Chapter 7. Recovering Energy transfer

Central moments

To present the concept, the central moments for a D2Q9 lattice are calculated below,

> it =¢=pT
D (el — )bt = ulp — wg =0
D (el —uh)(el —uh = T et = 3T el hit = STl YD winhit =
= 6700 + uut — vt ¢ — Wit o+ uluto =
= 6%0¢
> (el —wl) (el —uhhT = (576)(0)p = 0
D (el —w(ek — uhPhET = (570)(50)6 = 6%,

7.2 Conjugate Heat Transfer — future outlook

In this section we would like to account for variable p and ¢, to simulate Conjugate Heat
Transfer (CHT) flow. Up to the author’s best knownledge, no model concerning cumulants
or central moments for CHT has been presented in the LBM literature. The analysis is
analogous as in the previous Section 7.1.1. We will start by showing origin of the problems
related to modelling of the CHT in the LBM framework.

7.2.1 Way II: Why variable pc, causes problem

EDF - second order, same as Equation (7.4).
Moments of DF,

Z h; - ¢ = pCvT
Seh  =uwio+ Qi (7.29)

Seleih; = 0% 0¢ + uwuFp 411k,

DBE - same as Equation (7.7).
Zeroth moment of DBE = ). DBE, - same as Equation (7.8).
First moment of DBE = . e DBE; - same as Equation (7.9).
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7.2. Conjugate Heat Transfer — future outlook

Identities:
%(ukqﬁ) =u at¢+Tat(pCv k) — Tuka(pcv)
%(9@ = P (ch )+ %(ﬁpcv) (7.30)
%(ujukgﬁ) Tax (ujpeyur) +“kai (u;p) — ukT%(Pchj)
Substituting,

0 0 o,
k— JE— JE—
W+ T (o) — Tub o (pe)+

ot
0 0
+pa—(Hch) + Ta—k(ﬁpcv)+
0 8
+T8xj (u;pcyur) + uk (uy¢) 8% —(pcyuj)+
0 1
ik _ T Nk
+ Qneq xj Hneq T4 neq-* (731)

Grouping terms,

+ Qneq + _HiLIZq = __Qneq (732)

This time, due to the presence of ¢, the equations can not be simplified. The only thing

we can do is to make a step back and calculate Qneq from Equation (7.9),

0 0 0 a , . 0
koo k k i,k

and insert it to Equation (7.8),

D ey O [0 L DT
G0 o 000) = o | S(0) + 5 Qe t o (00) + (i) + ).
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Chapter 7. Recovering Energy transfer

Rearranging,
0 o, . 0 0
e ) = L
8t¢ + 813]' (u ¢) 8:cj7¢8xk <9¢)
K o PV 9 ik + 2
+ aij¢ at(u ¢) + atheq+ axk (9¢) + 8@ (U u ¢) + axaneq .

(7.34)

Recalling that ¢ = pc,T’, the recovered diffusive term %m%(&pch) does not coincide
J

with the target macrocsopic Equation (7.3)!

7.2.2 Way III: Calculate the right moments (or correction by
weights)

Chen et al. [154] followed by Hosseini et al. [62] noticed that to recover the energy trans-
port with physical diffusive term, a right set of moments of EDF is required. In [154] the
EDF is modified, while in [62] a set of corrective weights is applied. Both approaches lead
to the same result.

From a broader perspective, it is enough to say, that the right moments shall be relaxed.
This is a well-know fact: using LBM to solve NS equations we relax the moments respon-
sible for shear stresses. Unfortunately, in [154, 62] the SRT scheme is applied for both
fluid and thermal DF. To circumvent the issue, the authors introduced the special weights
n or modified EDF. Furthermore, to improve the stability (for 74 — 0.5) the v coefficient
is introduced in [62].

Here, we will enhance the derivation from [62] by expressing the result in the central
moments space (CMS)

Moments of DF with special weights,

S [hi + (3T — ¢)] = ¢ = pe,T
Sel [+ 0T —¢)]  =wo+Qh, (7.35)
Stelel [hi +mif(WT — ¢)] = 67%0yT + wiu¢ + T12%,
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7.2. Conjugate Heat Transfer — future outlook

Weights have to fulfil,

> =0
S =0 (7.36)
S elekn, = 67%0

It can be simply achieved by defining them as,

=) w; (7.37)
i#0
Zeroth moment of DBE = > . DBE;
0
_(b + _(uj¢ + Qneq) =0

< _(b + —(U]¢) = T3 ‘Zleq' (738)

First moment of DBE = Y. e* DBE;

0
( k(b + Qneq) a (5‘]]69’771 + U’] k(b + Hneq) = - Qneq
8 0 0
k ik 7 0dak —_
( (b) + Qneq (6 QPYT) + 833] (u ¢) an neq Qneq
a b 8 ik 0 1
( ¢) + Qneq + (QPYT) 813]' (u u ¢) + 8% neq Qneq
k 0 d ., iy 0 ik
<~ Qneq =Ty (u ¢) + Qneq + _(HPVT) O (u U (b) a Hneq : (739)
j
As usual, we insert QF . to Eq.(7.38):
a 0
Bl SR 09
</5+ o ]( ¢) = a%%axk(HVT)
i —(uF 0 J 9 Jk
b oo | 00+ 5@k + o) 4 ot [ (a0

Finally, the desired macroscopic Equation (7.3) is recovered.
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Chapter 7. Recovering Energy transfer

7.2.2.1 The EDF in CMS

We need to transform the special terms to the central moments space,
hi = ni(YT — ¢).

Resulting moments,

[kl ] [ $»+0

K5 040

Kol 0+0

Ko 0+ 0(~T — ¢)

R = it | = (e — )™ (eiy — )" [R5+ ] = | 0o +0(/T — ¢) | =

K11 ‘ 040

Koj 0+0

K 0+0

[ K3 ] 0?0+ 0°(WT — ¢) ]

Example of calculations for D2Q9:

> elelni =5 — 16+ 17 — 15 = 0
S eleln = by s g r s =2/9+4/36 = 1/3 =6
Z(@f)gefni =5 +ns—1nr—1ns =0
S (D) = s + s+ r + s = 4/36 = 1/9 = 62

A more LB-native approach would be to tune the variance of the distribution,

2 _ 8l
Py

g
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S O O

| 6°T |
(7.42)
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and the equilibrium distribution function would follow as,

Wi = Ui (6, 0,€,u) = (7.44)

_ ¢
B (27T02)D/26mp - 202

Then the moments would read,

¢(0? +u3)
YTho = P(0® +ul) -
Puzu,
du, (0 + u?)
Pua(0* + u)

_¢(a4 + o2ul + o*ul + uiuf/)_

Tpc,

T pcyuy,

T pcyuy,
T(peyus +c3)
= T(pcyus 4 ycl) : (7.45)

T peyug iy
Tuy (el + peyus)
Tug (el + peyuy)
T [eop (uiugcop + (uf +up)ciy) +cs7?] /(cop)

117



Chapter 7. Recovering Energy transfer

and central moments,

kool [o] [ eeT ]

Ko 0 0

Kol 0 0

K20 ¢o? V0T

ko = ks | = |00?| = 9T . (7.46)

ki 0 0

Kol 0 0

k{4 0 0

Ka) o V0T /(pco)

The same concept can be expressed in the cumulants’ space,

0] o) pc, T
10 Us Ua
€01 Uy Uy
cllea €30 o 10/ (pcy) 7.47)
CHT — . e e . .
Co2 o’ 70/ (pcy)
i 0 0
ot 0 0
C) ot (40/(pe.))’

The v coefficient plays a role of numerical stability enhancement. It achieves its goal by

tuning the variance of the distribution closer to 1/3 (see Section 3.3.1).

7.2.3 Way IV: Correction by source term

In the next approach, instead of weights [62] or modified EDF [154], the terms in advection-
diffusion equation are re-arranged to obtain the form of energy balance. This idea was
expressed for the first time by Karani and Huber [60], then revisited by Chen et al. [61]
with a better FD stencil.
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7.2. Conjugate Heat Transfer — future outlook

Let us remind the target equation, which is a simplified balance of internal energy
given by Equation (7.3):
0
a(pch) + V- (upc,T) =V -EkVT.

And, an advection-diffusion equation (ADE):
0
aqb + V- (up) =V-(aVe). (7.48)

We set ¢ = T, then the re-arrangement of Equation (7.48) begins.

The advective term,

V- (ul)=V- (upCUT>
PCy

_ V- (upe,T) +upe, T -V (pi ) : (7.49)
The diffusive term,
k
V- (aVT)=V" <—VT>
pey
1 1
= —V .- (kVT)+kVT -V ( ) . (7.50)
PCy PCy

We divide both sides of Equation (7.3) by pc, (assuming that pc, is time-independent),

0 1 1
—T V- o) = V- (kVT). 7.51
ol o (wpc,T) o (kVT) (7.51)
Next, we plug the expanded terms,
Eq.(7.49) Eq.(7.50)

A A\

7

2T+V-(uT)—upch-V(

1 - 1\
ey ):v-(aVT)—WT-V< ><:>

PCy PCy

s,
@—T—i—V-(uT):V-(aVT)+[upch—kVT]~V<

= ! ) . (7.52)

pev)

(.

g

Sconj

Finally, the S¢,; term is discretized using FD stencil and added during the collision step

as a source term.
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7.2.4 Way V: Two passive scalar worlds tied by BC at the in-

terface.

These approach states that the interfaces between heterogeneous media should be handled
explicitly. The continuity of temperature Equation (7.53) and heat flux Equation (7.54)
at the boundary must be satisfied:

T =10 (7.53)
n - (kVT + pc,uT)t =n - (VT + pe,uT)' ™ (7.54)

where + and — indicates the side of the interface I. As a result, a straightforward imple-
mentation of such BC is limited to cases restricted by straight-interface geometry [155].
To model conjugate problems with arbitrary interfaces, an interpolation and/or extrap-
olation scheme are required [156, 157, 158]. The formulas are complicated and lose the

intrinsic advantage of local computing of the standard LB method.

Chen et al. [61] believe that the explicit treatment of interfaces can be avoided:

"Especially, as it is a particle-based numerical solver, the LB method can
guarantee, automatically, the continuity of a certain macroscopic quantity
and of its flux across an arbitrary interface within the investigated domain, if
the macroscopic quantity and its flux can be recovered from the zeroth- and
first-order moment of the corresponding pseudo-particle distribution function,
respectively, in the LB framework. This feature is a potential great advantage
for conjugate heat transfer research as in the LB framework one need not
explicitly treat the topology of the interface where the conjugated boundary
condition should be strictly satisfied."
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Chapter 8

Boundary Conditions in LBM

“Smooth sea never made a skilled sailor.”

— Franklin D. Roosevelt

Contents

8.1 Link-wise approach: the bounce- back (BB) .. ........

8.2 The magic (Ginzburg) parameter . . . . . .. ... ... ....

8.2.1 Velocity inlet or a moving wall . . . . .. .. ... ... ...

8.2.2 Pressure inlet/outlet . . . . . ... ... Lo L

R.2.3 Concentration . . . . . . . . . . ..

8.2.4 Gradient at the boundary . . . . . .. .. ... . ...

8.3 Moments of a link-wise BC . ... ... ... ...

8.3.1 Future outlook: heat flux boundary condition . . . . .. .. ..

8.4 Interpolated (anti)-bounce-back BC .. .............

8.5 Summary . . . . .. e e e e e e e e e e e e e e e e

The main problem with the boundary condition (BC) in LBM emerges from the fact

that there are more degrees of freedom (g; populations) than the corresponding macroscopic

equations. This gives birth to a “zoo” of approaches, documented by more than 160 publi-

cations until 2015 [9, pp. 166]. A closer look of a so-called “link-wise” boundary condition

will be taken. In this chapter a contribution to the textbooks’ knowledge [8, 9, 10] is done

by analysys of moments of the aforementioned BC.

In general, there are two main families of boundary condition (BC). The link-wise BC

recovers macroscopic solution where the boundary is located midway between the fluid

and boundary node. The wet node BC assumes the boundary lie on a boundary node. A

121



Chapter 8. Boundary Conditions in LBM

quick comparison is given in Tab. 8. Reader interested in more detailed discussion of the

BC implementations is refereed to the regular textbook [9] and references therein.

link-wise wet-note
HBB FBB ES NEEM NEBB
Boundary location | Midway Midway | On node | On node | On node
Accuracy 2nd-order ¢ | 1st-order | 1st-order | 2nd-order | 3rd-order
Exactness Linear Linear Constant | Linear Parabolilc
Stability High High High Moderate | Low
Locality v v v X v
Viscosit,
| iscosity X X X X /
independent
Mass
) Exact Exact Non-exact | Non-exact | Non-exact
conservation
Algorith
.gor% .m Simple Simple Simple Moderate | Complex
simplicity
Applicati
PPHEALION ) x X X X X
to moving objects

TABLE 8.1: Comparison of common BC (table from [9, pp. 157]). The
abbreviations read: HBB - half-way bounce-back; ES - equilibrium scheme;
NEEM - non-equilibrium extrapolation method; NEBB - non-equilibrium
bounce-back.

®Only for straight boundaries.

8.1 Link-wise approach: the bounce- back (BB)

The bounce-back boundary conditions acts as a rigid wall, it reverses the particles velocity

which fall onto it. The implementation can be done in two ways:

e half-way bounce-back HBB - the inversion of the particle’s velocity happens during
the streaming step, thus it comes back in the next iteration as it would travel only

half of the link distance between nodes.

o full-way bounce-back FBB - the inversion of the particle’s velocity happens during
the collision step within the node, thus it takes two iterations for the particle to

come back.
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8.1. Link-wise approach: the bounce- back (BB)

The Figure 8.1 shows the conceptual difference between HBB and FBB. It may happen

(a)
t—At t t t+ At
| | | |
XN : XN+1 XN : XN+1 XN : XN +1 XN : XN+1
—O»T—0— —O—F—0C> —O0—T+o— 40— O0—

Streaming Collision Streamingd
filxns1, 1) = X (xN+1 1) Bxn, t+ Ar)
S (e, t = At) = filxn+1, 1) = (XN 1)
(b)
t t+ At/2 t+ At
XN : XN +1 XN : XN +1 XN : XN+
| | |
— G r—0— —0% o — ~o———O0—
| | |
| | |
| | |
Streaming

BN, t+ A1) = f*(xn, 1)

FIGURE 8.1: Comparison of (a) full-way bounce-back and (b) half-way
bounce-back. The dashed line shows boundary location.
(from [9, p. 177]).

that for the turbulent flows the lack of lag in half-way bounce back, compared to the
full-way version, is crucial for the resolution of both turbulent boundary layer and correct
value of forces (even if there is no separation).

Unfortunately, both bounce-back methods suffer from a dependence of the effective
boundary location on the fluid viscosity in a SRT collision scheme, which can be viewed
as an unphysical slip at the boundary. It has been shown in [159], that the bounce back
condition is in fact a condition for 3rd order hydrodynamic moment (Y, = % puz+ Lot in
this case). From a Chapman-Enskog analysis, one can find the relaxation rate to minimize
the error [160, 161].

In the upcoming sections, we will add an additional term, B;, to modify the bounced-

back distributions in order to obtain a more specific BC.
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8.2 The magic (Ginzburg) parameter

The no-slip wall is positioned by the bounce-back rule exactly halfway between the bound-
ary and solid nodes. However, the solution is viscosity-independent. The numerical slip
caused by the bounce-back BC strongly depends on the value of numerical viscosity v g.
This effect particularly obscures simulations of the porous media, since the effective wall
location directly affects the permeability parameter [162, 163, 160].

When odd and even moments are relaxed with appropriate relaxation rate, the nu-
merical slip caused by the bounce-back BC can be alleviated or at least kept constant
for different values of vy p. Detailed analyses done by the group of I. Ginzburg [164, 165]
have shown that in the case of linear, steady flows the value of the magic parameter, A,
(see Equation (3.37)) is crucial for proper results. The research was continued by Khirevich
et al. [166] who studied different formulation of interpolated bounce-back and variations
of the MRT collision operator.

Unfortunately, there is not much literature available regarding non-creeping flows. The
issue was investigated in the PhD thesis of Regulski [167] who simulated higher Re-number
flows in porous media by incorporating the magic parameter into the cumulant model [43].
It was found, that the interpolated bounce back proposed in [43] does not allow to obtain
a viscosity independent model despite of claims given in [168]. Moreover, introduction of
the magic parameter into the cumulant model reduces its stability. The desired behaviour
of permeability independent from viscosity was observed only for selected values of A.
However, it was achievable in a simpler MRT model without problems. Finally, an ad-hoc
solution was proposed. First, the unstable but accurate MRT-TRT model was utilized to
produced a reference solution, then the geometry was modified (thinned) together with

calibrated vrp for the cumulant model.

8.2.1 Velocity inlet or a moving wall

The extension of the half/full-way bounce-back method to moving wall or inlet/outlet is

achievied by adding additional momentum to the outgoing distributions [169, 170, 171],

f;-(a:b, t+ At) = fz (CL’b, t) —2wipw 02

N J/

~
B;

(8.1)

Obviously, the exact value of density at the wall p,, is unknown. To estimate it, either

system average density or local density at the node is used. Unfortunately, both approaches
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8.2. The magic (Ginzburg) parameter

lead to violation of mass conservation. The only solution is to use incompressible-LLB or
a different formulation of BC.

One may wonder where does the (multiplication by) “2” coefficient in Equations (8.1)
to (8.3), (8.8) and (8.9) comes from. Although the first idea of averaging (3(Nodea +
Nodepg)) between nodes may appear sufficient, the change of flux/momentum is a better
explanation as it holds for interpolation when the boundary is not located exactly between
nodes (see Section 8.4). To exemplify, consider a transformation to the frame of the wall,
bounce-back there and back transform to the initial frame of reference (think of bouncing

a ball against a train while riding in a car).

8.2.2 Pressure inlet/outlet

In case of a pressure inlet/outlet, the momentum component (the first moment of the
equilibrium distribution function, which is prescribed in case velocity inlet/moving wall

as in Equation (8.1)) is removed from the equilibrium distribution:

N (ei-uyw)® | up
f{‘(wbat + At) = _fi (wb, t) + 2wi/)w 1+ 2—64 + 2_62 (8.2)
B

This time, the exact value of velocity at the wall u,, is unknown. It is usually estimated
by extrapolation, which does not influence the mass conservation of the system in case of

pressure-type BC.

8.2.3 Concentration

The concentration (Dirichlet) BC for the thermal distribution (>, h; = pI') can be

implemented as,

hi(@y, t + At) = —hi (@, t) + 2057,

e -u, (e -u,)? (u,)?
= —ht t 2W; Ly |1 — . 8.3
)+ 2uip T [14 Sy (Bl (WP g

B;

Since the post collision populations are given with a negative sign (e.g. —h}), this approach

is commonly called Anti Bounce Back.
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8.2.4 Gradient at the boundary

The implementation of the Neumann BC can be done by imposition of the concentration
(Dirichlet BC) required to obtain desired gradient. From a broader view point, a general

concentration boundary condition can be formulated as [172],

0
b1 a—nCw + bQCw = b3. (84)

Using the finite-difference scheme to approximate the concentration gradient,

0 Cy, — Cy
b—C, ~ bj——, 8.5
"on Yy — To| (8:5)
the unknown concentration at the wall, C,, can be found easily,
b - dLw
O, = Cy 4 31T = Tul (8.6)

b2|wb - ww| - bl.

The C} is the concentration at the boundary (fluid) node neighoboring the interface.

Extension to dissolution or surface reaction is straightforward,

—k%Cu, = a(Cey — Cy)", (8.7)
where « is the reaction rate constant and [ is the order of reaction kinetics.
There is an ongoing dispute regarding proper choice of the FD stencil required to
calculate the concentration gradient [173, 174, 175] from macroscopic field.
Interestingly, Li et al., have develop an interpolation schemes on the level of distribu-
tion functions [156, 157, 176].
Alternatively, a simple yet effective method would be to smear a source term across

the body to mimic the Neumann BC. Although not as precise from a mathematical point

of view, this approach would easily result in the same heat flux submitted to the domain.

8.3 Moments of a link-wise BC

It is very instructive to calculate the moments of the already discussed, link-wise BC.

Here, it shall be noticed that the diffusive flux, )7, in ADE is present in the non-

neq’

equlibrium part of the first moments.
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8.3. Moments of a link-wise BC

To obtain pressure type BC, the B; coefficients have to act on the second order mo-
ments (stress tensor),
(ei-u,)*  (uy,)?

B; = 2w; 1 — ) 8.8
Wipw |1+ 2ct 2c2 (8.8)

In case of a velocity type BC, the B; coefficient have to contribute to the first order
moments (flux of momentum),

€; Uy

IR
Cs

It shall be noted, that the continuous moments of B; result in a more accurate expressions
(see bolded terms in Tables 8.2 and 8.4 and in Equation (8.10)).

For convenience of the study, let us list the hydrodynamics moments for a D2Q9

lattice:
][ p ]
11 pu;
Toi Py
150 plui +c2)
Y= |Ted| = p(u; + c2) : (8.10)
Y Pl Uy
151 puy(c +uf)
T3 pu(c2 + uz)
[ T5s]  Lp(es + cdud + cluj + udu?) |
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and the moments for thermal distribution (see Section 7.1.1, where Y = pT),

YHea —

H(u2 + %)
H(ui + c2)
Hugu,
Huy(cg + ui)

2 2
Hug,(c5 +u)

4 202 2.2 22
H(cs + ciug + csuy + uzus)
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oI
N
pTu,
pT(u3 + c2)
pT(ul 4 ¢3)
pTuyu,
pTuy(c + u?)
pTuy(c2 4 ul)

4 2,2 2,2 2,,2
pT(cs + coug + ciuy + uzul)

Y

(8.11)



8.3. Moments of a link-wise BC

and the moments for thermal distribution in Conjugate Heat Transfer model (see Sec-
tion 7.2 and Equations (7.35), (7.43) and (7.45), where T = H = pc,T),

H(o? +u?)
Yho = H(o* 4 u) =
Hugyu,
Huy(o? + u?)
Hug(0® +u2)

4 2 2.2 | 2.2
_H(O’ + o2ui + o + uwuy)_

Tpc,

T pcyuy,

T pcyuy,
T(peyuz +vc3)
— T(peyuy + yc2) : (8.12)

T peyug iy,
Tuy(yc2 + peyu?)
Tug (¢ + peyul)

T [cvp (uiuf}cvp + (u2 + uj)cﬁv) + 02‘72] /(cop) |
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8.3. Moments of a link-wise BC

8.3.1 Future outlook: heat flux boundary condition

To impose a flux of some quantity, g, one have to modify its first order moments. Inspired
by the forcing scheme proposed by He et al. [22] (see Equation (2.19)), we will show a
theoretical derivation of a heat flux BC. To the best of the author’s knowledge, both
the implementation of the flux BC by adding required moments of the distribution as
proposed in Table 8.5 and the role of the velocity truncation (bolded velocity terms) in
the equilibrium distribution function on the accuracy of link-wise BC is not well covered
in the literature. However, a detailed numerical benchmarks are beyond the scope of the

current work. Let accommodate the Equation (2.19),

hea
H, VRN N
F]ux ofheat(S) = (TH : vg) \I]M B, q(TgIO,E,’U,)
00
Hw Hw (S B u)
PR v N e} hel. 1
T Ve T o2 (8.13)

where H,, is the heat flux imposed thorough the boundary per unit length (2D) or surface
(3D). The Y is the zeroth moment of the thermal distribution. Depending on the case,
it can be interpreted as YI, = pT and 0% = 2, while for the Conjugate Heat Transfer
model (see Section 7.2 and Equations (7.35), (7.43) and (7.45)) Y¥ = pc,T and 0% = Z%E

Calculating the central moments (if the wall is stationary then u = 0) of Equation (8.13),

Y = H, 0 : (8.14)

where n is the normal to boundary surface.
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Chapter 8. Boundary Conditions in LBM

Alternatively, an extension to the collision step (see Equations (4.3) to (4.5)) by means

of the exact difference method [71] can be applied to obtain the desired flux,

Himposed
—> (8.15)

H
TOO

T =(1-s) (T — Y°(g, u)) + Yed (&3, u+n

Finally, we can apply the calculated moments as BC in a link-wise (perform (Anti)-
Bounce-Back then add moments) or wet-node (add/overwrite the desired moments to
the incoming distributions) manner. Observe, that implementation of the aforementioned

condition within the fluid would act as a heat pump BC.
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8.4. Interpolated (anti)-bounce-back BC

8.4 Interpolated (anti)-bounce-back BC

The simple bounce-back (BB) rule reduces the convergence of the LBM to first order if the
wall is not located exactly between lattice nodes. The higher-order boundary condition
allows to circumvent this issue and recover the second order convergence.

Bouzidi et al. [177] proposed the interpolated-bounce-back (IBB) scheme to represent
a non-slip wall on a curved boundary. It is assumed that during each streaming step, the
distributions travels a distance |e;|At. The walls are modelled by a bounce back of said
distributions back into the domain. As the wall is not necessarily half-way between lattice
nodes, the algorithm employs a linear interpolation scheme between boundary node x,

and neighbouring fluid node xy,

2qfF(zp, t) + (1 — 2q) f7 (x4, 1) for g € [0,0.5]
fi(mp, t + At) = (8.16)
% LS (@0, 1) + (2 — 1) f2 (s, 1)] forq € (0.5,1],

where ¢ is the distance (along lattice link) between the boundary node and the actual

boundary and i denotes direction opposite to i. The idea is depicted in Figure 8.2. Inter-

Ol

t X Xp

\

wall

t+1

"time

FIGURE 8.2: Interpolated (Anti-)Bounce Back in the time-space diagram.
The blue triangle indicates the intensity of the interpolation function be-
tween g (xp,t) and g (xy,t) for ¢ € [0,0.5].

estingly, Geier et al. [43] noticed that the algorithm can be implemented locally. Observing

that the bounce-back populations are in fact the ones from the previous time step, the
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Chapter 8. Boundary Conditions in LBM

costly operation of accessing neighbour’s value can be substituted by storing the past
value locally or recovering it from the pre-collision state as in the original work of [43].

The intuitive interpolation as in Equation (8.16) has been improved to third order by
Ginzburg and D’Humieres [161], who used second-order Chapman-Enskog expansion to
find the appropriate coefficients. Their scheme is called multi-reflection BC, as it utilizes
five populations to interpolate from and is viscosity independent when TRT/MRT collision
kernel is applied.

The interpolation scheme proposed by Bouzidi et al. [177] can be modified [178, 164,
179, 180] to obtain Dirichlet boundary conditions for advection-diffusion problems. Due
to change in sign of the post-collision distribution function, the scheme is refereed as
interpolated-anti-bounce-back (IABB),

— [2qh} (p, t) + (1 — 2¢)hf (x . t)] + 20 (2, w,t) forq € [0,0.5]
h{(iBb, t+ At) =
i [_h:(mba t) + (2q - 1)h$(mb7t) + QhSQ(mw’ ’U,,t)] fOI‘q S (057 1] ’
(8.17)

where h{?(z,,u,t) is a source term designed to impose the desired temperature at the
wall, x,,. If the interpolation is skipped, then the scheme simplifies to the so called anti-
bounce-back (ABB) [82, 181, 182]. In the simplest form of the Dirichlet boundary condi-
tion, known as the equilibrium scheme (EQ) [183, 184, 185], only the equilibrium part of

the above equation is prescribed to the outgoing distributions.
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8.5. Summary

Pros

Cons

Second-order accurate.

As the scheme is aware of boundary’s nor-
mal, the turbulent boundary layer shall
have more physical profile than in the
case of immersed boundary method [186]
or partially saturated method [187] where

interpolating kernel is isotropic.

Not mass conserving (due to interpola-

tions)

Adoption of TRT/MRT can not cure the
issue slip is always viscosity dependent
slip (due to interpolations). Viscosity in-
dependent IBB has been proposed by the
group of I. Ginzburg [188, 181, 189] and
Chun and Ladd [190].

Non-local implementation may cause
problems in narrow geometries (like
porous media), because it may happen
that there will be not enough nodes to

interpolate from.

HBB, which can be viewed as special case
of IBB does not suffer from a lag as a reg-
ular BB, thus the IBB scheme is expected

to be more accurate in turbulent flows.

TABLE 8.8: Pros and cons of the Interpolated Bounce Back

8.5 Summary

Is is difficult to select proper BC, as each candidate has its own pros and cons. The problem

is case specific, and the criteria such as overall robustness, mass conservation, convergence

order, locality /computational effort, applicability to moving boundaries, applicability to

resolve turbulent boundary layer, stability, satisfaction of exact no slip condition at the

wall, applicability to relatively small particles/objects or porous media shall be considered.
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Chapter 9

Thermal Flows in high Prandtl

number regime

“Good judgment comes from experience, and a lot of that comes from bad judg-

ment.”
— Will Rogers
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Content of this chapter is based on the article “A comparative study of 3D cumulant
and central moments lattice Boltzmann schemes with interpolated boundary conditions

for the simulation of thermal flows in high Prandtl number regime” [4].

Thermal flows characterized by high Prandtl number are numerically challenging as

the transfer of momentum and heat occurs at different time scales. To account for very
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Chapter 9. Thermal Flows in high Prandtl number regime

low thermal conductivity and obey the Courant-Friedrichs-Lewy condition, the numerical
diffusion of the scheme has to be reduced. As a consequence, the numerical artefacts are
dominated by the dispersion errors commonly known as wiggles. In this chapter, we explore
possible remedies for these issues in the framework of lattice Boltzmann method by means
of applying novel collision kernels, lattices with large number of discrete velocities, namely
D3@Q27, and a second-order boundary conditions.

For the first time, the cumulant-based collision operator is utilised to simulate both the
hydrodynamic and the thermal field. Alternatively, the advected field is computed using the
central moments’ collision operator. Different relaxation strategies have been examined to
account for additional degrees of freedom introduced by a higher order lattice.

To wvalidate the proposed kernels for a pure advection-diffusion problem, the numerical
simulations are compared against analytical solution of a Gaussian hill. The structure
of the numerical dispersion is shown by simulating advection and diffusion of a square
indicator function. Next, the influence of the interpolated boundary conditions on the
quality of the results is measured in the case of the heat conduction between two concentric
cylinders. Finally, a study of steady forced heat convection from a confined cylinder is
performed and compared against a Finite Element Method solution.

It is known from the literature, that the higher order moments contribute to the solution
of the macroscopic advection-diffusion equation. Numerical results confirm that to profit
from lattice with a larger number of discrete velocities, like D3Q27, it is not sufficient
to relaz only the first-order central moments/cumulants of the advected field. In all of
the performed benchmarks, the kernel based on the two relaxation time approach has been

shown to be superior or at least as good as counter-candidating kernels.

9.1 Introduction

The Prandtl number (Pr) defines the ratio of kinematic viscosity to thermal diffusivity.
Modelling high Pr flows rises numerical difficulties due to different time scales of the
physical phenomena occurring in the hydrodynamic and thermal field. Briefly, three dis-
tinct approaches to model thermal flows within the lattice Boltzmann method (LBM)
framework can be distinguished in the literature [191].

In a fully coupled double distribution function approach, a second distribution func-
tion evolving between the same lattice nodes, at the same as the hydrodynamic one, is

introduced to simulate the evolution of the energy field [31]. Due to tight coupling, many
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9.1. Introduction

benchmarks published for this type of LBM models are restricted to Pr < 100 [192, 193,
194] or Pr~ 1 [31, 50, 45, 90, 102, 195, 95, 196, 63, 52, 55, 62, 197, 198, 199, 200]. Limits
of this way of modelling, are explored in the current paper.

Another approach, called multispeed LBM uses single distribution function, but utilises
a lattices with a large velocity set [66]. The expanded velocity set allows to eliminate the
aliasing of the higher order moments of the distribution. As a result, the internal energy
can be incorporated as a quantity solved by LBM. This is not possible for standard lat-
tices, as the limited number of independent moments results in a fixed relation between
the internal energy and the pressure, which is referred as isothermal LBM. The use of the
multispeed method with the SRT collision operator would lead to the Pr being a constant
of the model, as the relaxation rate corresponding to the thermal conductivity could not
be set independently of from the kinematic viscosity [201, 202]. Successful decoupling has
been achieved by Chen et al. [76] followed by Shan [203]. A collision operator with mul-
tiple relaxation frequencies in a moving reference frame has been proposed and validated
for Pr € {0.5,1,2}.

In the hybrid approach, two distinct numerical methods are used to solve the hydro-
dynamics and the advected field. Examples of this approach include studies, where LBM
solver was used for the Navier Stokes (NS) equations and a finite difference [204, 205] or
finite volume [197] method for the thermal field.

Finally, some researches attempt to take advantage of high Pr regime to decouple
NS and advection-diffusion equation (ADE) solvers. In this method, both fields can be
computed using LBM solver, but on separated lattices [206, 207]. Parmigiani et al. [206]
notes that either the timestep or grid spacing of the second distribution can be decou-
pled. Although the spatial decoupling demands interpolations between lattices, the overall
computational cost is reduced. The group managed to simulate flow with Pr up to 1000.
However, when the heat transport becomes velocity controlled, the advantages of decou-
pling deteriorate [206].

The Qp and Qy subscripts will be used in the present chapter to distinguish the
lattices used for hydrodynamic and thermal distribution functions, hence defining the
lattice as DdQrpxQgy. To solve the advection-diffusion equations, a lower order lattices like
D2Qy5 [95, 196, 63, 55] and D3Qy7 [58, 157, 59, 60, 154, 61, 198, 200] are frequently used.
However, to properly recover complex thermal flows (e.g. measure the critical Rayleigh
number), a higher-order lattice is required [45]. According to Huang et al. [208], the
accuracy of D2Qu4, D2Qu5 and D2Qyz9 lattices can be comparable, but the effects of
low diffusivity were not considered in their study. Additionally, lattices such as D3Q15
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shall be avoided, as it is not feasible to derive the shift matrix from the raw moment
space (discussed in next section) following the procedure presented by Asinari [47]. Apart
from increasing the number of discrete velocities, it is possible to take advantage of a
specific geometry of the problem by either scaling a lattice into cuboidal one [209] or by
adding a correction terms to account for axisymmetric flows [210]. Interestingly, when
the relaxation frequency is exactly equal to one, a memory efficient LBM scheme can be
implemented, by eliminating the storage of the distribution function. From the theoretical
perspective, a memory savings of up to ~ 86% can be achieved for the D3Q27 lattice [211].

In this work, a linear interpolation scheme [177] is implemented to represent a bound-
ary located between lattice nodes and improve the representation of the geometry. Readers
interested in a more detailed studies on the application of an interpolated-anti-bounce-
back boundary condition are refereed to [178, 164, 179, 180].

Application of standard lattices, such as D2Qy9 [212] and D3Qy15 [213], -19 or -27,
raises the question of the appropriate relaxation of higher-order moments. Due to its
simplicity, the SRT collision operator is frequently applied [50, 20, 53, 90, 93, 154, 45, 60,
214, 54, 56, 192, 193]. When it comes to use a more advanced multiple relaxation time
(MRT) [58, 215, 59, 90, 102, 26, 216, 200, 198] or central moments (CM) [95, 196, 212,
213, 63, 68, 210] collision operator, various relaxation strategies can be identified. Some
authors [58, 59, 102, 26, 213, 212, 200] relax first-order moments only, setting the rest
of moments to their corresponding equilibrium values. The two relaxation time (TRT)
approach was adopted to moment space [215, 90, 198] and central moment space in [196,
63, 68], however in [68, 213, 212] the relaxation of higher-order moments is said to be
tunable.

It has been shown by different authors [66, 67, 68, 69, 5], that truncation of the equi-
librium distribution function deteriorates Galilean invariance of the flow model. Chopard
et al. [65] have discussed the role of the second-order velocity terms in the equilibrium
distribution function on the error of the recovered macroscopic equation and proposed a
correction term. Nie et al. [66] noticed that the error appears as spurious dependence of
the macroscopic diffusion coefficient (i.e. viscosity or thermal conductivity) on velocity. A
similar effect has been observed by Fei et al. [68] who used a cascaded collision operator
with full order equilibrium to show that thermal diffusivity is independent of Mach num-
ber as opposed to works where MRT with truncated equilibrium [217, 216] were used. To
avoid the above-mentioned issues, a full order equilibrium distribution function is used in
the present work.

The Table 9.1 presents a concise summary of the models present in the literature, to
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put the collision operators chosen in this work in a context. Features such as the type of
collision kernel, order of equilibrium, utilized lattice and the range of reported Prandtl
numbers has been extracted. The publications were usually focused only on selected prop-
erties from the aforementioned set. Usage of SRT collision and truncated equilibrium
distribution is prevalent, as is the relaxation of only first raw, or central moments. It is
expected that to some extend, the models listed in Table 9.1 would work for Prandtl
numbers other than reported.

In this study, the role of different relaxation approaches for the advection-diffusion
problems is investigated. To the best of the author’s knowledge a cumulant collision
kernel is applied to simulate the advection-diffusion equation for the first time. A set of
benchmarks with different complexity has been conducted, to isolate the factors which can
affect the numerical simulations. For the set of numerically investigated cases, specified
for a range of non-dimensional numbers, the relaxation of higher-order moments has to be
adjusted to achieve the benefits of lattice with a large stencil. Concluding, current work
is focused on the numerical limits of the central moment and cumulant collision operators
applied to the variant of advection-diffusion equation, namely transport of internal energy
in a homogeneous, isotropic medium with first and second-order boundary conditions
using a fully coupled double distribution function approach on a D3Qp27Q;27 lattice.

This chapter is organised as follows. In the Section 9.2, the LBM routine and the inves-
tigated collision kernels are described. The validation and tests of the model is discussed in
Section 9.3. The future outlook is given in Section 9.4. Finally, the summary and conclu-
sions are formulated in Section 9.5. For clarity of the manuscript, some of the derivations
regarding discretisation of the distribution function, two relaxation time approach, the
transformation matrices and the source treatment have been listed in 3.4, 3.6, 3.5 and 9.6

respectively.
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Year Reference Notes Collision h®t ord. Lattice Pr
1998 [31] SRT 27 D2Q9 0.25--0.71
2007  [50] SRT ond D2Q9 0.71+1
2009 [206] (a)  SRT 18 D2Q5 101000
2013  [53] SRT ond D2Q9 0.02
2013 [51] Entropic ond DdQq 1
2013 [215] MRT-TRT 1%t D2Q5 0.71+7
2014  [76] (b)  CM-TRT 4th D2Q27 0.5+2
2015 [90] MRT-TRT ond D2Q9 0.2
2015  [45)] SRT 2rd D3Q15/19/27 0.71
2016 [102] (¢)  MRT-1¢ 1%t D3Q7 0.71
2017 [95] CM-TRT 00 D2Q5 0.71
2017 [218] (e)  MRT-TRT 1%t D2Q5 0.71
2017 [54] SRT ond D2Q9 1
2018 [196] CM-TRT 00 D2Q5 0.71
2018 [52] SRT ond D2Q9 0.71
2018 [197] SRT ond D2Q9 0.71
2018 [213] CM-1% 00 D3Q15 0.71
2018 [212] CM-1% 00 D2Q9 0.71+1
2018 [63] (d) CM-TRT 00 D2Q5 0.71
2018 [55] MRT-TRT ond D2Q9 0.7+1
2018 [62] SRT 1%t D2Q9 0.7+1
2019 [203] (b)  CM-TRT 9gth D2Q37 0.5
2019 [198] MRT-TRT 1%t D3Q7 0.7+7
2019 [200] (¢)  MRT-1¢ 18 D3Q7 0.73
2019 [57] MRT-TRT ond D2Q9/D3Q7 0.02
2019 [199] SRT 1%t D2Q5 0.2
2020 [192] SRT 1%t D2Q9 50
2021 [193] SRT 2md - D2Q9 50
2021 [194] SRT 15t D3Q7 100
2021 [207] (a)  SRT 15t D2Q9 0.01+-100
2022 current model CM-TRT o0 D3Q27 101000

TABLE 9.1: The summary of models present in the literature. h®? ord. -

Order of equilibrium distribution function used for the advection-diffusion

equation (value co means that equilibrium is not truncated, Pr - Prandtl

number. Notes: (a) - NS and ADE were computed on decoupled lattices,

(b) - multispeed model, (c) - collision based on [58], (d) - collision based

on [216], (e) - collision based on [215]. The + sign is used to indicate the
range of Pr for which the model has been benchmarked.
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9.2. Model description

9.2 Model description

The flow of fluid and the internal energy balance is modelled by the Navier-Stokes and
advection-diffusion equation respectively. Only one-way coupling between these equations

will be considered. The hydrodynamics is described by the continuity and momentum

equations,
ap B
E—FV'pU—O, (91)
0
p (a—ltl + (u- V)u) = -Vp+ V- (u[Vu+ (Vu)']), (9.2)

where u is the fluid velocity, p is the density, p is pressure, and p is the viscosity coefficient.
Although the LBM is a weakly compressible method, it is used in this study in the
incompressible regime (p ~ const).

The heat transfer is described using an internal energy field expressed as H = pc, T,
where ¢, is a specific heat capacity at constant volume and T is the temperature. Omitting
viscous heat production and assuming that the flow is incompressible, the conservation

of internal energy (see Chapter 6) can be written as [219, 191, 220],

%(pch) + V- (upe,T) =V - (kVT), (9:3)

with thermal conductivity of the fluid being denoted by k. As the conjugate heat transfer
in the surrounding medium is not considered in this study, the ¢, is set to 1. Having
calculated the velocity field from Equations (9.1) and (9.2), the advection-diffusion of i
can be solved independently. Readers interested in the Chapman-Enskog procedure for
the advected field are referred to the work of Shi et al. [219].

9.2.1 Moments of the distribution functions

The fluid flow and temperature field in the present LBM framework is described with two

distributions functions, f; and h;, with the corresponding set of velocity vectors e;. The
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Chapter 9. Thermal Flows in high Prandtl number regime

connection between f and h, and macroscopic flow fields is described by,
p=2_1I (9-4)
pu = Z e fi, (9.5)
pc, T = Z hi. (9.6)

The density and internal energy correspond to the zeroth order moments of hydrodynamic
and energy distribution functions respectively. The momentum pu corresponds to the
first moment of f. According to the probabilistic definition, the central moments (see
Section 3.3) or cumulants [43] of some quantity g shall be calculated basing on g itself.
Observe, that the cascaded or central moments, defined here, would correspond to the
probabilistic definition of central moments in case hydrodynamics distributions, f, but do
not for the advected ones, h. Strictly speaking, the macroscopic velocity, u, being used
to compute the shift matrix, N = N(u), is related to the first order moment of f not h.
A detail presentation of the cumulant transformation, %, and the use of cumulants in
LBM, can be found in the works of Geier [43, 44] and Coreixas [12, 13]. Here, the cumulant
transform for both the advected and hydrodynamic field is the same and follows the rules
described in [43]. Generally, one can think of cumulants as of intensive and statistically
independent quantities as opposed to (central) moments, being extensive ones. In case of
the hydrodynamic field, the first order moment correspond to momentum, pu, as opposed

to first order cumulant which is just the velocity, w.

9.2.1.1 Considered collision kernels

The general evolution equation of f and h distributions can be decomposed into two steps:
collision and streaming. The collision is a nonlinear operator 2 acting on the distribution
function at a specific time and location, while the streaming spreads this distribution

function along the velocity vectors e;. This is expressed as,
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9.2. Model description

The collision operator 2 is considered to consist of three steps: some transformation #

(see Section 3.3), relaxation to equilibrium, and inverse of the transformation,

Qalg) =7 (7 (@) +S( () - 7 (8))). (9.9)

where S is the relaxation matrix and g; is the distribution function of interest (either
hydrodynamic or advected field i.e., f;, h;) and. The operator #  can be the transformation
to the space of moments, central moments or cumulants.

Now, four different collision kernels being investigated in the present study will be
described. In all cases, the hydrodynamics collision operator Qp is always based on cu-
mulant transform % and follows the formulas described in [43]. Denoting cumulants as

ct = %' (g), the cumulant collision kernel can be written as,
Qr(f) =" (C" 4+ 8" (€™ - ")) (9.10)

On the other hand, different kernels are used for the internal energy field, based on either

central moments or cumulants,

Qu(h) = M'NT (67 + S (60— k1)), (9.11)
Qu(h) =€ (C"+ 5" (¢ - ™)), (9.12)

The analytical form of the Maxwell-Boltzmann equilibrium distribution is used to calcu-
late the central moments for the internal energy field (see 3.4). The non-zero elements of

equilibrium vector for h®? are,

H,eq _ eq €eq eq €eq €eq eq €eq €q T
k% =[Tog0, 0. To00, Tozo5 Tongs 05 Ta20, Lotz Lozg: ---0--s Too0]

:[H, 0., H2, HE, HE, ..0.., Het, Het, Hcet, .0, HCG]T. (9.13)

S

In case of cumulants, the collision kernel which has been originally implemented for the hy-
drodynamic field [43] requires adjustments to reflect the macroscopic advection-diffusion

equation. Since the first and second-order cumulants corresponds to the mean and variance
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Chapter 9. Thermal Flows in high Prandtl number regime

of the distribution, the equilibrium cumulants in case of an advected field read,

Heq __ €q €q €q €q €q €q €q €q €q €q €q €q €q €q €q T
C = [60007 €1005 €010> €001 €1107 €101 €011 €2005 €0205 €0025 -+ Cijk--+» C1225 C2125 C2215 0222}
J

—[H, wp wy, w., 0, 0, 0, & & ¢ ..0., 0, 0, 0 0 ]

S S )

(9.14)

where ¢, refers to the lattice speed of sound and is set to y/1/3.
The diagonal relaxation matrix is used for the advection-diffusion equation and can

be formulated in a general form as,

SR diag ([3000, 5100, 50105 S001; S1105 -+-Sijk-++5 8222]) ) (9-15)

where three-indexes ijk correspond to the choice of moment three-indexes. The main

relaxation frequency, s

, corresponds to the macroscopic thermal conductivity [10]. As
the density fluctuations are negligible (< 0.01%) for the cases being investigated, the

main relaxation frequency can be expressed as [219]:

o 1
st = w (9.16)
Based on this framework, four collision operators are formulated. Three of them use
the central moment transform and different choices of relaxation frequencies s;;;, and one
uses the cumulant transform.
CM-SRT is obtained by setting s;jx = s”. Thanks to S" being diagonal, the CM-
single relaxation time (SRT) relaxation scheme is equivalent to the well known single

relaxation time (SRT) scheme in the space of distribution functions,

h*(x,t) = M IN" e (x, 1)
=M'NTT[(1 = ST)NMR + ST )
= (1 —sMh + 1s” M INTEH
SH hed
= (1 —s")h + s" . (9.17)

CM-1¢ is the basic approach for (central) moment based scheme for advection dif-
fusion equation. Only the first order moments are relaxed (s;;, = s¥ for i+ j+k = 1),

while the higher order central moments are set to equilibrium (s;;; = 1 for i +j+k > 1).
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9.3. Model verification and validation

Similar relaxation approach has been adopted in [213, 212], although it has been pre-
sented in a generalized framework, indicating that the remaining relaxation rates can be
tuned independently to influence numerical stability. Benchmarks conducted in the cur-
rent chapter confirm, that the relaxation rates responsible for the higher order moments
must be adjusted to mitigate wiggles occurring at numerically low conductivities.

CM-TRT origins from the two relaxation time (TRT) scheme which has been derived
by Ginzburg in 2005 [40, 81], and extended in the subsequent years [82, 83, 84, 85]. The
basic idea is to separate the relaxation rate of the odd and even moments. Usually, the
specific combination of the relaxation rates, known as a magic parameter is kept constant.
As a result, the stationary, non-dimensional solution of NS or ADE is exactly controlled
by the similarity numbers [85]. One of the beneficial consequences is that the transport
coefficients (like viscosity, conductivity) shall not influence the apparent location of the
boundary condition [82, 216]. It has been shown in [90, 57] that the TRT allows to
eliminate an unphysical numerical diffusion in solid-liquid phase change model. However,
it has been decided to not set the magic parameter (see Section 3.6) in the current chapter
for the following reasons:

(a) The central moments’ relaxation scheme does not collapse to the TRT defined in
the space of distribution functions (see Section 3.6).

(b) The second order boundary conditions based on the linear interpolation schemes
[177, 180] (see Section 8.4), which have been used in the current study do not pre-
serve the effect of the magic parameter [133, 166]. According to [221, 82|, application
of magic boundary schemes allows to obtain viscosity independent permeability,
however such extension is beyond the scope of the present work.

(¢) There is no universal, most accurate magic number [164].

In this chapter, the odd-moments are relaxed with a common rate (s,qq = sH ), while
the even moments are set to equilibrium (Seye, = 1). For further discussion regarding the
relation with the original TRT model, the interested reader is referred to Section 3.6.
Cumulants-1% follows the statistical independence of cumulants, thus only the first
order cumulants are relaxed with s;;; = s” (for i+ j+k = 1), while the higher order ones

are set to equilibrium values (s;j; =1 for i +j+k > 1).

9.3 Model verification and validation

In this section, a set of numerical experiments used to evaluate the accuracy of the in-

vestigated kernels is described. The benchmarks starts with advection-diffusion problems
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Chapter 9. Thermal Flows in high Prandtl number regime

in a fixed, external velocity field. Next, the second order boundary conditions are tested.
Finally, a comprehensive study of a flow with forced convection is performed.

To assure consistency all cases are calculated with the same 3D code. In the 2D cases,
the z-direction is periodic and it is cut to three elements. This is technical minimum in our
solver [6, 222], because a message passing layer is used for domain decomposition. In such a
setup, the 3D model reduce itself to 2D one (of course, with a higher computational cost).
Observe, that the LBM weights of D3Q27 lattice, when summed over the z-direction, give
the standard LBM weights for D2Q9.

The normalized Ly norm of error is utilised to compare the results between the simu-

lations. It is defined as,

Z‘ <Tgnalytical . T"'rzumem'cal)2
Ly = ’ (9.18)

2
analytical
> (et

where the sum ) . goes over all lattice nodes and T; is the temperature in the i —th node.

9.3.1 Advection-Diffusion of a Gaussian hill

To avoid the influence of boundary conditions, the first benchmarks investigates behaviour
of the collision kernels in a periodic domain. In the case of an isotropic diffusion, and
convection with constant velocity, the analytical solution describing the evolution of a

Gaussian hill can be derived [223, 58, 9]. The formula can be expressed as,

B (2r02)N/? o [ (x — g — ut)’
Cla.t) = (2m(02 + 2kt))N/? Cooxp ( 2 (of + 2kt) ) (5:19)

where N is the number of spatial dimensions, t is time and oy represents the initial
variance of the distribution.

Given the initial condition, the same physical case (defined by physical time, tgy,
physical length, Lg;, and physical conductivity kgr), can be simulated numerically using
different time steps 0t = (6x)?kzp/ksr. The dx denotes ratio of the physical length to the
number of lattice nodes and has been fixed as dx = Lg;/L = 1. Since tg; = ndt, where
n is the number of iterations, the krp can be expressed as krp = (tsrkss)/ (n(dx)?).
The domain was a square, 256 x 256 x 3, with periodic boundaries. Each case has been

initialised with a 2D Gaussian distribution, according to Equation (9.19), with initial
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9.3. Model verification and validation

variance, oy = 100. The simulations were executed for n iterations, ranging from 2400
(corresponding to krp = 1/6) to 40 x 10° (kzz = 107°). Once the simulation reached the
prescribed number of iterations, the result was compared against the analytical solution.

The Ly error norm has been plotted in Figure 9.1 for each of the investigated kernels. For

1073 7 1073 7
Ao CM-SRT Ao CM-SRT
v CM-1% . v CM-1st
v ° CM-TRT L] CM-TRT
€10 < g v o
5 x  Cumulants-1 5 x  Cumulants-1
-4
< < 10
s s
5 1 S
— ]
5107 g v
~ ~
-5
& v 10
107° Y s
' & ] * ‘ - i
107> 1074 1073 1072 1071 10-° 10~ 1073 1072 107t
k k
(A) Without external velocity field, u, = 0 (B) External velocity field, u, = 0.1

F1cURE 9.1: Advection-diffusion of a Gaussian hill has been calculated

analytically for the physical time tg; = 100 and physical conductivity kg =

4. To benchmark the investigated collision kernels, the same physical case

has been simulated using different numerical conductivities £ on a 256 x
256 x 3 lattice.

pure diffusion, the error of all collision kernels is small and of similar level, for k& ranging
from 1/6 to 10™* (see Figure 9.1a), except for CM-1%¢ model, for which the error strongly
depends on k. In the case of constant velocity u = [1, 0], the error of all collision kernels
depend on k, as artefacts resulting from numerical dispersion dominates the ones related
to diffusion (see Figure 9.1b). The geometrical structure of errors (wiggles) caused by the
numerical dispersion is shown in Section 9.3.2.

To show the behaviour of the investigated kernels in 3D, and the geometry of the
introduced error, a spherical Gaussian hill was investigated on a D3Qp27Q;27 lattice.
The domain has initialised according to Equation (9.19) with initial variance of o2 = 100.
The domain was a box, 256 x 256 x 256, with periodic boundary conditions. Conductivity
of the stationary medium has been set to moderate value, namely k73 = 107 and the
simulation was run for n = 400000 iterations. Again, the results were compared with
analytical solution. All the collision kernels resulted in error with spherical symmetry,
except for the CM-1%¢ kernel. The geometrical structure of the absolute error for this
collision operator is shown Figure 9.2. It is immediately evident that when only first-order

central moments are relaxed, a considerable amount of spurious, mesh aligned, structures
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1.4e-3
[ 1.2e-3

— 1.0e-3

— 8.0e-4

Error

— 6.0e-4

— 4.0e-4
I: 2.0e-4
1.0e-4

FIGURE 9.2: The iso-contours of the absolute error of the 3D Gaussian hill
for the CM-1%¢ kernel. The simulation has been run for 400000 iterations
with conductivity being set to krp = 1075.

arise. Contrastingly, the other collision operators provided nearly identical results, with
spherical symmetry and an order of magnitude smaller maximum errors, compared to

CM-1%.

9.3.2 Advection-diffusion of a square indicator function

To depict the character of wiggles caused by both external velocity field and a jump in
the value of a scalar field, a simple advection-diffusion study with uniform velocity field
and periodic boundary conditions has been done. The qualitative results are presented
in Table 9.2. The dimensions of the domain were 128 x 128 x 3 [lu]. In the middle of
the domain, a 48 x 48 x 3 square has been initialised with 7" = 11, while 75 = 10. The
conductivity has been set to 10~°. Each simulation has been run for 12 800 iterations.
To store the scalar field, the D3Qy7 lattice has been benchmarked against D3Qy27. It is
easy to observe that the D3Q7 lattice is a subset of D3Q27. It can be obtained by limiting
the set of discrete velocities, e, to its first seven elements. Only the first seven central

moments can be represented: the zeroth, first and second order, non-diagonal ones. As a
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9.3. Model verification and validation

consequence, it is not possible to distinguish between CM-1%% and CM-TRT. The shape
of the square advected on this lattice is distorted and strong wiggles are evident.

For the D3Qy27 lattice, all four collision kernels were compared. The CM-1%" and
Cumulants-1%" kernels generates diffusive artefacts that appears at the corners of the
resting square. The issue can be alleviated using the CM-SRT or CM-TRT kernel, which

relax the higher-order moments.
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D3Q7
CM-SRT

CM-TRT

D3Q27
CM-SRT

CM-1%*

CM-1%¢

CM-TRT

Cumulants-15¢

Lattice | Kernel

S
|
=)

TABLE 9.2: The square has been initialised with T' = 11, while Ty = 10.

The color map on all images has been clipped to range T' € (9.98 — 11.02).

The region inside the loupe has been magnified by 175%. Notice the onset

of numerical noise in the background when the CM-SRT kernel is used. For
the D3Q7 lattice the CM-TRT kernel collapses to CM-15¢.



9.3. Model verification and validation

9.3.3 Heat conduction between two concentric cylinders

To asses the accuracy of a curved boundary representation, steady state heat conduction
between two concentric cylinders (without flow) is studied. The geometry is shown in
Figure 9.3.

Touter
v
«—D/2—>

< D >

FI1GURE 9.3: The inner cylinder was a heater with diameter %D, while the
outer one with diameter D was a cooler.

Heat conduction in the cylindrical coordinate system can be described by a partial

differential equation,

0 10 0 10 0 0 0 .
pCUaT = o (k?”gT) + 7’_28_(b (kﬁ_qu) + 9 (k&T) +q. (9.20)

The general solution for a 2D, steady-state case is,

70 = i ( r ) W (9.21)

k Tinner

Applying the Dirichlet boundary condition for T(riner) = Tinner a0d T(Touter) = Touter,

the unknown coefficients, A1, Ay are find and the solution reads,

ln< L >
Tinner
ln Touter

Tinner

In Figure 9.4, three different implementations of Dirichlet’s boundary condition (see

T<T) = (Touter - Enner) + ,I‘inne’r‘- (922)

Section 8.4) for the internal energy field have been assessed in a circular geometry. As
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expected, only the interpolated-anti-bounce-back (IABB) exhibited the second order con-

vergence rate.

A R ks el T
10 3 [} v -~~~-_‘; _________
: ‘ .
o
< [y
S
%10“1“ %
.
v x  IABB
« ABB
v E X
10734 Q

---- (©(n) convergence

2
—— 0O(n*®) convergence 1

30 46 66 94 118
Doyter [1U]

FIGURE 9.4: Grid convergence study for the Dirichlet boundary condition.
The CM-TRT collision Kernel has been used and the conductivity was
set to kK = 0.1. Three different implementations of boundary conditions
were benchmarked. The abbreviations reads: interpolated-anti-bounce-back
(IABB), anti-bounce-back (ABB), equilibrium scheme (EQ).

9.3.4 Steady, forced convective heat transfer from a confined

cylinder

From an engineering perspective, the temperature of the fluid is usually controlled by a
presence of a heat exchanger. Here, a mesh dependence study of a steady forced convection
from a confined cylinder is performed to illustrate the effect of the various implementation
of the boundary conditions, collision kernels at different Prandtl number (Pr) numbers.
Figure 9.5 presents parametrisation of the domain. All simulations have been performed
on a D3Qp27Qy27 lattice. To refine the lattice, a geometry scaling factor has been de-
fined as S € {1,2,4}. The height, length and cylinder’s diameter of the coarse (S = 1)
lattice are H = 150 [lu], L = 1000 [lu] and D = 30 [lu] respectively. On the inlet, the
Zou-He [224] boundary condition (BC) also know as non equlibrium bounce-back method,

with T},e¢ = 10, has been imposed. The Neumann BC has been placed at the outlet as
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FIGURE 9.5: Channel with hot cylinder and cross-sections used for the heat
flux measurements.

described in [225]. Top and bottom of the domain utilised symmetry BC. The Dirichlet
BC has been prescribed on walls of the cylinder, T 4er = 11, using either first or second
order implementation. In case of the first order BC, the bounce-back (BB) rule for hydro-
dynamics and equilibrium scheme (EQ) for internal energy field has been used. For the
second order BC, the interpolated-bounce-back (IBB) and interpolated-anti-bounce-back
(IABB), as described in Section 8.4 were employed. The LBM simulation has been iter-
ated until heat flux calculated thorough the heater’s surface, gsur face, matched the outflow
cinlet _ outlet

flux, ¢, = ¢ — ¢2""“", or the iterations limit has been reached. The heat flux thorough

the heater’s surface has been calculated as,
q.surface = Qout — 4Gin = Z h? - Z hi7 (923)
while the heat flux thorough a section as,

q-;ection — /pCUTU/ -ndA = Z efhz (924)

To limit the effect of a boundary condition, the heat flux measurements’ sections for the
inlet and outlet have been defined 50 and 100 [lu] away from the boundary (see Figure 9.5).

The flow around a hot cylinder can be defined by two dimensionless numbers, namely
Reynolds number (Re) and Prandtl number (Pr). The well known Re describes the ratio
of inertia to viscous forces within the fluid, Re = %. Subsequently, the Pr describes
the relative thickness of the momentum to thermal boundary layer, Pr = 2 = “6%. As
mentioned in the Section 9.1, it can be also viewed as a property of a medium, which

describes the ratio of time scales at which physical phenomena related to hydrodynamic
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Chapter 9. Thermal Flows in high Prandtl number regime

and thermal field occurs. For fluids characterised by high Pr (e.g. oil), the heat diffuses
much slower than the momentum and the thermal boundary layer is contained within the
velocity boundary layer. In the case of liquid metals, the opposite happens. The Pr is
low, heat diffuses much faster than momentum, and the velocity boundary layer is fully
contained within the thermal boundary layer. Finally, the Nusselt number (Nu) has been
chosen to assess quality of the simulations. It represents the enhancement of heat transfer
through a fluid as a result of convection relative to conduction across the same fluid layer.
It is defined as Nu = %, where ¢ is the average convective heat transfer coefficient,
S = ¢/(A(Teytinder — Tinier)) and A = D is the area of the cylinder. The heat flux, ¢, is
calculated as an average of gy face and gsection,

In the numerical study, 72 LBM simulations were performed. The resulting Nu are
compared against a high-quality solution obtained with Bubnov-Galerkin finite element
method (FEM) solver from QuickerSim CFD Toolbox for MATLAB. The FEM structural
mesh consisted of 392704 second order triangular elements. Figure 9.6 presents discretiza-

tion of the domain behind the cylinder. Four collision kernels were tested with first and

i _
= 75
74.5
314 316 318 320 322 324
X

FIGURE 9.6: The FEM mesh in the vicinity of the cylinder.

second order BC for Pr € {10, 100,1000}. To lower the computational effort, the Reynolds
number was set to 10 thus, the flow pattern could be assumed to be two-dimensional. As a
consequence, the result obtained on the D3Q27Q;27 lattice would correspond to the one
obtained on D2Qr9Q;9. The coarse lattice 1000 x 150 x 3 was refined two times resulting
in a medium 2000 x 300 x 3 and a fine 4000 x 600 x 3 one. The Table 9.3, defines the
Case-ID using lattice size, input parameters. It is followed by Table 9.4, which presents

the outcomes for each combination of the kernel, boundary conditions and Case-1D.
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9.3. Model verification and validation

As far as the numerical conductivity is relatively high (k = 3 x 1073), all kernels
provided good results even with first order BC on each lattice. Once the conductivity is
lowered by order of magnitude, (k = 3 x 107%), discrepancies occur for the CM-1% and
Cumulants-1%¢ kernel on the coarse lattice. The mismatching results origin from relax-
ing first-order central moments or cumulants with frequencies corresponding to thermal
conductivity, while higher-order quantities were relaxed towards equilibrium. Although
benefits from the second-order boundary conditions can be clearly observed, they are
not sufficient to counterweight the aforementioned effect. For the most numerically chal-
lenging case (k = 3 x 107°), the CM-TRT kernel provided results with highest quality.
Interestingly, the CM-SRT kernel performed reasonably well, except the coarsest lattice
for which the wiggles in the temperature field reached the inlet (Figure 9.7b), causing
the heat flux to be spurious. Notice that the behaviour of numerical artefacts for kernel
pairs { CM-SRT, CM-TRT } and { CM-1%, Cumulants-1°* } is similar. In Figure 9.7, the
flow is computed, on a coarse mesh: 1000x150x 3, using 1°* order boundary conditions.
The cylinder diameter is D=30 [lu] and the inlet velocity is U=0.01 [lu/ts]. The relax-
ation frequencies corresponds to v =3 x 1072 and k = 3 x 107° (Re = 10, Pr = 1000).
Following the imposed BC, the physical temperature range shall be contained within the
values of 10 and 11. Other values are undoubtedly artefacts (see Figure 9.7, in which the
temperature range has been clipped to highlight the issue). In the case of second-order
boundary conditions, the shape of the artefacts was preserved, but the magnitude was

decreased.
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9.4. Future outlook

9.4 Future outlook

We decided to skip the benchmarks involving buoyancy force (natural convection inside a
heated cavity or Rayleigh-Bernard convection) to limit the number of factors which can
influence the results. Readers interested in the proper treatment of the forcing term are
refereed to discussions in [27, 43, 123, 124, 73, 79, 5].

Although an increase of the resolution might be enough to break the necessity of a
larger stencil for the investigated cases, it is not obvious whether such an approach would
be computationally cheaper, especially that both lattices responsible for the hydrodynam-
ics and the advected field must be refined.

The seek of optimal relaxation frequencies for central moments, or cumulant collision
kernel responsible for the advected field deserves further study. The relationship between
higher order cumulants and central moments is non-linear, thus the conclusions related
to the relaxation of higher-order central moments can not be projected to cumulants in
a straightforward fashion. Due to the similarity between central moments and cumulants
for order lower than fourth [43, 12], one may expect improvements by relaxing third-order
cumulants. However, such extension is beyond the scope of the current research. As a good
starting point, research regarding parametrisation of the cumulant kernel responsible for
the hydrodynamic field [44] can be recommended. In terms collision operators which can
be expressed in a matrix form, a comprehensive method for recovering equivalent partial
differential equations has been recently proposed by Fucik and Straka [36].

As already mentioned, the central moments are calculated with respect to the macro-
scopic velocity, w, which is the first order moment of the hydrodynamic distribution.
According to the probabilistic definition of central moments, the shift matrix shall be
computed with respect to the first order moments of the field being investigated. In case
of the advected field, this points to the thermal distributions i.e. N = N(>_, e;h;). Next,
two options exists.

First option is to relax the advected central moments, k' | towards the mean of the
hydrodynamic distribution, for example k15" = H (k] —u,)s™ +rk19(1—s7). Next concept,
which follows immadietly, is that the higher order moments of the advected field can also
be relaxed towards their hydrodynamic counterparts.

Second option is to relax k' as proposed in the CM-SRT or CM-TRT approach, for
example liﬁ)’* = k(1 — sf), then backtransform the post-collision distributions using

hydrodynamic velocity N(u).
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Chapter 9. Thermal Flows in high Prandtl number regime

9.5 Conclusions

In this work, an analysis of the state of the art collision kernels applied to both hydrody-
namic and the advected field with a focus on the relaxation of the higher-order moments
has been presented. To isolate features which may affects the accuracy of the proposed
kernels a set of simple benchmarks was conducted. The tests has been performed in a
numerically challenging, high Prandtl number regime. To alleviate the numerical arte-
facts raised by low conductivity, a D3Q27 lattice has been utilized for the advected field.
However, lattices with large number of discrete velocities introduce additional degrees of
freedom to the relaxation scheme. We demonstrated that proper treatment of the colli-
sion kernel plays a more important role than the application of second-order boundary
conditions to represent a curved geometry. To sum up, for the set of investigated bench-
marks, characterized by specific grid resolution and a range of non-dimensional numbers,
the beneficial effect of tuning of the relaxation coefficients corresponding to the higher
order moments has been confirmed numerically and the CM-TRT followed by CM-SRT
kernel has been shown to be superior to the kernels that relax only first-order central

moments/cumulants.

9.6 Source term treatment

For completeness of the study, the addition of the source term to the cumulant collision
kernel is described in this appendix from the theoretical point of view. It is known in the
literature [9], that the integration of the discrete Boltzmann equation with trapezoidal

rule leads to implicit evolution equation,

1
hi(x 4 e;0t,t + ot) = Qu; (h(x,t)) + 5 ¢i(x +e;dt,t + 6t) + ¢i(x, t)] . (9.25)

To remove the implicitness, a shift of variables is conducted and denoted with tilde,

N | —

H= Z hi=H — %Q. (9.27)

The ¢; and ) denote the discretized source term and its zeroth moment respectively. A

more detailed discussion of this procedure has been discussed in Chapters 2 and 4.
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9.6. Source term treatment

By transforming source term to the cumulant space, where the collision is performed,

the augmented form of Equation (9.12) can be written as,
Qu(h) = ¢! <éH + ot (éH’e‘* - c“H> + (1 gt /2>cQ>. (9.28)
The simplicity of the source term in the cumulants space is noteworthy,

-
Q _ _lQ e Q Q Q Q Q Q Q @Q eq Q
C*=72(Q) = €000> €100 €010> €001 €110> €101+ Co11> €2005 €0205 C0025 ++-Cijk--+» C222

=@, 0, 0, 0, 0, 0, 0, 0, 0, 0, ..0.., 0 ]". (9.29
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Chapter 10

Multiphase Flows

“Learn the rules like a pro, so you can break them like an artist.”

— Pablo Picasso

Contents
10.1 The separation flux . ... .. .. ... ... 167
10.2 Phase field - modified EDF . ... ... ... .......... 169
10.3 Phase field - forcingterm . .. ... ............... 171
10.4 Phase field - forcing term - anti diffusion . ... ... ... .. 173

This chapter shows how to adjust the advection-diffusion equation to model multiphase

flows.

10.1 The separation flux

The separation flux, jg, is supposed to counteract the diffusion and reach a predefined
interface profile in the equilibrium state [226, 227, 228],

99
— . =V -(MVo—jg). 10.1
o+ V- ou= V- (MY —js) (10.1)
Jp
To obtain the anti-diffusive effect, we require,
js =i = MV, (10.2)
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Let us use the tanh function to smooth the step interface,

eq __ 1 2(X — XO)
¢ = Stanh (—7 > : (10.3)

where ~ is the thickness of the interface.

Evaluate diffusive flux in the equilibrium,

N
) T1 2(x — xq) | M 9 2(x — xp)
< _ v | SETRN =2 S 74 10.4
i \% _2tanh( > )} 5 ngxntanh 5 (10.4)
[ _ _ eq\2
= %n 1 — tanh® (2(X—XO))1 = Mnﬂ. (10.5)
vl o | ol
1—4&;6(1)2
Therefore,
1 — 4¢? Vo
jo=Mn where n = ——. 10.6
° v Vol (108)

Plugging in Equation (10.6) into Equation (10.1), we obtain the phase field evolution
equation:
9¢

E+V-¢u:V-M(V¢—

Vo [1—4(¢— ¢0)2])

10.7
Vo) ¥ (10.7)

The interface is located in the middle between high and low value of ¢: ¢ = (¢ + ¢1,)/2.
Next, the macroscopic quantinties like density or viscosity can be calculated based on
the value of the phase field at particular location. For example, the density can be found

using a linear interpolation between py and py,

®— oL

o= 1P 1o

p=pL+
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10.2. Phase field - modified EDF

10.2 Phase field - modified EDF

The target macroscopic equation is the Allen-Cahn equation. It consist of ADE, tweaked

with an anti-diffusive (phase-separation) flux,

o = . = - Vo 1—4¢>
0 49 (o) ( o (109)
Geier et al. [229] proposed a following EDF,
eu (eu)> u?
ed _ hh |1 — Bw;(e;n) . 10.1
hS wzcb{ + a0z T g 2962} +M (10.10)
T
where,
M1 — 4¢?
B=— 10.11
T (10.11)

and the normal vector, n, is defined as,

n = [ng,n,| =

FE]

The raw moments of I'; read,

.
Z(ef)m(e?)nri: [Foo Iio Tor Tao T2 Tix Tar Do FQQ]

i

.
=0 6Bn, 6Bn, 0 0 0 ¢°Bn, ¢Bn, 0] .

Moments of equilibrium distribution function (EDF) are,

(St =

Selhi® =u/¢+ Bon?

(10.13)

2 2

Selebnt = 7% 0p 4 Wik
N—————

ik
\ Ty eq
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Moments of distribution function (DF) are,

p
> hi =¢
Zeih, _uj¢+B0nJ +Qneq
k ik k
Stelekh; = 67 0¢ + ulu ¢+H¢neq
gk
\ H¢eq

Let us remind, the discrete Boltzmann equation (DBE) (see Equation (7.7)),

) NI P

Zeroth moment of DBE = ). DBE; are,

—¢ + ai(ujczﬁ + B0 + Q) =0
Lj
0 o . o . 0 ‘
— o+ — ()= ———QF  — —Bon’. 10.1
< 3t¢+ 6.77]‘ (U ¢) 8xj ned aLL’j on ( 0 5)

First moment of DBE = . e DBE,; are,

0 1
uk ik J ——OF
at( (b + B@n + Qneq> a (5 e(b +uu (b + H¢ neq) T neq =
0 0
€ Qreg = [ 5 (07100 +wuto + T ) + o (ufe + Bon + Qneq>]
a 8 ] k a k
g Qneq =T (9_% * 8—%(16 o+ H¢ neq) ( ¢+ Bn'* T Q”eq) ) (10'16)

As usual, we insert Q*_ to Equation (10.15) and we obtain,

neq

9 9
I = (]
¢+ oz, W9 = axf‘i’axk
o [0
"o, L)I‘j <uj k(b T H¢ neq)

2
axj 815
0

——B 10.1
o, on”. (10.17)

0o

k(b + BQn + Qneq)]
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10.3. Phase field - forcing term

Assuming that 6 is spatially independent, we can conclude that 7,0 = M. Next, we have

to plugging in the definitions for B and n, given by Equations (10.11) and (10.12),

0 8 0
(a0 _
</5+a (W) = T¢9 8Ik¢
e
0 Ml 462 0,
O W 0.9

) B 1— 462 9, ¢
_ Jnk II k Tg k
iy Ly 0+ )+ 300 P Q|

(10.18)

Finally the desired macroscopic equation is recovered,

0 J , . 0 0 1 —4¢* 0,, ¢
el — (W) = M — :
ik k k k
oy L?:cj (W0 + T )+ (000 Mo () + Qo)

(10.19)

10.3 Phase field - forcing term

Here, we will recover the conservative Allen-Cahn equation (10.9) again. Instead of mod-

ifying the EDF, a forcing term will be applied (see Equation (2.21))

i (ef —
Qh 1 0 h; = l(hng,u)_hiwriw
T

o o hel(p, ). (10.20)

Moments of EDF are,

(St =0
jped —
2 el we (10.21)
Selekhi? = 5709 + uiut¢
~— —_——
\ H‘Zékeq
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Moments of DF are,

)
> hi =¢
Z ezh’l = uj¢ + Qneq
S elebh; = 6%0¢ + uuk o +11F
~—— —

jk
\ H¢ eq

@,neq

Moments of the forcing term, I';, are,

Selly,  =F

SSelefly = Fiuk 4 Frui

Zeroth moment of ADBE = ). ADBE; are,

¢+_(uj¢+Qneq) =0«

First moment of ADBE = Y, e ADBE; are,

0 1
( k¢ + Qneq) (5]k0¢ + uj k¢ + qu neq) _7_¢ neq + Fk <

ox;

& Qhy = -1 |5 00+ @mq> b o600 + o + TS, — ]
)

<~ Qneq — T4 |:_9¢ Fk ( k(b + Qneq)

0

aa (uJ k¢+H¢neq):|'

As usual, we insert QF_ to Equation (10.24) and we get,

neq

9 o [0 .
70 5,9 = g 00— ]
0 o .
bt |l Gl + o + 18
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10.4. Phase field - forcing term - anti diffusion

It is easy to observe that to recover Equation (10.9), the F* shall have a following form:

1 —4¢* 0,, ¢

FF=9 . 10.27
W o0l 20
10.4 Phase field - forcing term - anti diffusion
Now, suppose that we would like to create a LBM scheme without diffusion,
a(b — = — —
o V(o) =V M (Vo— Vo). (10.28)
Why we can not calculated gradient (~ a%kgb) from first moment of DF? Following rea-
soning from Section 10.3, namely Equations (10.25) and (10.26), we have,
k 0 Ry k 9 ik
neq — 1o a_9¢ F ( (b + Qneq) ax (U ¢ + H¢ neq) : (1029)
To counter act diffusion, the forcing term, F*, shall have the following form,
T¢ 5‘
FF==— 10.30
T 8xk (b ( )
where 7, is the anti-diffusion relaxation parameter. Plugging F* back to Qneq we get,
0 0
ko _
neq = [%6¢ - T—¢a—9¢ + garbage] (10.31)
0
= [(m — T¢,)a—9¢ + garbage} D (1 — Ty) (10.32)
¢ - ¢
8 k
= 0p = ——— + garbage. (10.33)
aJTk 7'9 — T¢

To counter act diffusion, 7, shall be equal to 74, but this would cause division by 0.
Concluding, such an approach will not work and it is not feasible to construct a LBM

scheme without diffusion term.
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Chapter 11

A cascaded phase-field lattice
Boltzmann model for the simulation
of incompressible, immiscible fluids

with high density contrast

“You often feel tired, not because you’ve done too much, but because you’ve done
too little of what sparks a light in you.”

— Alexander Den Heijer
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Content of this chapter is based on the article “A cascaded phase-field lattice Boltz-
mann model for the simulation of incompressible, immiscible fluids with high density
contrast” [5].

In this work, a conservative phase-field model for the simulation of immiscible mul-
tiphase flows is developed using an incompressible, velocity-based, cascaded lattice Boltz-
mann method (CLBM). Extensions are made to the lattice Boltzmann (LB) equations for
interface tracking and incompressible hydrodynamics, proposed by Fakhari et al. [230], by
performing relaxation operations in central moment space. This was motivated by the work
of Fei et al. [48, 68], where promising results from such a transformation were observed.
The relaxation of central moments is defined in a reference frame moving with the fluid,
while the existing multiple-relaxation time [231, 232] scheme performs collision in a fized
frame of reference. Moreover, the derivations make use of continuous, Mazwellian distri-
bution functions. As a result, the CLBM enhances the Galilean invariance and stability of
the method when high lattice Mach numbers are evident. The cascaded scheme has been
previously used in the literature to simulate multiphase flows based on the pseudo-potential
model, where it allowed for high density and viscosity contrasts to be captured [233, 234].
Here, the CLBM 1is implemented within the phase-field framework and is verified through
the analysis of a layered Poiseuille flow. The performance of the CLBM is then inves-
tigated in terms of spurious currents, Galilean invariance and computational efficiency.
Finally, the work of Fakhari et al. [250] is extended by validating the model’s ability to
capture the relation between surface tension and the rise velocity of a planar Taylor bub-
ble, in both stagnant and flowing fluid. New counter-current results indicate that the rise

velocity model of Ha-Ngoc and Fabre [235] also applies in this regime.

11.1 Introduction

Multiphase flows are frequently observed in a wide array of both engineering applications
and environmental phenomena. However, challenges can arise when attempting to track

the interface between different fluids due to the complex dynamics associated with phase
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change, separation and coalescence. Additionally, the discontinuity created by such an in-
terface can cause steep numerical gradients, which can further complicate the simulation
of such flows. As a result of its mesoscopic nature, the lattice Boltzmann method (LBM)
[236, 237], has proven to be a suitable candidate to simulate the intermolecular interac-
tions responsible for interfacial behaviours. The LBM has seen a significant increase in
popularity over the past few decades, due to its relative ease of implementation and its
ability to handle complex geometries. The algorithm can generally be separated into non-
linear computations that are performed locally and simple linear operations that require
information from only neighbouring nodes, allowing favourable performance on parallel
architectures. These features have seen the LBM enter mainstream computational fluid
dynamics in both research and commercial software packages. Recent and comprehensive
reviews of multiphase modelling with the LBM can be found in the literature [238, 239].
The approaches to mimicking interfacial dynamics in the simulation of multiphase
flows can be separated into two overarching categories, namely, sharp and diffuse interface
models [240, 241]. In the former, the multiphase interface is treated as a boundary where a
discontinuous jump in fluid properties is evident. While the velocity must be continuous,
there is a stress jump across the interface, which corresponds to the Laplace pressure.
As a result, it is quite common that boundary fitted meshes are required for each phase
and often interface reconstruction and or re-meshing between iterations may be required.
The interfacial dynamics must be explicitly tracked by coupling a Navier-Stokes solver on
each side of the boundary with a method to capture the spatial evolution of the interface
through time. Within this class of methods, the volume-of-fluid [242, 243, 244], immersed
boundary [245] and front-tracking method [246] are highlighted for the interested reader.
On the other hand, the diffuse interface approach uses a region of finite width for the
transition of fluid properties. In these methods, the interface does not need to be explicitly
tracked, and the computational operation performed at each fluid node is equivalent.
These methods are commonly observed in the LB framework in which the interface is
smoothed across several lattice nodes allowing the fluid properties to vary continuously.
There exists two main philosophies when it comes to diffuse interface modelling, here,
they are described in terms of a bottom-up and top-down approach [247, 128, 248]. The
bottom-up approach, which is exemplified by the pseudo-potential model proposed by
Shan and Chen [249, 250], describes the microscopic interactions between fluid elements to
achieve macroscopic phase separation. Depending on the postulation, different equations-
of-state can be achieved. The pseudo-potential model has been subsequently improved

since its first appearance, with notable contributions by Lycett-Brown and Luo [233,
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234] who, in particular, introduced the cascaded collision operator into the method. This
enabled the model to reproduce a wide range of coexistence curves correctly. One of the
main drawbacks with the bottom-up approach, however, comes from the fact that there
is no explicit way to derive physical parameters such as surface tension and or wetting
contact angle from the lattice interaction constants. As such, numerical experiments need
to be conducted to ascertain the fluid properties desired for a particular simulation [251].
The top-down approach formulates a free energy functional for the fluid system. It consists
of a bulk term, a gradient term used to penalize variations of an order parameter, and a
surface term describing interactions between fluid and solid media [252]. By design, this
method is thermodynamically consistent, and the physical properties of interacting fluids
can be explicitly derived. In the current study, the focus is on binary or immiscible fluids
and their respective models. Following the idea of the energy functional approach, an
order parameter or phase-field is introduced to differentiate the fluid phases within the
domain. The phase-field can then be evolved according to Cahn-Hilliard [253] or Allen-
Cahn [254] theory. Recent advances in the implementation of phase-field models within
the LB framework can be found in Geier et al. [229], Fakhari et al. [230, 78] and Chiu et
al. [255]. Although the locality of the original LBM collision process is slightly degraded in
these models, they are able to simulate flows with large density and or viscosity contrasts
while maintaining an explicit relationship between numerical and physical parameters.
In this work, the cascaded collision operator is incorporated into the model of Fakhari
et al. [230] and its performance is benchmarked. To the best of the author’s knowledge,
this is the first time when a phase-field, velocity based CLBM has been proposed for the
simulation of incompressible, multiphase flow. In order to do this, it was necessary to
derive the central moments of the continuous equilibrium function for the incompress-
ible, velocity based LBM. As a result, this work improves the velocity discretization of
the equilibrium distribution function, being one of the conditions of the Galilean invari-
ance (see Section 3.4). The formulation and implementation are first verified against the
well-known layered Poiseuille flow case, for which an analytical solution can be obtained.
Additionally, the results of the CLBM are compared with a high resolution finite differ-
ence solution, allowing the effect of the diffuse interface to be captured. Following this,
the spurious currents related to the interpolation of the relaxation parameter from the
phase-field are assessed. This includes the linear interpolation scheme used in the work of
Fakhari et al. [230] and Mitchell et al. [78] as well as interpolation through the dynamic
viscosity. To compare the Galilean invariance and stability of the cascaded relaxation to

the previously used multiple relaxation time (MRT) scheme, a droplet is immersed in an
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immiscible fluid and analyzed in a moving reference frame. This test was performed at
both a low and high Mach number. Finally, the validity and practical use of the proposed
model is shown by extending the planar Taylor bubble analysis presented in Fakhari et
al. [230]. Here, the relation between surface tension and bubble rise velocity in a stagnant
fluid is developed prior to investigating the effects of bulk fluid velocity on the Taylor
bubble dynamics. To conclude the study, the computational efficiency of different colli-
sion operators is compared to show that the modifications to the model do not inhibit its

applicability.

11.2 Model description

To simplify the model description, the formulation of the cascaded phase-field LBM is
restricted to two-dimensions and builds on the work of Fakhari et al. [230]. In particular,
a D2Q9 lattice is used for both the hydrodynamic and phase-field distribution functions.
It is noted that generality is not lost as an extension to three-dimensions follows the

theory presented.

11.2.1 Macroscopic equations

11.2.1.1 Navier-Stokes equations

The focus of this work is to implement a cascaded collision operator in the phase-field LBM
and then benchmark its performance against existing formulations. Here, the objective is
to simulate the flow dynamics of an incompressible, immiscible, multiphase fluid system.

The governing hydrodynamics is described by the continuity and momentum equations,

dp
ot b 11.1
8t+v pu =0, (11.1)
0
g (a_ltl +“'V“) ==Vp+ V- (u[Vu+(Vu)']) + F. + F,, (11.2)

where a volumetric force, F, accounts for the interface interactions, and additional body

forces are described by, Fy.
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11.2.1.2 Interface tracking

The phase-field models used in this study are built from the work of Cahn-Hilliard [253]
and later Allen-Cahn [254]. Although both approaches can provide valid results, the Allen-
Cahn equations are of the second order compared to the fourth order Cahn-Hilliard equa-
tions, which provides numerical benefits in implementation and computational efficiency
[256]. Here, the conservative form of the Allen-Cahn equation proposed by Chiu and Lin
[255] is used to track the evolution of the interface between fluids,

d¢

E%—V-qf)u:V-M(qu—

Vo [1—4(¢ - ¢o)2]> ' (11.3)

V¢l ¥

The interface is located in the middle of the extreme, ¢ and ¢, phase-field values such
that, oo = (¢ +¢1)/2. In this study ¢y = 1 and ¢, = 0. The interested reader is pointed
to the work of Geier et al. [229] for further details regarding the conservative phase-field
LBM.

11.2.2 Lattice Boltzmann equations

With the current framework [230], a double-distribution function approach is used in
which one distribution function recovers the Navier-Stokes equations, and an additional
one is used to resolve the conservative phase-field equation. Here, the components of the
equilibrium distribution function and force vectors are also defined in central moment
space. The system of equations is then closed by defining the relationship between LB

and macroscopic parameters.

11.2.2.1 Physical interpretation of moments

The physical interpretation of the raw, zeroth order moments of the hydrodynamic and
phase-field distribution function corresponds to the values of normalized pressure, p =
p/(pc?), and phase-field, ¢,

¢="Th=> h, (11.4)
respectively. The macroscopic fluid velocity, u, is the first raw moment of the hydrody-

namic distribution function and has a dependency on the forcing term, F, that is described
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in Sec. 11.2.3,

=> fiei+ Ep&. (11.5)

11.2.2.2 Collision

The collision process and application of forcing terms is conducted in the central moment

space (see Section 3.3) to improve computational efficiency [48, 68, 26],

K*(x,t) = (1 — S)k + Sk + (1 — S/2)F, (11.6)
K2 (x, 1) = (1 — %)k + SPr® + (1 — 5¢/2)F". (11.7)

The relaxation matrices, S and S%, have a diagonal form specified as,

S= dzag ([30751a31]a [S-H S_] ,[Sy,33,33,54]) ) (118)

S—, S4
S? = diag ([sg, 3}@, sﬁ/[, 9,59 57, sg, sg, sf]) , (11.9)

where s; = (sp + s,)/2 and s_ = (s, — $,)/2. The relation between current relaxation
matrices and the ones used previously in the MRT scheme [231, 232, 230] is discussed in
Section 11.4. Following the Chapman-Enskog expansion, the kinematic and bulk viscosi-

ties are used to calculate corresponding relaxation frequencies, s, and sy,

1 1
e — (11.10)
1 1

T $+1/2'

The bulk relaxation rate is specified as, s, = 1. Such an approach results in a reduction
of non-physical pressure oscillations, giving a bulk equilibrium after each collision and a
more stable model. To satisfy conservation laws for density and momentum, the zeroth
and first order relaxation constants are set to unity, so = s; = 1. For this study, the

tunable relaxation frequencies are specified as, s3 = s, = 1. In the case of the phase-field
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distribution function, the relaxation frequency, s,, is replaced by,

1 1
¢
syy=—=——F7"—""-. 11.12
Yoo 5412 ( )
Here, sf/[ is used to relax the first moments only (see [68]) while the remainder are con-

served by setting the relaxation frequencies to unity, sg = sf =S5 = sf = 1. The reader

is referred to the in-depth numerical study conducted by Kusumaatmaja et al. [257] for

details on the choice of the mobility parameter, M.

11.2.2.3 Central moments of equilibrium distribution functions and force vec-

tors

The components of the equilibrium distribution function and force vectors in central mo-
ment space are presented in Equations 11.13-11.16. These are derived from the correspond-
ing continuous distributions. As mentioned in Section 11.1, such a procedure enhances the
stability and Galilean invariance of the scheme. Further details on the derivations are pro-
vided in Sections 11.5 and 11.6.

Yoo
(Too — 1)(—uz)
(Too — 1)(—uy)
(Yoo — 1)(u2 + ¢2) + 2
K = (Too — 1)(u2 +c2) + ¢ (11.13)
(Yoo — D)ugu,
(Yoo — 1)(—uy)(cs + uz)
(Yoo — 1)(—uz)(c} + uj)
(Yoo — D)(uguy + c3(uf +uy) +cg) + ¢

kP = [T8.0,0,2Y8, 218,0,0,0, 18" (11.14)
F=10,F,/p,F,/p,0,0,0,c2F,/p,c*F,/p,0]" (11.15)
F* = [0,F2, F$,0,0,0,3F¢,2F2,0]T (11.16)
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11.2.2.4 Streaming

To perform the streaming step, the relaxed, post-collision central moments need to be

transformed back into the velocity distribution space and streamed to neighbours,

F(x +edt, t+0t) = M N w*(x,1), (11.17)
h(x + edt,t + 6t) = M Nk (x, 1). (11.18)

11.2.3 Forcing terms

11.2.3.1 Forcing terms for hydrodynamics

The total hydrodynamic force, F = [F,, F},|", acting upon a fluid is the sum of all forcing

components,
F=F,+F,+F,+F,. (11.19)

To exactly recover the macroscopic momentum equation in a velocity-based formulation,
Zu and He [258] introduced two additional body forces. The first is related to pressure,
F

Py
F, = —5cVp, (11.20)

while the second describes the viscous stress, F,,, which can be recovered locally through
the LBM,

v N eqy| 0P
Ft == | D esien x 3 (MTINTIS) (ko — K3 | 5 (11.21)
J

The equation for F, is implicit, because the N matrix depends on u, which depends on
F. However, it has been found that there is no need to apply a sub-iteration routine to
determine the velocity more precisely because it does not affect the results. Concluding,

the order of calculations can be presented as in Diagram 11.1.
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Calculate
d) o . .
}];‘ and' F Update u EColhs.lon 1Satrean'nng
quations Equation 11.5 quations quations
11.19-11.22 11.6-11.7 11.17-11.18
and 11.28

DiAGRAM 11.1: The order of operations performed within a normal lattice
update, without the need for any sub-iteration routine.

The surface tension force and chemical potential follow the model presented in [230, 78],

F, = usVo, (11.22)
po = 48(¢ — 1) (¢ — du)(6 — ¢o) — KV 0. (11.23)

The model coefficients, # and k, are related to the surface tension, o, and interface thick-
ness, v, as 8 = 120/~ and k = 307/2.
The fluid density at a particular point in space is determined from a linear interpolation

between the light, p;, and heavy, pg, fluid densities,

¢— 9L

o = ). (11.24)

p=pL—+

Due to this relation, the density gradient can be determined based on the gradient of the
phase-field through,

_ PH—PL
Vp = —¢H e V. (11.25)

Finally, the gradient of the phase-field and its Laplacian are calculated using isotropic
central differences [259, 260],

Vo = c;S:L’ Z eiwip(x + edt, 1), (11.26)
2 2
V2 = m Z wi[p(x + €;0t, ) — d(x,1)]. (11.27)
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11.2.3.2 Forcing term for the phase-field

Discretization of the forcing term in Equation 11.3 is given in lattice units as,

2[1—4(¢ — d0)?] Vo

F? = ¢?
g IVl

st. (11.28)

The force, F?, acts to counteract the diffusion of the phase-field and drives it to reach
a predefined interface profile in the equilibrium state. In the current model, the step
function is approximated by a hyperbolic tangent. A derivation and detailed analysis of
the forcing term can be found in [229, 256].

11.3 Model verification and validation

In this section, the model is verified and tested against a series of benchmark cases before

being used to investigate the effect of lowing fluid on a planar Taylor bubble.

11.3.1 Two phase Poiseuille flow

The layered, two phase Poiseuille flow is a classical benchmark problem to assess the
ability of a multiphase model to accurately simulate binary fluids with a density and or

viscosity contrast. For this system, the Navier-Stokes equations can be simplified to,

0=

dp d( du,

— — . 11.2

By omitting the pressure term and using only a gravity force to drive the flow, the ana-

lytical solution becomes [261],

G2 vy ]
A _ Y (pupr—nprp pr+p
it PTys — < HML{ﬂé H) +/”LTug+ui fory € [0, 4]
u(y) = (11.30)
G.h [ oy |
z —p; L 2 HHPLZULPH pHAPL _
2z PL72 3 ( g H) L fory € [~h.0).

The velocity at the interface can be found as,

Ga(pom + pp)h?

2(pu + pr) 3y

Ue =
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It is noted that the solution formulated in the work of Liang et al. et al. [262] was
simplified by assuming no variation in density, py = pr = 1, and as a result, is invalid for
flow with a density contrast.

As the phase-field method belongs to the class of diffusive interface models, one needs
to determine how the fluid properties vary in this region, as well as decide on appropriate
values for the interface width and mobility. This is not the main topic of the current work,
but here a number of alternative methods are introduced and tested for completeness.
Firstly, the difference in behaviour for a Poiseuille flow is analysed using a diffuse and
sharp change in fluid properties. For the diffuse case, the fluid viscosity and density
are calculated using linear interpolation from the phase-field, while a step function is
used in case of the sharp interface approach. Following [263], the step function acts as a
simple switch between the viscosity of the different fluids, once the phase-field reaches a

predefined value,

T =TI for ¢ < @aug
where ¢upg = (O + ¢1)/2. (11.32)
T=TH for ¢ P ¢avg

The interpolation can be realized using kinematic or dynamic viscosity. For simplicity,
there is no density contrast between fluids in this benchmark, thus both schemes coincide.

Figure 11.2 shows the effect of the diffuse interface in a multiphase flow exhibiting
viscosity contrast, where the domain size (D/2 = h = 50 [lu] - distance from the midline
to the walls) is only an order of magnitude larger than the interface thickness (v = 5 [lu]).
Equation 11.29 is also solved using the finite difference (FD) method, where the density

and dynamic viscosity profiles are [230],

ply) = % [PH + pr — (prr — pr)tanh (Qy ; D) } (11.33)
pu(y) = % [MH + pr — (pm — po)tanh (2y ; D) } : (11.34)

The results of the CLBM are observed to align with the expected diffuse and sharp
interface results. It is noted here that the sharp interface implementation is impractical
for flows with a density contrast as numerical instabilities can result in the calculation of

the gradient and Laplacian of the phase-field.
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FIGURE 11.2: Effect of the interface diffusivity on the velocity profile in a
two phase Poiseuille flow with pg = pr = 1, vg = 1, v = 100, h = 50,
ue. = 0.0076, and v = 5.

11.3.2 Interpolation of the relaxation rate in the diffuse inter-

face

Fakhari et al. [230] showed that the accuracy of results as well as the model stability
was affected by the interpolation scheme used to determine the relaxation rate within
the diffuse interface. It was shown that the most accurate method was to interpolate
the dynamic viscosity of the fluid and use this to determine the relaxation parameter.
However, a linear interpolation of the relaxation parameter was found to provide better
stability properties. Here, this is investigated through an analysis of the spurious currents

generated for each of these cases.
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The first scheme interpolates the dynamic viscosity and then uses it to update the

relaxation rate,

®— oL

= + — ,
= pr py— (MH ,UL)
M

The second approach assumes that linear interpolation of the relaxation rate, 7, is directly

proportional to the kinematic viscosity, v,

¢ — oL

¢H—¢L(TH—TL). (1136)

T=T+

It is hypothesized that the steeper gradients generated in the relaxation rate profile
when interpolating the dynamic viscosity will result in an increase in spurious currents
about the interface. To test this, a droplet of radius, r = 56 [lu], was initialized in a
domain of size, 256 x 256 [lu]. The properties of the fluids and the interface parameters
are given by pg =10, pr =1, vy, = vy =1/6, vy =5, M = 1/6, and 0 = 10~ for which

the droplet is simulated for 10° iterations.

50 100 150 200 250 50 100 150 200 250
250f ! ' ' 250 2501L ' ’ T "J250
200} s o 200 200+ {200
1501 1150 150+ 150
Y Y Y Y
1001 +100 100} 1100
50+ . i {50 50+ 150

50 100 150 200 250 50 100 X 150 200 250

(A) Magnified by 1 - 108 (B) Magnified by 3 - 108

F1GURE 11.3: Comparison of the spurious currents when the interpolation
of the relaxation rate is realized by
Equation 11.35 (left) and Equation 11.36 (right).
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The vector plot and the magnitude of spurious currents across the domain are pre-
sented in Figure 11.3 and 11.4, respectively. It is clearly visible that Equation 11.36
generates a spurious velocity distribution that is two orders of magnitude smaller than
that produced by Equation 11.35. Therefore, it is believed that the more rapidly changing
viscosity provided by Equation 11.35 across the interface improves the accuracy of the

solution, but the corresponding increase in spurious currents degrades the model stability.

1074

10—6<

10—8<

Umag [lu/ts]

10—1O<

-12 | | | |
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X/L

FIGURE 11.4: Cross-section of spurious currents at y = 128 [lu] for the

static droplet presented in Figure 11.3. The difference due to relaxation

rate interpolation by Equation 11.35 (solid line) and Equation 11.36 (solid
line with markers) is evident.

11.3.3 Effect of the moving reference frame

In this subsection, the Galilean invariance of the MRT-LBM and CLBM is assessed and
compared. The model of Fakhari et al. [230] is used for reference, in which an MRT collision
kernel was employed in conjunction with truncated, discrete equilibria. For completeness,
an explicit formulation of both raw and central moments of these equilibria is provided

in 11.5.
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To construct a suitable benchmark, a droplet of radius, r = 56 [lu], is placed into a
moving reference frame. The domain is a periodic square of length, L = 256 [lu], and
is initialized with a uniform velocity field, u,. The center of mass, C'M,, of the bubble
is tracked through the simulation and compared to the expected theoretical location at
various time increments. The fluid and model parameters defining the flow configuration
are, pp = py = 1, v =5, M = 1/6, and ¢ = 107* and the simulation is run for 10°
iterations.

To understand the effect under various conditions, the fluid viscosity and the initialized
velocities were varied creating four total configurations, i.e. the permutations of v, = vy €
{0.01,0.1} and @, € {0.01,0.1}. It is noted here that the upper velocity range results in
a Mach number, Ma = 7, /c,, of approximately 0.173. This value is higher than what
would be recommended in a standard LBM simulation, but here it is chosen to highlight
the capability of the CLBM.

It can be observed in Figure 11.5, that for the low velocity cases, both methods perform
reasonably well with the droplet velocity well maintained. However, for a high Mach
number, the Galilean invariance of the MRT scheme [230] can be seen to degrade, with the
droplet center of mass diverging from theoretical expectations. In comparison, performing
the relaxation in the moving frame of reference allows the CLBM to maintain invariance
even with high lattice velocities. A similar discrepancy, expressed as a Euclidean norm of
the droplet’s kinetic energy, has been observed by Dzikowski et al. [264], who used the
Kupershtokh [71] scheme with an MRT collision operator.

Figure 11.6 presents a comparison of the velocity field across the square domain for
a stationary and moving frame of reference. Here, it is evident that the external velocity
field has a noticeable influence when resolved with the MRT scheme. The reduction in
droplet velocity is observed with the MRT model in the moving frame, and this is reflected
in the velocity profile. The inconsistency here may be low relative to expected velocities
if an external force was placed on the system, but for certain configurations, knowledge
of this discrepancy could be essential.

The final test conducted here is completed to assess whether the minor deviations
apparent in the MRT solutions are exaggerated in the presence of a density contrast. In
order to assess this, the standard deviation of the x-velocity component, u,, in comparison

to the initial velocity is defined as,

1 _
Oue = \| 77 Dt — )2, (11.37)
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FIGURE 11.5: Lag of the center of the mass of the droplet due to viscosity
and the initial velocity field.

where the summation is over the x-coordinates along the center line of the domain. Figure
11.7 shows the resultant error metric for a density ratio of 10 and 100 in a moving reference
frame.

It is noted that when the density contrast between the droplet and the external flow is
increased, a checkerboard pattern artefact is more likely to emerge in the velocity field. The
onset of this discrepancy is observed in Figure 11.7b at approximately 1 x 10° iterations
for the MRT scheme and then shortly after for the CLBM. The standard deviation of
the x-velocity then reaches a plateau after approximately 2 x 10° iterations, yielding
an unphysical solution. As the flow is symmetric, the accumulation of numerical error
progresses without disturbance or cancellation, and as a result, the two lines in Figure
11.7a would ultimately converge to a plateau as well. The appearance of the checkerboard
artefact is a known issue for isotropic central difference schemes (Equation 11.26 and
11.27), caused by the accumulation of numerical errors. These are likely to cancel out
in a system with some degree of asymmetry in the flow profile. For this particular flow

case, the onset of this detrimental effect was delayed further when using the CLBM in
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FI1GURE 11.6: The effect of the initial velocity field on the spurious currents,

u,. Matched densities (pg = pr = 1) and matched viscosities (vy = vy =

0.1) were used with a background velocity of u; = 0.01, which resulted in
Ma =~ 0.017.

comparison to the MRT scheme.

To further assess stability properties and Galilean invariance, the oscillation of an
ovoid shaped droplet was considered. Figure 11.8 compares the frequency of pulsation
between both schemes. In terms of frequency, no significant differences were found for low
Ma (<0.1) flows. To repeat the experiment for Ma ~ 0.17 (uw = 0.1), the viscosity was
increased to keep the MRT model stable. Again, there were no differences in the droplet’s
pulsation. On the other hand, in the study of shear wave decay performed by Fei et al. [67],
the observed viscosity in the single relaxation time (SRT) and discrete CLBM schemes
decreased for higher Ma number flows.

It was observed that to reconstruct the forces independent of the reference frame, con-
ducting the collision operations in central moment space outperforms the MRT scheme.
Moreover, when using two distribution functions to model a variation of the advection-

diffusion equation, the equilibrium of the advected distribution function does not depend
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resulted in Ma = 0.017.
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FiGURE 11.8: Comparison of the pulsation frequency of an ovoid-shaped

droplet. Match densities (pgy = pr, = 1) and matched viscosities (vg =

vy = 0.001) were used with a background velocity of w; = 0.01, which
resulted in Ma =~ 0.017.

on the external velocity field as is the case for the discrete equilibrium distribution func-
tion (see Equation 11.56) used in either the SRT or MRT collision models. Since the
moments of the equilibrium distribution function in CLBM are obtained from integration
of the continuous Maxwell-Boltzmann distribution, they do not suffer from discretiza-
tion errors. The continuous and discrete transformations differ by spurious O(u?) terms
(see 11.5 for details). It has been shown in [66, 67, 69] that these terms are responsible
for violation of Galilean invariance in the flow. More discussion of these issues and a
Chapman-Enskog analysis can be found in [65, 26, 67]. The Chapman-Enskog analysis of
an advection-diffusion equation using CLBM is given in [68], while the phase-field forcing
term, Equation 11.28, has been already analyzed in [229, 256].
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11.3.4 Planar Taylor bubble analysis

Having presented the implementation and benchmarking of the CLBM, the model was
then used to extend the work of Fakhari et al. [230] on the simulation of planar Taylor
bubbles. As per the work of Ha-Ngoc and Fabre [235], it is expected that a relation exists
between the rise velocity of an elongated Taylor bubble and the E6tvos number,

_ mD2

o

when in an inertial regime. Ha-Ngoc and Fabre [235] define the inertial regime based on
the Reynolds number of the Taylor bubble,

_ UpgD

Ve

Re

> 100, (11.39)

where Urp is the measured macroscopic rise velocity in a stationary fluid, D is the width of
the channel and vy is the kinematic viscosity of the bulk fluid. Here, results are generally

presented using a dimensionless velocity, namely, the Froude number,

UTB

Fr= .
9D

(11.40)

This section aims to validate the CLBM over a large parameter space, highlighting its
applicability to physically-relevant phenomena. Additionally, cases that do not meet the
Re criterion used by Ha-Ngoc and Fabre [235] were investigated to analyse the resultant

behaviour of the elongated planar bubble.

11.3.4.1 Problem definition

Following on from the work of Fakhari et al. [230], the computational domain is con-
structed according to Figure 11.9. Here, the length of the channel is 20 times the width,
D, and the low density gas, pr, pr, is initialized as a rectangular section with a semi-
circular front inside the high density fluid, py, pg, for various Fo.

With this configuration, a set of relevant dimensionless parameters to generalize the
flow configuration can be defined. To start with, a reference time scale is specified as,
to = \/m, such that the dimensionless time is given by, t* = t/tg. The simulations
presented here were conducted with a characteristic channel width, D = 128 [lu]. Given a
specified geometry, the reference time scale defines the gravitational acceleration applied

to the flow domain. Simulations were run for 20ty iterations, with the measured rise
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FIGURE 11.9: Domain schematic of the slug flow tests for the Taylor bubble

rise, modified from [230]. The fluid domain size is 20D x D, and the initial

bubble size has a rectangular section, 3D x 3D /4 with a semi-circular front
of diameter 3D/4.

velocity taken as an average of the bubble velocity over the final ¢y iterations. The desired
FEo gives the lattice surface tension.
To ensure that the flow is in an inertial regime, a reference rise velocity is predicted,

Uyes, from the work of Ha-Ngoc and Fabre [235] and a Reynolds number is defined,

UrerD

Vy

Re,er = = 200. (11.41)
Therefore, even if the measured rise velocity, Urpg, varies from the previous work, it is still
expected that the system will be in an inertial regime. Another useful parameter when

looking at multiphase flow is the Morton number,

4 _
Mo — gx,uH(gHg pr)
Puo

(11.42)

which along with Fo is often used to describe expected bubble topologies. To close the
system of parameters, the density and dynamic viscosity ratios are set at 1000 and 100,

respectively.

11.3.4.2 Results

Figure 11.10 indicates the measured rise velocity of the planar Taylor bubbles for various
FEo ant ty numbers and reference times. In this simulation, a higher reference time can be
considered analogous to a smaller physical time-step between each iteration. It is observed
from this figure, that a reference time of t; = 16000 was insufficient to capture the expected
behaviour of the bubble. However, increasing the temporal resolution to ¢, = 24000 and
to = 32000, it was evident that the results agreed well with the work of Ha-Ngoc and
Fabre [235]. This is particularly clear for Fo < 100, where the predicted rise velocity is a
function of the surface tension prior to plateauing at F'r ~ 0.225.

The measured rise velocities for higher Fo can be seen to deviate slightly from the

results of Ha-Ngoc and Fabre [235]. The loss in accuracy for these cases is believed to be a
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FIGURE 11.10: Dimensionless rise velocity (F'r), measured as the average
velocity over the final ¢y iterations, as a function of Fo for various time
resolutions.

result of the wake behaviour of the Taylor bubble. Figure 11.11 shows the Taylor bubble
and wake region for various Fo. Here, it is evident that for a higher Fo, a continuous
system of bubble detachment, break-up, coalescence and reattachment in the wake region
is formed. The unsteadiness of this behaviour may have contributed to the minor variation
from the predicted macroscopic rise velocity in this range.

In order to gain further insight into the behaviour of the Taylor bubble wake, sim-
ulations were conducted at various Mo. Figure 11.12 indicates the shape profiles of the
Taylor bubble, with an initial symmetry observed prior to the wake region progressing
to a more chaotic structure. As the simulations approach the inertial regime (decreasing
Mo), it is evident that vortices in the continuous fluid shed from the tail of the Taylor
bubble and strongly influence the behaviour of smaller bubbles that have detached into
the wake. In Figure 11.12, it is clear that there is a variation in rise velocity for the dif-
ferent Morton numbers. This demonstrates that while not in an inertial regime, the rise
velocity of a Taylor bubble with specified density and viscosity ratios, is at the least, a
function of both the Fo and Mo (i.e. Fr = Fr(Eo, Mo)).

With relatively low lattice velocities, there was little difference observed between the
MRT scheme and that of central moments displayed here. This is due to the fact that

the shift matrix, N, in 3.5 approaches the identity matrix for low velocities. However,
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FIGURE 11.11: The shape profile of the Taylor bubbles at ¢* = 20 for (a)
Eo = 1000, (b) Eo = 100 and, (c) Eo = 10 displayed on a color (online)
map of the lattice velocity.

from these results, one can conclude that the model is stable and accurate over a large
parameter space (multiple orders of magnitude for both Eo and Mo) while maintaining
a large viscosity and density contrast. To highlight the capability of the model and take
advantage of the moving reference frame results in Sec. 11.3.3, the following section shifts
the simulation into a reference frame moving with the Taylor bubble, allowing the impact

of flowing liquid to be assessed.

11.3.5 Planar Taylor bubble in a moving reference frame

In order to transform to the bubble’s frame of reference, Dirichlet velocity conditions
were specified on all boundaries according to the work of Zu and He [258]. Implementing
these conditions allows the dynamics of the Taylor bubble to be analyzed in both co- and
counter-current liquid flows within the bubble’s reference frame. In a flowing liquid, the

complex interaction between liquid motion and buoyancy is observed and can be used to
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FIGURE 11.12: The shape profile and wake behaviour of the Taylor bubbles
at t* = 20 for Eo = 100 and (a) Mo = 1075, (b) Mo = 1075, (c) Mo = 10~*
and, (d) Mo = 1072 displayed on a color (online) map of the lattice velocity.

predict the velocity of Taylor bubbles [265],

Urp = CoUss + Usey,
Frop = CoFrog + Fryey,

(11.43)
(11.44)

where Urp is the bubble’s measured velocity, U, is the mean dimensional velocity of

the far-field fluid, U,.s is the velocity of a Taylor bubble in stagnant fluid and Cj is a

dimensionless variable often empirically tuned with experimental findings. The Fr and

respective subscripts correspond to the dimensionless forms of the relevant velocities.

11.3.5.1 Problem definition

With the motion of the fluid, another dimensionless number is required in order to char-

acterize the system dynamics. Here the Froude number of the bulk liquid previously
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introduced is defined as,

Uso
V9D
In line with the stationary reference frame, the characteristic channel width at, D =

128 [lu], and domain size of, 20D x D, is specified. The bubble is initialized in the center of
the domain with the bubble front at, z = 10D. The density and dynamic viscosity ratios

Fry = (11.45)

of the system are 1000 and 100, respectively. The system definition is then completed by
specifying t* = 24000, Fo = 100 and Mo = 1073.

To simulate the incoming fluid flow, a Poiseuille flow profile (fully developed channel
flow) is assumed for the inlet and outlet of the domain. In the moving reference frame,

this is given by

(yD —y*)

Uin/out (y) = UTB + 6Uoo D2

(11.46)

With this definition, a negative value of liquid velocity corresponds to counter-current
flow while a positive value indicates a co-current configuration. The velocity of the top
and bottom walls is prescribed based on the expected rise velocity of the Taylor bubble
through the flowing fluid.

11.3.5.2 Results

Table 11.1 shows the results obtained for the rise velocity of the Taylor bubble in both
co- and counter-current flow configurations. Here, one observes a relatively constant value
for the empirical coefficient, Cyy, which agrees with common assumptions typically taken
in the literature. To further validate the co-current dynamics determined in the moving
reference frame, the values of Cy were compared with the previous work of Ha-Ngoc and
Fabre [266]. Interestingly, the value obtained for this parameter held relatively constant for

both liquid flow configurations. Figure 11.13 presents the results obtained in comparison

Fro | -0.25 -0.20 -0.15 -0.10 -0.05 0.05 0.10 0.15 0.20 0.25
Fry | -0.1022 | -0.0386 | 0.0233 | 0.0856 | 0.1470 | 0.2714 | 0.3338 | 0.3984 | 0.4656 | 0.5294
Co 1.2429 | 1.2355 | 1.2350 | 1.2297 | 1.2298 | 1.2574 | 1.2526 | 1.2656 | 1.2855 | 1.2836

TABLE 11.1: Resultant Taylor bubble rise velocity and empirical coefficient
value in both co- and counter-current flowing configurations.

to Ha-Ngoc and Fabre [266] as well as the independence of Cy with respect to the liquid
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Froude number, Fr,, and flow direction. It is noted here that future work will look to
incorporate a broader range of pipe configurations (inclination angle, internal obstructions,
etc.) to build a database of rise velocities for which correlations to dimensionless flow
parameters can be made. This will enable otherwise difficult experiments to be conducted
numerically to determine suitable models describing the rise velocity of Taylor bubbles.
Such data are useful, for example, in predicting pressure drops through piping systems
where simplified models are required to describe phase interactions due to the large scale

of industrial systems.
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FiGure 11.13: Comparison of the value of Cy for various liquid Froude
numbers, Fu,, and the work of Ha-Ngoc and Fabre [266].

11.3.6 Computational Efficiency

Both the parallel scalability of the solver and the performance of the reference phase-
field model have been previously investigated in [6] and [230], respectively. Although
the results of computational efficiency may vary depending on the problem size as well
as the architecture of the hardware, here, a set of identical simulations were conducted
with an SRT, MRT [230] and CLBM collision kernel. This aims to assess the cost of the
enhanced relaxation scheme and compare commonly used kernels to determine if their
computational cost affects the usability of the model. All of the components of the solver
and the simulation domain are held constant, with only the collision kernel varied. Each

kernel was used to run five simulations for 5 x 10° iterations (~ 1 hour), on a 256 x 256
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lattice. An Nvidia Tesla K40 XL. GPU was used for the computations. From here, the run
time of the simulations was averaged to determine the computational cost of the different
relaxations. Surprisingly, the MRT collision kernel was found to be the most expensive of
the three. The SRT scheme was the most efficient being on average approximately 14%
faster than the MRT kernel, and approximately 2% quicker than the presented CLBM.
Although the introduction of the central moments may appear to increase the amount of
computation required with an additional transformation from raw moments, no significant
overhead in computational time was observed. This is a result of the explicit formulation
for the force and equilibrium distributions (see Equations 11.13-11.16) available in the
CLBM, which were not employed in the reference MRT kernel.

11.4 Remarks on orthogonalization of moments and

relaxation

Multiple-relaxation-time collision is frequently realized with the use of an orthogonalized
moment transformation matrix, especially for the hydrodynamic distributions. This means
that the matrix M used for transformation from the velocity distribution space to the
moment space is an orthogonal matrix (but not orthonormal). Another feature, typical
for such scheme, is to have the sum of the raw second order moments (kg + ko2 in 2D)
as one of the vectors used early in the Gram-Schmidt orthogonalization procedure. This
results in separation of the moments responsible for the pressure/bulk behaviour from the

rest of the matrix. A commonly used orthogonalized matrix is [231],

1 1 1 1 1 1 1
—4 -1 -1 -1 -1 2 2 2 2
4 -2 -2 -2 -2 1 11
0 1 0 -1 0 1 -1 —1 1
Mi=|0 -2 0 2 0 1 -1 -1 1 (11.47)
o 0 1 0 —-11 1 -1 -1
0o 0 -2 0 2 1 1 -1 -1
0 1 -1 1 —-10 0 0 0
o 0 0 0 0 1 -1 1 —1]
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The corresponding relaxation matrix for the orthogonalized moments may be [230],
S, =diag([1,1,1,1,1,1,1,5,,5,]). (11.48)

Only the last two terms of the relaxation matrix corresponds to diagonal and off-diagonal
components of the stress tensor, which are a non-conserved quantities (i.e. kgg — ko2 and

k11). For such matrices, the MRT collision operator is
Qumrr = —MESLML(Q —g“). (11.49)

In the present work (see Chapter 11), the raw and central moments have not been
explicitly orthogonalized. However, it can be shown that the choice of the relaxation
matrix, S, recovers the properties of the MRT collision presented in Equation 11.49 (used
in [232]).

To impose the equivalence of the two relaxation methods for any f, the following
condition has to be fulfilled:

—M7ISM(f — £9) = —MISIML(f — £9). (11.50)

Next, the relaxation matrix is obtained as S = I}/IMIlS 1M M~L This gives:
Lisy  1=sy
S =diag | [1,1,1], 1_25 ’ 1fs Jsw, 1, 1,1] ] (11.51)

which recovers Equation 11.8 and is equivalent to Equation 11.48 for s, = 1.
The MM, matrix has 60 non-zero elements, while there are only 49 such elements in
M, thus the numerical cost of the collision operator in the current model is reduced. The

reduction is even more significant if one considers the inverse matrices.

11.5 Remarks on discretization of the distribution

functions

In this section, the general discussion given in Section 3.4 will be extended to account
for incompressible NS equations. It is interesting to observe, that performing the collision

and forcing operations in the central moment space, not only improves the stability and
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Galilean invariance, but also helps to reduce the discretization errors of both equilibrium
distribution and force.

For hydrodynamics, a method to recover the incompressible Navier-Stokes equation
from a velocity-based LBM was proposed by He and Luo [267], through a modification of
the discrete equilibrium distribution function. Using the same idea for continuous distri-
bution, the equilibrium distribution for hydrodynamics can be expressed as,

WY o e = OB (L0 — 1,€,0) + UV P (1 € ). (11.52)

hydrodynamics

e e

‘IJM-B, eq ‘IJM-B, eq
P u

The central moments for the hydrodynamics are thus

(Too — 1) +1
(Too — 1)(—us)
(Too — 1)(—uy)
(Too — 1)(uz +c2) +c3
k= | (Too — 1)(u; +¢2) +c2 . (11.53)
(Yoo — Duguy
(Too — 1)(—uy)(c? + u3)
(Yoo — 1)(—uz)(c + uf)
| (Yoo — D)(uiuy + c2(uf +up) + c)+c; |

The above central moments (Equations 3.22 and 11.53) are used in the present work
without any truncation.
On the other hand, the discrete equilibria of hydrodynamic f;? and phase field h{?

distributions used in [230] are

[t =wi(Too — 1) + T, (11.54)
h{T = T4T, (11.55)

where ' is a truncated Taylor series expansion of the Equation 2.17,

. . ) 2 .
O PR S ) R (11.56)

2 4 2
cs 2c; 2c3
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It can be observed, that the both raw and central moments for h;? and f;? differ from

the ones above by spurious velocity terms of order u® (bolded),

o,eq

discrete —

T

discrete —

$.eq

discrete —

¢ 4 ¢ 20,2 2
TOOCS + TOOCS (ux + uy)

Too
Uy
Uy

2 2
TOOCS + U,

0 —uu, 1Y,

29
0 —u,uy Yo,

y
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Hugud Yo, /el

—{—Tgouyui
+T§0uxu§

+T30uiu2

2
+uyuy

2
—|—uxuy

2..2
+usugy

, (11.57)

(11.58)

(11.59)
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( )
( )
( )
(Yoo — 1)(uf +¢2) + ¢
Keiserete = | (Too — 1) (up +¢2) + ¢ : (11.60)
(Yoo — Duguy,
(Yoo — 1)(—uy)(cs + u3) —uyu
(Too — 1)(—ug)(c +uj) —u,u’
| (Yoo — D)(uguy + c2(uf + up) +¢5) +¢; +ujug/cd |

It has been shown [66, 67, 69], that the usage of the discrete equilibria as in Equations
11.57 - 11.60 negatively affects the Galilean invariance of the scheme.

11.6 Discretization of the force term

In this subsection, a transformation of the forcing term to the central moments’ space is
analysed. There are several concepts as to what constitutes the incompressible LBM, thus
we discuss several possibilities, which may be of interest to other researchers.

Scheme proposed by He et al. [22] was expressed in a continuous form by Premnath
al. [72]. However, their derivation did not distinguish between the fluid density, p, and
the zeroth moment, Yo, of the distribution. The general concept of the He’s scheme is
to approximate the gradient of unknown particle distribution function a - V¢ f (where a
is the acceleration) in continuous Boltzmann equation by its dominant, equilibrium part

—a -V, f®. In our case this would lead to

Fye(§) = % -V, U(Too, €, u).

For U defined by Equation 2.17, which is recognised as a density-based LBM, the He’s

scheme reads

FHe \IIM_37 eq(T007£7u)' (1161)

_F (£—wu)
p

Central moments (Equation 3.18) of such a function are

FHe, density-based = [07 FxTOO/p> FyTOO/p> 07 O, O; CngTOO/% CngTOO/,@ O]T (1162)
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In a velocity based LBM, where the first raw moments of a distribution is equal
to velocity, not momentum, the central moments differ. To take it into account, the
WM-B; ea(1 € u) has to be used. Otherwise, the result shall be divided by Y. The obtained

central moments of the forcing term are

FHe, velocity based = [07 Fx/py Fy/p7 07 07 0, Cng/% CEFx/pa O]T (1163)

Equations 11.62 and 11.63 take into account the density differences occurring in a multi-
phase flows, thus they enhance the derivation done in [48, 72]. The case of the phase field
distribution is special, as the zeroth moment, and the phase-field density are the same
beings. As a result, the Equation 11.63 simplifies further, as in [48, 72|,

Fﬁe, density based — [0’ Fﬁf?? Fy> 07 O’ O’ Cnga Cng, O]T (1164)
To recover an incompressible Navier-Stokes equation, a modified equilibrium distribution
function is used. In such a case, ¥? is defined by Equation 11.52, which gives

Vo [UMP(Tgg — 1,€,0) + UM (1, €, u)

FHe, velocity based, incompressible —

(€~ ) gurp, a1, €, u). (11.65)

2
Cs

S h e

The result is equivalent to Equation 11.63, so the central moments for this scheme will
be the same.

The literature [27, 268, 71] suggest that the usage of the discrete version of the Guo’s
scheme [27] gives better results than the discrete He’s scheme. Observing, that the discrete
weights coefficients, w;, correspond to WM-5 ¢(1, € 0), the Guo’s scheme can be expressed

as

F

Feuo(§) = e (

£—u (£ ug

2 4
Cs Cs

) WM e ¢0). (11.66)
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Integrating the above expression, the Fgy, can be found in the central moment space

0

Eu/p

Fy/p
0

Flu = 0 . (11.67)
0
(Fycs — 2Fpuzuy — Fyuz)/p
(Fpc® — 2F,u,u, — FxUZ)/p
duguy (Fpuy + Fyug)/p

In the conducted tests, no significant differences in simulational results have been found
using either Equation 11.67 or Equation 11.63. The discrete versions of the He’s and the

Guo’s forcing schemes read as follows,

F P —
pre _ F (6w (11.68)
’ p c? SN—~—
S \Ij:‘q
F e —u e -ue;
Fow =2 ( o+ ( 64) >w (11.69)

It is interesting to observe, that calculating discrete central moments (Equation 3.6) of the
discrete version of Guo’s scheme leads to the same result as in Equation 11.67. However,
application of the discrete version of the He’s scheme results in even more complicated
expressions in the central moment space. Such central moments would further divert from
the ones based on continuous distributions. Finally, Huang et al. [73] noticed that if higher
order Hermite polynomials are used for approximation, then regardless of the approach,
the result converges to the one obtained from the continuous equilibrium.

Using a different basis, another set of discrete equilibria and forcing terms has been
computed by De Rosis [269, 270]. An interesting discussion regarding derivations and
other forcing schemes can also be found in works of Fei et al. [48, 67], Huang et al. [73]
and Premnath and Banerjee [72].

To conclude, the expressions for central moments derived from the continuous func-
tions are both simpler and more accurate, than the commonly used, truncated, discrete

equilibria.
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11.7 Conclusions

In this work, the phase-field LBM proposed by Fakhari et al. [230] was extended by for-
mulating the collision routine in central moment space. This was shown to improve the
Galilean invariance of the model as well as reduce the associated discretization error and
computational cost. It was found that for a higher Mach number, Ma ~ 0.17 (u = 0.1), the
Galilean invariance of the MRT collision kernel degraded as a function of both velocity and
viscosity while the presented CLBM does not. In this work, the continuous equilibrium
distribution function was derived in central moment space for the velocity-based LBM
with correction terms to recover the incompressible Navier-Stokes Equations. Moreover,
the proper implementation, together with explicit formulations for the moments of the
equilibrium distribution function and forcing terms in central moment space allowed the
preservation of computational efficiency at the level of the single relaxation time scheme.
Having formulated and presented the cascaded phase-field model, two simple benchmark
cases were simulated to demonstrate the role of interface thickness and relaxation rate
interpolation. Next, the model capability was demonstrated by extending previous inves-
tigations of planar Taylor bubbles by looking at scenarios with stagnant, co-current and
counter-current liquid flows. Here, a new and interesting result was observed in that the
dimensionless coefficient that adjusts bubble rise velocity based on fluid flow remained

almost constant for all flow configurations.

11.8 Future Outlook

The hydrodynamic EDF expressed by Equation (11.53) is composed of two parts. Only one
of them is velocity dependent, U5 ¢ To account for the difference, the hydrodynamic
collision kernel given by Equation (11.6) can be splitted. As a consequence, the WM-5: ¢,
can be relaxed in the central moments space, while the pressure (velocity independent)

part, \Ifgd‘B’ “ can be relaxed in the raw moments space,

frx,t) =M1 [D\l‘l ((1 — 9Kk + Sk + (1 — S/Q)F) + S'I‘;q} (11.70)
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The raw moment of the pressure part of hydrodynamics EDF, Y% and central mo-

P )
ments velocity dependent part, k£, are
[ 1] Yoo — 1
0 0
0 0
c ¢s(Too — 1)
K/Zq = Cg s T;q = Cg(TOO — 1) . (1171)
0 0
0 0
0 0
L ] | ¢(Too — 1) ]
The relaxed EDF's read,
[ 1] [ Yoo — 1
0 0
0 0
SpC? spc2(Too — 1)
Sk? = | sic|, SYU = | 5T —1)] - (11.72)
0 0
0 0
0 0
| spch ] | st (Yoo — 1)
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Observe, that the relaxation of both parts of the hydrodynamic EDF in the central mo-

ment space, k¢, results in unnecessary couplings (see Equations (11.6) and (11.53)),

Sk =

To sum up, there is a place for improvement of the authors’ original work [5].

TOO
'U/m(l — Too)
Uy(l — Too)

(Yoo — 1)[u2(sp+ s,) + uz(sb —8,)]/2 + 52T
(Too — 1)[uz(se + su) + u(sy — 5,)]/2 + 562 Loo
SyUgUy(Too — 1)

uy(1 = Yoo)(cs + 1)

(1 — Too)(c + U@Q/)
Yoo + (Yoo — D[udul + 2 (u2 + ul)]
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Chapter 12
Summary

“Besides the noble art of getting things done, there is the noble art of leaving
things undone.

— Lin Yutang

The following original achievements have been presented in this thesis:

1. Detailed derivation of the lattice Boltzmann method with focus on proper integra-
tion of the source (reaction) terms. Special care has been taken to study the connec-
tion between spatial and temporal refinement and its potential pitfalls (see Chap-
ter 4).

2. The cumulant collision kernel has been implemented for advection-diffusion equation
for the first time. It was benchmarked against kernels established in the literature on
lattice with large number of discrete velocities (D3Q27) (see Chapter 9). Simulation
of the flow in high Prandtl number regime has been conducted to find the numerical
limits of the standard lattice Boltzmann method in low conductivity regime.

3. Novel (central-moments) collision kernel has been presented for incompressible lat-

tice Boltzmann model based on the phase-field approach (see Chapter 11).

The potential for further research has been highlighted in future outlook sections. In short,
these includes:

1. Numerical benchmark of the Conjugate Heat Transfer model in which the equilib-
rium distribution function has been presented in both central moments’ and cumu-
lants’ space (see Section 7.2).

2. Numerical benchmark of an implicit system of reaction-diffusion equations with
second order accuracy (see Section 4.7).

3. Influence of the velocity truncation in the equilibrium distribution function on the
accuracy of link-wise boundary condition (BC) as indicated in Section 8.3.

4. Numerical benchmark of the heat flux BC as proposed in Section 8.3.1.
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5. Improved relaxation of the cumulants of the advected field, for example in a two
relaxation time fashion as indicated in Section 9.4.

6. Numerical benchmarks of the central moment transformation of the advected field
according to its probabilistatic definition as indicated in Section 9.4.

7. Numerical benchmark of the improved collision kernel for the incompressible multi-
phase kernel (see Section 11.8). As the equilibrium distribution function is composed
of two parts, the relaxation space can be splitted into raw and central moments’

space depending on its velocity components.
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